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.DuiiiNQ the lawt decade of the nineteeidth century there occurred^ 
a series of discoveries which revolutionised physical outlook, ahd 
initiated what is usually termed modern physios. ,. discoveries 

wore those of X-rays by ROntgen, radio-activity by Beoquerel, and 
the electron by Thomson. Prior to these events it was thought by 
many physicists that the main discoveries of physics had been made 
and that the future would merely see their development. The 
previous physical discoveries are now generally referred to as classical 
physics. 

The outstanding features of modem physics comprise the three 
phenomena mentioned, the quantum theory, the theory of relativity, 
and the atomic theory. In the hands of their initiators and many 
eminent followers, those discoveries and theories have undergone 
(and are still undergoing) strildng developments, with the result 
tliat the growtli of physical knowledge during the past fifty years 
pi‘obably exceeds that of any previous similar period. 

As technical processes consist of apphed physios, it is to be 
anticipated that the new regime in physics has been responsible for 
outstanding engineering developments. This is the case, the most 
notable example being doubtlessly in the field of electricity. Thus, 
the present tendency is for aiiplied electricity to fall into two broad 
divisions, namely, elocti’odynamics and electronics. The first of 
these is based mainly on classical physics and the latter on modem 


physics. 

As the term implies, electronics is based on the concept of the 
oleotrou and its behaviour under specified conditions. Hence, 
electronics socks to ox])lain electrical phenomena, both pure and 
applied, in terms of electron behaviour. Tn particular it attempts 
to explain the facts of electrical conduction in metals and gases, 
the behaviour of charged ])articles (electrons and ions) in combina¬ 
tions of electrical and magnetic fields, electron focusing, and 
luminescence. Its Held of inquiry on the technical side is principally 
<*iOnccrn(Ml with gas-lilhnl and vacuum valves, X-rays, static rectifiers, 
phoi.o-ctkMit.rie cells, (electric discharge lamps, cathode-ray tubes, 
Ix^sidos a host of miseellaneous oejuipment such as the cyclotron. 


the olcHitron micu'oscopo, etc. 

I^he early (*/haptors of the ])rosont book deal with what may be 
termed j)ui*o electronics and the later chapters with the principal 
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n-pplioations. As a knowledge of the kinetic, quantum, and atomic 
hlieories is essential to the understanding of electronic matters, 
tlxeae theories are briefly dealt with in Chapter I. It is assumed that 
th.e reader is familiar with the principles of the main branches of 
classical physics and also that ^ mathematical standard includes 
the calculus. 

Th.e author is glad to acknowledge his indebtedness to the 
folio-wing firms who hare kindly provided information and illustra¬ 
tions relative to their products: B.T.H. Co., Ltd.; G.B.C., Ltd.; 
Cinema-Television, Ltd.; Badio Corporation of America; Siemens 
^leotric Lamps and Supplies, Ltd.; Philips Industrial; and the 
■Edison Swan Electric Co., Ltd. 

In addition, special thanks are due to the author’s wife, who 
was responsible for the preparation of the manuscript and to whose 
Uissistance, both direct and indirect, any merit which this book may 
have is largely due. 

F. Q: SPBEADBUBY 

TjOndon, N.W.Z, 1946 
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ELECTRONICS 


CHAPTER I 

ELBOTBONIOS AND THE FINE STEUOTTIBE OF MATTER—THE 
KINETIC, QUANTUM, AND ATOMIC THEORIES 

Introduction 

Broadly speaking, two methods are employed (and are necessary) 
for the study of electrical phenomena. The first method deals with 
macroscopic quantities, experimental laws relating to these, and 
theii* matliematical consequences. Generally, the method is free 
from h3^othesis, no assumptions being made concoming the struc¬ 
ture of electrical charges or matter. This method of approach is 
termed the field theory, the subjects coming within its particular 
range being, principally, electrostatics and electrodynamics. A wide 
range of phenomena is, however, largely incapable of treatment by 
this method; e.g. electrolytic and gaseous conduction, the origin 
of radiation and spectra, thermionics, the photo-electric ejffect, 
electron optics, etc. In order to study these important phenomena 
assumptions must be made concerning the structure of matter and 
electrical charges, assumptions which, nevertheless, cannot be 
verified by direct methods. This second method, which is essential 
for the study of electronic matters, may be termed the atomistic 
method. In contrast to the field theory, which employs macroscopic 
concepts, the atomistic theory makes use of microscopic concepts, 
and hence it will bo found that electronics is closely connected with 
the finer states of matter. 

Electronics, as the term im])lios, is concerned with the science 
and applications of the electron. In particular it cjoncerns the study 
of electron behaviour in raagnotie and electric fields or combinations 
of both. However, electrons are seldom found nnassoc.iated with 
tlieir parent atoms or ions and hence the latter must bo included in 
any study of electronic matters. Jh all practical ap])lications elec¬ 
trons and ions are invariably found in onorinons nnmbors, and it is 
to bo anticipated that in many instances their Ix^haviour will be 
governed by laws appertaining to matter in a gasoons state. This 
is so, and hence it follows that some knowledge of the x^rincipal gas 
laws is indispensable to the study of electronics. 

1 
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The Origin of Electrons 

The electron is the natural unit of electricity possessing a charge 
of 1*69 X 10”^® coulomb, a mass of 9 X 10"®® gram, and, on the 
assumption of a spherical form, a radius of 1-9 x 10"^® cm. It is 
normally associated with the atom of which it forms an essential 
part. As matter is normally electrically neutral, it follows that the 
resultant negative charge of the electrons within an atom must 
be balanced by an equal positive charge. This necessity, of course, 
creates speculation concerning the structure of the atom, the con¬ 
sideration of which, however, will be left until later. 

Atoms and Molecules 

The atom may be defined as the smallest particle of matter 
capable of independent existence. This does not mean that an atom 
can in no way be divided, but rather that should this be ejffected 
then will the atom no longer possess those properties” which are 
characteristic of the particular kind of substance to which it nor¬ 
mally belongs. The atom is an indirectly observable object with 
certain properties ascertainable by experiment and others which 
exist mainly in imagination. It is practically certain, however, that 
it consists of a complicated configuration of electric charges, those 
of negative character being due to electrons, while the positive 
charge is associated with the relatively massive nucleus. Practically 
the whole mass of the atom resides in the latter, the electrons 
contributiog a negligible amount to the total mass. Although the 
masses of different atoms differ considerably, their radii are similar 
and are of the order of 10"® cm. In practice, atoms generally 
associate in groups of two or more, such groups being known as 
molecules. Where the atoms forming a molecule are different, then 
a substance composed of such molecules is termed ‘^compound.” 
When the atoms are similar the substance is “elementary.” Thus, 
molecules and substances may be classified as either elements or 
compounds, a molecule being defined as the smallest particle of a 
compound capable of independent existence. 

£a the majority of applications of electrons the latter interact 
with matter in a gaseous state. Examples of this are the mercury-arc 
rectifier, the thjn^atron, gas-discharge lamps, photo-electric cells, 
“vacuum” valves, etc. In all these instances the electrons have a 
directed motion through the medium by virtue of the existence of 
an electric field, this motion, of course, constituting an electric 
current. In general the electrons tend to move along the lines of 
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force of the field, but make frequent collisions with the gas molecules 
constituting the medium. It is evident that the latter may play 
an important role in electronic conduction, particularly as its 
influence can be profoundly modified by changes in temperature, 
density, etc. Hence before proceeding further it is necessary to 
consider some properties of gaseous media. 

The Gaseous State 

The classical concept of a perfect gas is one of myriads of tofini- 
tesimally small particles (molecules or atoms) in a state of incessant 
motion. Trequent collisions or encounters occur between the 
particles, which are regarded as behaving as perfectly elastic solids 
with a coeflSicient of restitution of unity. Between encounters the 
motion is rectilinear and it is assumed that the time of an encounter 
is negligible compared with the time between encounters. The 
average distance travelled by a particle between two consecutive 
collisions is extremely small, being of the order of 10'’® cm. in gases 
at normal temperature and ])ressure. XJndei* the same circumstances 
the collision frequency is about 10^® per sec. Statements such as 
these enable a picture to be formed of the environment m which 
electrons and ions find thenisolves when participating in a gaseous 
electrical discharge such as a glow or arc, etc. Furthermore, in the 
case of an electrical breakdown in a gaseous medium it will be 
found that the average distance between collisions (or the mean free 
path) is the principal determining factor of the breakdown potential. 

For gases under normal conditions the volume of the molecules 
is negligible comj)arod with the volume of any circumscribing space. 
This is ovidoncod by a comparison of the volumes occupied by a 
substance when in the gaseous and solid (or liquid) states. For 
example, a given quantity of water vapour at 100° C. and 760 mm. 
pressure occupies only 1/1600 of its volume as vapour when condensed 
to water at 100° C. From such considerations it follows that the 
dimensions of a molecule arc negligible compared with the average 
distance travorsod botweou collisions. 

In employing the term “collision ” to denote encounters between 
molecules, this term is not nocossarily to be intorjjretod in its maoro- 
scoj)ic sense. If i)oworlul repulsive foi'ccs come into play (as is 
likely) when tlie eeutro of a inolcculo penetrates the sphere of 
iuflueneo of another molecule, this is suHioiont to explain the sudden 
and continual changes in velocity wliicli occur within a gas. Such 
forces arc probably due to tho interpenetration of the electron 
shells of the atoms. 
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Boyle’s Law 

It is found that gases far removed from their liquefaction point 
approximately obey the law 

pv = BT . . . . ( 1 - 1 ) 

Where p, v, and T are respectively the gas pressure, volume; and 
temperature, and J2 is a constant which, when referred to one gram- 
molecule, is termed the universal gas constant. The law is most 
nearly obeyed by the so-oaUed “permanent” gases such as air, 
hydrogen, nitrogen, etc. A useful conception is, therefore, an ideal 
gas which obeys (1-1) exactly. Bor gases near their liquefaction 
point Boyle’s Law, i.e. (1-1), no longer holds, and their behaviour 
is more nearly represented by the equation of Van der Waals, viz. 

{p + ^^{v-b) = BT . . . ( 1 - 2 ) 

where a and b are constants. Thus (1-1) and (1-2) may be respec¬ 
tively regarded as the equations of state of ideal and real gases. 

With certain foregoing assumptions concerning molecular be¬ 
haviour, and others shortly to be stated, relations may now be 
deduced between the macroscopic quantities p, v, T, and the mass, 
velocity, collision frequency, etc., of the molecules. 

For the purposes of mathematical treatment the molecules may 
be regarded as elastic spheres behaving according to the laws 
of ordinary mechanics. Considering a volume of gas in thermal 
equihbrium, the number of contained molecules is so large that 
any sample taken at random will appear to be identical with any 
other sample. This means that, on the average, the molecular 
density is uniform throughout the gas. Due to constant encounters 
between the molecules the gas attains a state of statistical equilibrium 
or molecular chaos. This means that in any number of samples of 
the gas there will be the same distribution of molecular speeds, the 
same average speed, and the same mean free path between collisions. 

It is evident that even if the molecules in a given volume actually, 
possessed the same velocity at any instant, this uniformity would 
be rapidly destroyed by molecular collisions. Thus in a short time 
it would be found that the molecules were moving in all directions 
with every possible velocity. It is often convenient to represent 
graphically the velocity c of a molecule by a point in space whose 
co-ordinates are equal to the components of its velocity in three 
mutually perpendicular directions. Such a point is termed a 
velocity-point, and the space in which it is dravm the velocity-space. 
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This is represented in Pig. 1~1 wher^ c may be called the velocity- 
point corresponding to any particular molecule. If the velocity- 
points of all tlie molecules in unit volume of gas are marked on 
the diagram, then the density of the points mil vary with the 
distance from the origin, but since aU directions are equally probable 
the density of the velocity-points in the velocity-space will be 
symmetrical about the origin. This means that the density is a 
function of c only. 

Distribution oe Molecular Velocities 

Referring to Pig. 1-1, let u, v, w, be the velocity components 
along the x, y, z axes of a molecule moving with velocity c. Then 

. . . (1-3) 

Let be the number of molecules per cubic centimetre whose 
maximum velocity dijBference is unity at velocity u. Then if n is 
the number of molecules per cubic 
centimetre, = f(u) is the 
probability of a molecule having 
a velocity of {u ± cm. per sec. 

The probability of a molecule 
having a velocity lying between u 
and u + du is f{^ii)du, and the 
number of molecules' per cubic 
centimetre having velocities be¬ 
tween those limits is nf{u)du. In 
a similar manner the probability 
of a molecule Iiaving velocities 
between v and v dv and w and 
w -1“ dw is f{v)d7) and f(w)dw re- Km. i-i 

sj)ectively. Now as these three 

velocities are mutually perpendicular they do not affect each other 
and hence are independent. Thus the probability of a molecule ex¬ 
periencing the three simultaneously is given by the product of the 
probabilities; i.o. by 

f{u)f{v)f{w)d'iidvdw . . . (1-4) 

But dudvdw is a small volume in the velocity-space at a distance c 
from the origiji. Hence (1-4) is the probability of a molecule finding 
itself within tliis space, and thus the number of molecules contained 
in the volume dudvdw is 

nf{u)f{v)f{w)dudvdw . . . (l-*'^) 

However, on referring to the velocity diagram it is ap])aront that 
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the nuinber of Telooity-points (or molecules) lying within a paraJlelo- 
piped d/wd/oAw depends only on the volume of this and its distance, 
c, from the origin. We may then write 

nf{u)f{v)f{w)dflidvd/u) = nF(c)dudvdw 
or /(«)/(«)/{“’) = (1-6) 

where J* is a function of c and <f> a different function of c®. Now 
when the gas is in a steady state the number of velocity-points 
within the volume dmdvdw is independent of time; i.e. as many 
molecules enter the volume as leave in a given period. Hence the 
rate of change of (1-6) with respect to time is zero. Taking n and 
duivdw as constant and differentiating, we have 

f{v)f{w)f{u) J -f f(‘u)f(v)f'iw) ^ = 0 


or 


/(«) ^ f{v) ^ f{w) 


(1-7) 


Now for those molecules whose speeds lie between c and c + dc 
(1-3) is constant. Hence diiSferentiating c with respect to time 
^ldu + vdv + vdw = 0 

Multiplying this by an imdetermined factor 2/^2 and adding to 
(1-7) we have 




dv -f 


( f(w) 

\fM 


M j 

^)dw = 0 


( 1 - 8 ) 


As each of the terms in brackets in (1-8) is independent of the 
others, we may put 


-,)dv=0 


(m + 

V/(«) ^ 


/f'{w) , 2to\ 


f(u) = Ke “* 
f{v) = 


_ t£^ 

f{w) = Ke »* 


+ ©• H- w* 

4,{fi^) = Kh 55 


(1-9) 

( 1 - 10 ) 

( 1 - 11 ) 

( 1 - 12 ) 


which leads to 
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where Z is a constant. (1-12) is known as the Maxwell Law of 
Distribution of Velocities. 

— W* 

As f(u) = Ke ®* the number of molecules per cubic centimetre 
having velocities between u and u -{■ d/a is 

_ ^ 

nKs . . . . (1-13) 


and hence the integration of this expression between the limits 
+ 00 and — oo will give the number of molecules per cubic centi¬ 
metre. Thus 

^+00 

_!£L 

nKs ^*du = 71 


J— 00 


or 


^+00 


K 


s “* dit = 1 
— 00 


. (1-14) 


from which wfe shall seek to determine K. 

Similar expressions to that of (1-14), of course, exist for the 
V and w velocity components. Taking the expression in v and 
multiplying by (1-14), we obtam 


p + 00 p + 00 




s dudv = 1 


j_oo *.'—00 


(1-16) 


Transforming into polar co-ordinates, r and d, 

^2 ^2 — y .2 

and dvdv =rdrdd 


Substituting in (1-16) 


00 




f*2‘rr 

r* 


e ^*rdrdO = 


1 


Jo Jo 


and performing the first integration, there results 


27tK^ 


e fi'rdr = 1 


(1-16) 
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— C- 2 — tl 

The dififerential of s ®* being — s ^*rdr the integration of 
(1-16) gives 

-a277Z2[s“«‘]“ 

= = 1 


from which 



Hence (1-9) becomes 



(1-17) 


thus the number of molecules having velocities between the 
limits v, and « + dw is 

n -*L* , 

■ ■ • • 

Referring to (1-12) the number of molecules whose velocity- 
points lie within the volume dudvdw is 

^ 3^/2 ^ ®' dvdvdw = ^ 3 ^ e "" dudvdw 

Now dvdvdw is an elementary volume in the velocity-space, and it 
follows that the number of velocity points, or molecules, within a 
thin spherical shell of radius c and thickness dc is 

^ 4l^-£L 

. . (1-19) 

(1-19), of course, gives the number of molecules whose speeds lie 
between c and c -f dc. 

The curve whose equation is 

4 (5# 

. . . ( 1 - 20 ) 

aW TT 

is shown by Fig. 1-2, and is known as a probability curve. The 
ordinate at any point gives the value of corresponding to a 
particular value of c and, if two vertical lines AB and GD are erected 
at distances c and c dc from the origin, the area enclosed between 



ELEOTEOinOS AND THE FINE SroUOTXJRB OF MATTER 

them, the base dc, and the ordinate will represent the number 
of molecules having speeds between c and c + dc. The maximuni 
of the curve con'esponds to a speed known as the “most probable 
speed,” this term being employed because, for a given speed differ¬ 
ence, dc, a larger percentage of molecules have this speed than 



any other. In order to find the most probable spocul (I ‘.iO) is 
(lifTorentiatod and ccpiatod to zero. Tliis gives 

6"o = a 

i.o. a is the most probable speed. 


Average Speed of the Molboules 


In order to find the average speed of the molcculx^s wo must 
sum tho speeds of all molecules and then divide by the total mimlMU' 
of molecules paiticipating in those s])oedH. Hence wo multiply 
(1-19) bye, divide by n, and integrate as below, whore 0 is tlui 
moan speed. 



f* 00 


4:71 


c X " >- e 
uWtt 




j 



I* orj 

e 


ilL 


(I 2\) 


'0 


'0 
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Integrating the member to the right of the sign of integration by 
parts 


s °'*c^dc = 


Jo 


. cs 


a 


= -^ice “X + 


2a2 


ce dc 


a* 


which gives for (1-21) 



A farther speed of considerable importance is the average value of 
squares of the speeds. This is expressed by 


(* 00 


n 


4?^ -£l 4 

X -7=e =-7= 

aWiT aWTT 


00 


s cHc 


Integrating by parts 


£ c^dc = 


. ce dc 




3a2 




ch dc 
0 

^ _£l 3 

= 3 X 5-X ^[ce »*]»+-x-^ 


4 


2 2 

[* 00 


_ £l 

fi «*dc 


e ^'dc 


. ( 1 - 22 ) 


Jo 


This integral may be evaluated by a similar device as that employed 
on page 7, but as the limits here are 0 and oo, the corresponding 
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limits in polar co-ordinates must be sucb as to cover one quadrant 
only. Hence (1-22) becomes 


which leads to 


Summarizing we have 


3a* a 

T 


4 a . 3 


. (1-23) 

Oo = a 

. (1-24) 

G = 2a/'\/w . 

. (1-26) 

G = ^3/20 . 

. (1-26) 

GjG = Vs/^ . 

. (1-27) 


From the foregoing it is evident that the determination of molecular 
velocities and speeds depends on the as yet unidentified parameter 
a. This wOl now be determined in terms of macroscopicaUy observ¬ 
able quantities pressure, volume, temperature, etc. 

Consider a cubical container with a length of side equal to 1 cm. 
The walls of the container are assumed to be perfectly plane with 
a coefficient of restitution of unity, so that a molecule striking a 
wall has its velocity component perpendicular to that wall exactly 
reversed. If the mass of the molecule is m and u is the velocity 
component before impact, it will be — u after impact. Hence the 
change of momentum is 2mu, In the absence of molecular collisions, 
a molecule would travel to and fro n times per second within the 
container, striking against a wall times per second. Hence in 
these circumstances the change of momentum per second per 
molecule is 

2mu X ^/2 = 


and the change of momentum per second, j), due to n molecules, is 
p = m{v^ -I- • • • (1-28) 

Similarly for the walls perpendicular to the v and w velocity 
components 

p = m(V • '^n^) • • (1-29) 

p 7n{w■^^ 1- -1- f . . . . . (1-30) 

Adding (1-28), (1-29), and (1-30) 

= m{Ci^ + ^ 2 ^ + <^^ + • • • 


, (1-31) 
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Due to collisions c^, Cj, etc., are, of course, different, the various 
equations above taking this into account. If C7® is the mean of the 
squares of the speeds in (1-31), then this becomes 

3p = mwC'* 

and C® = 3p/m» 

But mn is the density of the ga 

0* = 

G = 

From (1-26) we also have 

G = 

and thus a = 

The result given by (1-32) may also be obtained with the aid of the 
expression for the distribution of the velocities among the molecules. 
Thus, the change of momentum per second due to molecules having 
velocity components between u and « + is 

n _ “! 

— 7 = e muHu 


.s, p) and hence 

3p/p .... (1-32) 
.... (1-33) 

V? 


and thus the total change in momentum per second due to all 
molecules is 

' 00 
nm 

p = —7= e 

O/'V "n 

Jo 


'nm aWiT 
a'v/w 2 


2 'nma^ 


or 

and 


p = ^ nmC^ 

C* = Zpimn, as before 


Now if Fo represents the molecular volume of a gas and M its 
molecular weight p — M/Vq, and from (1-32) 


and 


0^ = 


3p 

MJVo 



(Boyle’s Law) 
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From (1-1) we have 



and caUing N the ratio Mfm, i.e. the nTimber of moleoules ia a 
gram-moleoiile, 

TnO^ BT 

3 ~ N 

and = ^ = = 

where a = SBI2N. 

From this result we must consider the absolute temperature of a 
gas as proportional to the mean kinetic energy of translation of its 
molecules. Thus to every uniform temperature there is a corre¬ 
sponding uniform distribution of kinetic energy, molecular collisions 
furnishing the means which lead to an equalization of temperature. 


Law of Pabtial Pressures 

The law expressed by (1-31) relates to a gas whose molecules 
are all identical. Assume now that a space contains a mixture of gases, 
the number of molecules of each per cubic centimetre being denoted 
by Tbi, n 2 , ^ 3 , etc., and their respective masses by 7%, mg, mg, etc. 
EVom (1-31) we have 

p = ^Smc^ 

1 

and hence for the mixture 


p = ISm^c^ + J-SmgC^ + + etc. 

1 1 i 

= ^>l+P2+Ps + ©tC. 

Or the total pressure of a mixture of gases is the sum of the separate 
pressures which each would exert if acting alone. This is usually 
referred to as Dalton’s Law. 

The result of collisions between moleoules of different kinds will 
now be considered with regard to the distribution of kinetic energy 
among the various different molecules. 

Let a collision occur between two molecules whose masses are 
respectively m^ and mg. Further, let the line joining their centres 
on collision be parallel to the axis of the T^-oomponent of the velocity. 
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Then if u and u' are the respective velocities of and before 
collision and similarly U and V are the velocities after collision 


vfiyU + = mJJ + . . (1-35) 

= myU^ + m^U'^ . . (1-36) 

Solving for U and U' we obtain 

m^)u __ 

u = -^-or u 

JWl + TOj 

^ 2miu + (m^-mi)u' 
mi + wia 


Excluding the second pair of values (that is, where there is no 
change of velocity), the difference in the kinetic energies of the 
molecules after collision is 


( 8mi?na \ 

V(mi H- ma)^ ) 


1 ) i^rn^u'^ — + 


4mi7raa(mi — m^uu' , 

(wii + 


(1-37) 


Now (1-37) does not indicate whether the difference in the kinetic 
energies of a colliding pair of molecules is increased or decreased 
by collision. However, it is the average effect taken over all the 
molecules which is of interest and in this case definite conclusions 
may be drawn. 

Considering the second term of the right-hand member of (1-37), 
it win be noted that this differs for different pairs of molecules, 
solely by virtue of differences m uu'. Due to the symmetry of 
the velocity diagram, it is apparent that for any given magnitudes 
of u and u' there will be just as many oases where u and u' have the 
same signs as opposite signs. Hence in summing (1-37) for all the 
molecules the second term of (1-37) will disapijoar. The second 
factor of the first term is the difference of the energies of the mole¬ 
cules before collision, and hence 

jBo fimiTiu 

where and are respectively the energy differences before and 
after collision. It is evident that the average difference of the 
energies after collision is greater or less than the average difference 
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before, according to whether the ftbsoluto value of the right-hand 
member of (1—38) is greater or less than miity. Assuming that 

K + ~ ^ ^ ^ 

then < 1 

< {m^ + -f 
0 < {rm^ -f 

0<(mi —TOa)® .... (i_39) 

■lae rosiilt of assuming the right-hand member of (1-38) is greater 
tlmn mnty is fomrd by reversing the sign of inequality in (1-39), 
which loads to an impossible conclusion. 

Wo thus sec that the difference between the average kinetic 
energies of the two sots of molecules tends to decrease with the 
number of collisions, mid from this it may bo concluded that when 
a mixture of gases is in equilibrium the average kinetic energies of 
each of the kinds of molecules will be the same. 

That is =.( 1 _ 40 ) 

Under tliose conditions there is an equality of tomperaturo through¬ 
out the mixture and, as wo see from (1-34) that the temperature 
of a gas is pro|)ortionaI to the average kinetic energy of its molecules, 
it may bo inferred that if the gases wore separated, the tomperaturo 
of each remaining constant, their average kinetic energies would 
bo the same as when mixed. Hence (J-40) is true whether the gases 
are mixed or sejiarate, provided the temperatures of all are the 
same. I hus, if difl'oront gases are at the same toinperaturo and 
pressure, 

=r: Iw, (72 ^ . 

from which “ " 

w, , . . 

or equal volumes of different gases under the same conditions of 
^mjierature mid pressure eonf-ain the same number of molecules. 
This residt is known as Avogadi'o’s Law, and as we now see that 
N in (1-34) is the same for ail gases so also must bo a. ^J’hus oc is 
a universal constant. 
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The Mean Feee Path 

The average distance traversed by a molecule between two 
consecutive collisions is termed the mean free path of the molecules. 
A collision may be said to occur when the centres of the molecules 
approach to a distance of a from each other, a being the molecular 
diameter. Considering any particular molecule, let Gr be its mean 
velocity relative to all the other molecules. Then a collision occurs 
when any of the centres of the latter approach the surface of a 
sphere of radius g surrounding the molecule under consideration. 
This sphere is termed the sphere of molecular action. The number of 
molecules whose centres will come within the sphere of molecular 
action of a moving molecule during a second is Tra^Crn as Tra^Cr is 
the effective volume swept out by the molecule per second. Hence 
the collision frequency is 

. . . (1-41) 

Now the actual distance travelled per second by a molecule is C, 
and thus the average distance between collisions is 


G 1 £ 


. (1-42) 


where I is the mean free path. 

Now G is already known and to determine I we must therefore 
determine Cr. To effect this, consider two sets of molecules whose 
velocities may be represented by c and c^, and their relative velocity 
by Cr. Then the components may be represented as below 
== _|_ ^2 ^ ^2 

Cl' = (^ + I)' + (v + riY + (w + O' 

• 0,2 = ^2 + ^2 + ^2 


Let the number of molecules of each kind per unit volume bo given 
by n and and the most probable speeds by a and jS. Then the 
respective number of each kind having x velocity components 
between u and u + du, and u and u ^ is 


n -H 

— 7 = e ^ du . 
a'V TT 


% 




(It 4- 

e dS 


, (1-43) 


and 


. (1-44) 
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Now the numbei' of pairs of molecules, one of each kind, is given 
by the product of (1-43) and (1-44), viz. 


whi - 


, (»-h 

■»* Uudi 


and the total number of such pairs may be found by integrating 
this expression for all values of u from — oo to + oo, giving 


a^it 


/^ + 00 

e U*' 


— 00 


5“ 


or 


m = e^ 


g [*“ («“ V) li’T du 


Cutting 


then 


+ /?2 
2aS 


■ u — X 


)SVa2+> 


= 2b 


/(|) = g("‘-|)^4 


+ fi^ 


- (6 xy ... , . 
8 d{l) -|- x) 


Hence we have 

( 

nn^s V 




nn^ 


V^Va^ + fS^ V^Va'^ + fi^ 


Now this expression gives the number of ])airs of molocnlos 
having relative speeds, the jc-components of which lie between <? and 
I + d$, the total number of possii>]e jiaira being «%. The ox|)rossion 
is of the same form as (1-18), if wo put for n, a® -1- for a®, 
and I for u. Thus, the distribution of relative velocities is governed 
by the same law as the velocities thorasolvos. Wo have already 
seen that the mean speed of a molecule is given by 

V = 2ff./Vff 

and hence it follows that the mean relative speed 

77 2Va‘^ -1- ^ 
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If the two sets of molecules form part of a common system, then 
= a and 



Vtt 


from which 

5=a/2 



G 


and 

VZira^ 

. (1-45) 


P = 

. (1-46) 


The Disteibution op Free Paths 

The expression given by (1-45) is, of course, only the average 
distance travelled by a molecule between collisions. Actually the 
free paths follow a distribution law which will now bo determined. 
The probability that a molecule will travel a distance x without 
collision may be written f(x), and the probability that it will travel 
the distance x + dx without collision f(x + Hence 

f(x + dx) =f(x) +f(x)dx 

But the probability of the molecule covering both x and dx witliout 
collision is the product of the separate probabilities that both these 
events shall occur. Thus 

+f{x)dx=f{x)f{dx) . . (1-47) 

In order to determine/(da;), consider a cylinder of unit cross-sectional 
area and length dx, the axis being parallel to the direction of motion 
of the molecule. Then, on the assumption that the molecules within 
the cylinder are at rest, the probability of a collision within the 
distance dx is the ratio of the sum of the projected areas of tho 
spheres of influence of all the molecules to the cylindrical front 
surface of unit area. But we have already seen that due to tho 
molecules being in motion the number of collisions in a given time 
is V2 times as great as when they are considered at rest. Hence 
the probability of collision is 'V^Trahidx and the probability of 
covering the distance dx without collision is 

f(dx) = 1 — V ^TTohidx 
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I^om (1-47) 

f(x) +f'(x)dx =/(»)( 1 — V^aHdx) 


Integrating 


JA*) 


dx = — 


V 2w(r®» J 


dx 


and f{x) = Ks~ Ke~ ^ 

as, from (1-46), a/^ct% = IJl. To determine K we note that the 
probabihty is unity for a; = 0. Hence 


f(x) = e ‘ . . . . (1-48) 



Thus wo may regard tho moan froo path as tluit patlx over which 
tho probability of passage withoxit collision is s“' -= ()-:{(5C. The 
expression given by (1-48) may also bo written 


• ( 1 - 49 ) 


where is the number of molecules per unit volume wliich traverse 
a path X without collision. From (1-49) wo note that only 36-6 per 
cent of the molecules travel a distance ecpial to tho mean free path 
without collision. (1-49) is sometimes termed the survival equation, 
as it gives the number of molecules whic-h Iiave not suffered a 
collision in travelling a distance ic. This o(iuation is ])lottod in 
Fig. 1-3, from which we see that paths shorter than I are much 
more probable than those longer. 
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From (1-49) we may find the number of molecules, which 
having survived collisions over a distance x, terminate their free 
paths within a further distance dx. 




-T . 

■j s ^ ax 


(1-50) 


the negative sign indicating that decreases with an increase in x. 
The probability of survival is 

ne ^ —je ^ dx 


dx 

which is mdependent of x. 

The expression given by (1-60) gives the number of molecules, 
dn, whose mean free paths lie between x and x dx and, because 
of this, it may be termed the distribution function of mean free 
paths. From (1-50) the sum of the lengths of all the paths is 

00 _ 

ajTi - - 

— € idx 
Jo 

and henco the mean free path should be the average of this, i.o. 

’• 00 

1 OT ~ h: 

- —re^dx 
n I 
Jo 


[— X€ 


f* X 


It will have been noted that the derivation of the velocity distribu¬ 
tion function is based on the assumption that the components of the 
molecular velocity are independent. Because of this, and for other 
reasons, we shall now derive the distribution function by a more 
general method which does not depend on this assumption. 

Macro- and Micro-states 

In a similar manner to that expressed by (1-5) wo may wiito 
dn = F{u, V, w, t)dudvdw = Fdr . . (1-51) 
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where dr represents a volume-element in the velocity-space, t repre¬ 
sents time and is here included to emphasize that the law of dis¬ 
tribution of velocities may vary with time. Comparing (1-61) with 
(1-6), we see that 

■P = 

The velocity-space is assumed to be spht up into a number of 
identical volume-elements dr, the volume of the latter being such 
that they may be considered to be sufl&ciently small to serve the 
role of differentials in the following calculations, but, at'the same 
time, sufficiently large for each to contain a large number dn of 
velocity-points. This, of course, means that the number of volume- 
elements per cubic centimetre is very much less than n. 

To each of the volume-elements let a number of the series 
1,2, 3, . . . etc., be assigned, and let dn^, dn^, . . . etc. represent 
the number of velocity-points that the volume-elements respectively 
contain. Then 

n == dn^ + dn 2 + dn^ + . . . 

Now the velocities of the molecules whose velocity-points all 
lie within a given volume-element differ but slightly, and we shall, 
therefore, consider that the velocities of the molecules within a 
given element are the same. Corresponding to a given macroscopic 
state of a gas, i.e. a state determined by its pi*essuro, volume, tem¬ 
perature, etc., will be a ccitain distribution of the velocity-points 
among the volume-elements. To this distribution will correspond 
a number of microscopic states or complexions as such states are 
sometimes termed. This means that wo may interchange the 
individxial molecules between the various volume-elements (tho 
number in each remaining tho same) without changing the given 
distribution. For example, if the number of volume-elements wore 
equal to n, and there wore one molecule per volume-clement, tho 
number of micro-states would be n !, i.e. the number of permutations 
of n things taken at a time. As, however, there are dn^, dn> 2 , etc., 
molecules whoso velocities are the same (or lie within cei*tain narrow 
limits) tho number of micro-states is 

dn^\ dn^l . . . ’ * * 

and tho value of w will depend on tho number of velocity-]>oints 
dn^, dn^, etc., there are in each volume-(^Iomont. 

When a substance is not in a state of macroscopic ocpiilibrinni 
we know tliat its state changes until equilibrium is imohod. This 
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change is, of course, brought about by a change in the distribution 
of the velocity-points and, of course, leads to a change in w. When 
equilibrium is attained dwjdt = 0, or is a maximum. Hence a 
change from a state which is not one of equilibrium to one that is 
involves an.increase in the number of micro-states. It follows that 
the distribution function we are seeking is that which renders 
(1-52) a maximum. 

In order to transform (1-62), use is made of an approximation 
formula due to Stirling. We have 

log n ! = log 1 + log 2 + log 3 + • • • log ^ 
and log 91" = log 7^ -1- log -1- . . . log n 

so that log (nl/n^) = log^ -f log ^ + . . . log ^ 


Putting l/n = dx, we have 
i log {n l/n^) = log dx .dx + log 2dx . dx -f- 


= f log X .dx = I 
Jo 


Thus log nl = n log log (n/s)” 

so that n ! = {njeY 
Substituting in (1-52) 

(njeY 

nn - 2 :—* —- 

{dnje)'^"' {dnje)'^’^ {dn^lsY 


. log ndx. dx 


~ dnY^^ dnY''^' dv^'^'. . . 

since + dn^ + dn^ + • • • = n 

Thus log w = — \d7i^ log duy dn^ log dn^ + dn^ log dn^ 

+ . . i] + ® log n 

From (1-61) we have 

dn = Fdr 

and substituting in (1-63) 

log w = — "LFdr log {Fdr) + n log n 

= — SF log Fdr — HiFdr log dr + n log n 


(1-53) 
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Substituting dn for Fdr and replacing the sign of summation by that 
of integration, 

log w — log ^ log n A 

where 4 is a constant of integration. Further simplifying, 
log w = — J F log Fdr + A' 
or, ignoring the additive constant, we may write 

H = -^F\ogFdT .... (1-64) 

where H = log w . . . . . . (1-55) 

By (1-66) an expression has been obtained relating the distri¬ 
bution function to the number of micro-states, or probability, as 
w is sometimes termed. 

Now in order to determine F we make use of the fact that F is 
subject to the following conditions or constraints 

jFdr = n .... ( 1 - 66 ) 

j+ v}^)F&r = FT . . (1-57) 

which express the facts that the nuiTiber of molecules ]^er cubic 
centimetre and the energy of the gas are constant. These two 
conditions, in conjunction with the fact that, in a steady state 
(1-54) must bo an extremum, constitute an isoperimetric problem 
in the Calculus of Variations. Hence the value of F to make (1-54) 
an extremum is obtained from tlie solution of the Euler-Lagrange 
equation; i.o. 

[logs F +1 + X + + v^ + w^)] = 0 . . (1-58) 

where X and //, are constants. (1-58) leads to 

F = -I- . . . (1-59) 

whore B and b are constants. Thus it is found that the condition 
of equilibrium is the Maxwell Law of Distribution of Velocities. 
Comparison of (1-51) with (1-5) and (1-12) shows that we may 
write 
a-H'r-aHo) 
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__ <** + g* + tg* _ 

F = nK^s~ “■ = nK^e “* • • ( 1 - 60 ) 

where = K^. 

Referring to (1-69) we may further generalize matters by re¬ 
placing the translational kinetic energy of the molecules by their 
total energy.* In this case we may put 

F = Bs'^’’^ . . . . . ( 1 - 61 ) 

where b = lima^. 

The Quantum Theory 

For large-scale or macroscopic phenomena it is invariably found 
that these are governed by the laws of the Newtonian or classical 
system of dynamics. It was at one time assumed that the behaviour 
of matter in its finer or microscopic , states was also explainable by 
this system. The behaviour of certain phenomena, however, is 
found to be inconsistent with the classical system, the first notable 
instance being the rate of energy radiation from a black body. 
In endeavouring to find the law relating the temperature of a hot 
body to the distribution of radiant energy amongst its emitted 
wavelengths, Planck introduced the quantum theory, one of the 
most imporbant theories in physics. Since its introduction the 
quantum theory has found many applications, particularly to the 
finer states of matter, and hence it is found to have numerous 
applications in electronics. For example, the atom, photo-electricity, 
thermionic emission, the theory of spectra, ionization, X-rays, etc., 
are all governed by quantum considerations and thus attention 
must be given to this important theory. 

The basic idea of the quantum theory is that energy, no less 
than matter, is atomic in nature. That is, energy is not absorbed 
or emitted continuously, but in small elements or quanta. These 
quanta are, as atoms of a given substance, all identical, and a 
given amoimt of energy contains an integral number of quanta. 
Just as atoms of different elements differ in magnitude, so also do 
quanta. For example, when energy exchanges occur between matter 
and radiation, a quantum of energy, E, in the form of radiation, 
is equal to hf, where A is a constant and / the frequency of vibration. 
Thus, in this case, the exchange takes the form of a monochromatic 
vibration of frequency/. Evidently the magnitude of a quantum is 
proportional to /. Conversely, when radiant energy is absorbed by 
matter, it is again quanta which are taken up. 

* See p. 160. 
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As the phenomena of heat radiation were among the first to 
show the inadequacy of classical dynamics to deal with the fine-scale 
structure of matter and hence to introduce the quantum theory, 
such phenomena will now, briefly, be dealt with. Studies of heat 
radiation from black bodies reveal that the radiant energy is distri¬ 
buted among the emitted vibrations or wavelengths in a particular 
manner. The original experiments of Lummer and Pringsheim 
revealed that the energy distribution is such that the curve relating 
energy to wavelength (for a given black-body temperature) possesses 
a single maximum, the energy falling continually from this maximum 
and becoming. zero for A, the wavelength, being either zero or 
infinity. Pig. 1-4 shows some results due to these experimenters, 
from which it will be noted that the maximum shifts in the direction 
of shorter wavelengths as the temperature is increased. 

Reference to Pig. 1-2 shows that there is, at least, a superficial 
resemblance between this curve and those of Pig. 1-4. This is a 
fact which was very early noticed, and led to attempts to find a 
connexion between the energy distribution among the wavelengths 
and the energy distribution among the molecules. In the case of 
a gas, as we have already seen, it is not possible to state the exact 
velocity possessed by any molecule. It is only possible to specify 
the number of molecules the speeds of which fall within a given 
speed range dc. Similarly with radiation, it is not possible to specify 
the amount of radiant energy at a given wavelength A, but only an 
energy interval dE oon*esponding to a range dL Hence with black- 
body or thermal radiation it is not i)ossible to state the energy 
])ossessed by a monocliromatic radiation. However, in practice, a 

narrow waveband, usually 10^ Angstroms, is taken and regarded 
as monochromatic. 

Energy Distribution Pormulae 

Efforts were naturally made to formulate the relation between 
rate of onoigy radiation and wavelength for results such as tlxose 
of Pig. 1-4. Reasoning from thermodynamics, Wien derived the 
general law 

Ex = KX-^J{lT) . . . (1-62) 

where is the emissive power (rate of energy radiation per unit 
range of wavelength) for a wavelength A, f{XT) an unknown func¬ 
tion of AT, and K a constant. In view of tho fact that j\XT) is 
unknown, it is necessary to make assumptions concerning the 
mechanism of tho radiator to elucidate /. 
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Making use of Maxwell’s Law of Velocity Distribution, Wien 
deduced a formula for Ex based on the following ideas and assump¬ 
tions. 

Let A be an enclosure the internal surface of which is totally 
reflecting, and B a perfectly transparent vessel within A, The 



Fig. 1-4 


space between A and B is assumed to be filled with a gas capable 
of absorbing and emitting radiations. The space within B will bo 
filled with black-body radiation corresponding to the temperature 
of the gas. It is assumed that each molecule of the gas emits rays, 
the wavelength of which depends only on the velocity of the mole¬ 
cule, the intensity of the radiation being regarded as a function of 
the wavelength. As the wavelength is a function of the molecular 
velocity, the latter may be considered as a function of the wave¬ 
length. The energy of radiation of wavelength between A and 
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X dX is proportional to the number of molecules sending out 
waves of this magnitude and to a function of the molecular velocity c. 

Now according to the kinetic theory the number of molecules 
whose velocities lie between the limits c and c + dc is (page 8) 

_ cL 

Ach . . . . (1-63) 

where 0^ = -i]- and -4 is a constant. Expressing c as a function 
of X and remembering that oc T, (1-63) may be written 

AfiWs ~^dX 

As the energy is proportional to this expression and some other 
function of X, we obtain 

E;^ = A^F{X)s iT . . . (1_64) 

where and Ag are constants. Comparing (1-64) with (1-62) 
gives Wien’s formula 

A^X-h"^ . . . . (1-66) 

where F{X) == /(A) = 1/A, and/(Ar) = a" ^ 

The assumptions made by Wien in arriving at (1-65) do not 
rest on a particularly firm foundation and hence it is not surprising 
that the formula only covers a limited part of the radiation spec¬ 
trum. In particular, agreement is found for low values of A and T. 

Wo shall now turn to Planck’s treatment of the subject, which, 
as previously stated, led to the introduction of the idea of quanta. 

Let a dynamical system (such as a solid body) be considered 
composed of a very large number of identical parts or units, each 
unit being regarded as capable of executing vibrations. For example, 
in a solid body the units will be atoms the motion of which is re¬ 
stricted by the lattice structure. Assuming the atoms to be restricted 
by a quasi-elastic force, a displacement x from the mean position 
will call into existence a restoring force where /z is a constant. 

Now, accoi‘ding to the kinetic theory, the ]:)robabiHty of a unit 
])ossessing velocities {u, v, w) and co-ordinates (aj, y, z) within ranges 
du, dv, dw, and dx, dy, dz, respectively is, from (1-4) and (1-61), 

dudvdwdxdydz = e ^^dr 

where dr is a volume-element in 6-dimensional space.* E is the 

* Seo p. 32. 
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total energy of a unit and, according to page 161, is half Idnetic 
and half potential. Hence 

E = + to®) + 

and the number of units having this energy may be written 




where the positional co-ordinates lie between x -\- dx, y -\- dy, and 
z + dz. If E is & given amount of energy the numbers of units 
having energies, 0, E, 2E, ZE, etc., will stand in the ratio 


- 26B -ibis - ( 
s : e : e 


so that if A have zero energy, the numbers having energies E, 

2E, ZE ,. . . will be A8~ As~ Ae~ etc. If if is the number 
of vibrations produced by the system, then the energies of these 
vibrations will be equal to the various values E, 2E, ZE, etc. Also 


M = A{l + e 
A 


S , - 4 bE , - 

+ S +8 




-SbM 


1-8 

The total energy of the vibrations is 

777 A 2ibE I •Wji A ~~ 46JE? . -jjm ji “ QbE . 

= EAe (1 + 2e + 3e + . 


( 1 - 66 ) 


EAe 


- 2 bE 


or from (1-66) 




ME 

%hE , 

e — 1 


(1-67) 


Now if the vibrations are those of wavelengths lying between X 
iand X -1- dX, then it may be shown* that the value of AT is ZTTX~^dX 

and thus the vibrational energy is 

E 


ZstX-^ 




or; substituting for h. 


- 1 

%'!TX-*‘EdX 

A 

6*2’— 1 


dX 


( 1 - 68 ) 


* Theory of Heat, T. Preston, p. 290 (MacmiUan). 
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To detennine the value of E we shall consider a unit of the 
system under the influence of a restoring force (jx. If m is the mass 
of a unit then 

mi 4- A*® = 0 

A solution of this equation is 

X = A sin J—t 
M m 

where A is the amplitude of the oscillations, the oscillation flequency 
being given by 

f = — 

•' 27tM m 

The energy E of the oscillator is 

E = ^mi^ + Ja*®® + -^0 • • • (1-69) 

where Eq is any energy it may have when at rest in its equilibrium 
position. If we assume Eq to be zero and put mx — y, we may write 

= 1 

2mE 2E 


which is the equation to an ellipse. Thus the representative point 
of the oscillator moves round the ellipse, making the circuit / times 
per second. The area of the ellipse is 

= m . . . ( 1 - 70 ) 


Putting E/f = h, E = hf, and thus we see that the possible values 
of the energy of an oscillator are given by nhf, where n = 1, 2, 3, 
etc. It is evident that, the representative point of the oscillator 
divides the (icy plane into equal areas of value h. This quantity is 
known as Planck’s Constant and has the value 6-554 x 
erg.-sec. Substituting for E in (1-68) we have 


Swir^hfdX 
. ~]£ 

1 

or, writing c/A for / 

_ _ ^ S7ThcX'~'^d^ 
^- 

1 


(1-71) 

(1-72) 


where Ex may be defined as the rate of energy radiation per unit 
range of wavelength at wavelength X and c is the velocity of light. 
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The result given by (1-72). is Planck’s formula for the energy 
distribution of a black-body or temperature radiator and is found 
to be in close agreement with experimental results. It appears that 
temperature radiators must be regarded as composed of numerous 
oscillators capable of vibrating with every conceivable frequency. 
Each possesses an integral number of quanta of energy, a quantum 
being equal to hf. Thus an oscillator of frequency / is capable of 
producing monochromatic wave trains of radiation, the radiant 
energy leaving the oscillator discontinuously in bursts or quanta 
of magnitude 1/. 

Planck’s Radiation Law contains all other laws of radiation. 

he 

For example, for low values of X amd T, ig large compared with 
unity, in which case (1-72) becomes 

__ 

Ej^X = dX 

which is of the same form as Wien’s Law expressed by (1-65). 


Wien’s Displacement Law 

This law states that X^T = constant where X^, is the wavelength 
at which maximum energy emission occurs from a temperature 
radiator. DiQerentiating Ex with respect to X and equating to zero, 
(1-72) becomes 

- Sirhc I - 8 + 5X*(s — 1) J 


or 


_ 

A*AC lie]kTX_ ... hclkTX . 

- 5^ (e - 1) 


= 0 


Putting hcjkTX = y, we have 


ev— 1 


= 5 


It is evident that there is a root in the neighbourhood of 5. The 
exact value is 4-965. Hence 


he 

WL 


and 


= 4-965 
2 T - 

- 4 . 005 * 


= constant. 


(1-73) 


which is Wien’s Displacement Law. 
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If we write c/f = X and substitute in (1-72) we obtain 

8nhp 


E,= 


Putting hfllcT = x. 




- 1 ) 

‘ e® — 1 


The total energy is obtained by integrating over all frequencies 
from 0 to 00 . Thus 


* c® 


Pdf 


eV/A-T. 


Hirk^T* 
■ ' 


xHx 
e» — i 


Now 


Hence 


xHx 
e» — 1 


= (s~“+ e~®®+ e~®“+ . . .)a^dx 


= ®(i + ^+P+- • •) = r5 




(1-74) 


which is the Stefan-Boltzmann Law, this law stating that the total 
energy emitted by a black body varies as the fourth power of the 
absolute temperature. 

From the two equations given by (1-73) and (1-74) and experi¬ 
mental measurements of E and the values of h and k may be 
derived. Thus h is found to be 6-54 x lO"^^ org.-sec. and k, 
1-37 X 10“i® erg./degree. 


Quantization 

Having introduced the quantum theory in the manner in which 
it first made its appearance, i.e. in connexion with thermal radiation, 
it is now necessary to consider this highly important theory at 
greater length for its applications to the subject of electronics are 
numerous. The state of the elementary oscillators in the radiation 
theory may be said to be quantized and it is this particular aspect, 
i.e. quantization, which it is desired to pursue. As the position and 
motion of a body may be described in any one of several co-ordinate 
systems (such as cartesian or polar co-ordinates, for example) it 
is desirable to develop the quantization process in terms of what 
are known as generalized co-ordinates. 
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For the piixpose of explaiuiiig such co-ordinates the position and 
velocity of a mass-point will be considered. Such a point is an 
idealized one, having no extension in space, but an intensely localized 
mass. In rectangular or cartesian co-ordinates the position of a 
point is given by its projections x, y, and z on three mutually per¬ 
pendicular axes. In polar co-ordinates the position is given in terms 
of a radius vector, p, and two angular co-ordinates 0 and In 
addition to these two co-ordinate systems others exist, such as 
cylindrical and spherical co-ordinates. In view of those various 
systems it is found desirable to designate position co-ordinates in 
a generalized manner, as ^li®re being as ma.ny co¬ 

ordinates at a point as the number of “dimensions” in which the 
point exists. Of course, in ordinary three-dimensional space a body 
has three co-ordinates only. 

In describing the velocity of a body this is effected by giving 
its velocity components along the co-ordinate axes employed. 
However, because at high velocities the mass of a body varies with 
its velocity, and force = d{mv)dt rather than Tndvjdty it is desirable 
to express the state of motion of a body in terms of momentum 
rather than velocity. Generalizing the momentum co-ordinates, 
we may write pj, etc., in place of {mv)^, {mv)y, (mv)g, whore 

the latter three express the momentum components of a body in 
rectangular co-ordinates. Thus, m three-dimensional space, tlie 
co-ordinates g'g, Js, Pi, P 2 , Ps are capable of completely describing 
the state of a point at any instant. In a general manner th(^ IMi 
co-ordinate is written g*. or p*. We may now find general relations 
between the position and momentum co-ordinates, etc. Thus, 
when the mass of a body is independent of its velocity, we have 


Pk = 
fk = Pk 

where / = force. Now the potential energy of a body may be 
written 

■“d /.=y. = -5^' 

where is the potential energy at the position under consideration. 
The kinetic euergy of a mass-point is given by 


jEi* = _|_ etc.) = 


Pi^ + 

2m 
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DiflFerentiating, 


but mqjf = pt,, so that 


As stated above, with the appropriate number of position and 
momentum co-ordinates the state of a mass-point, or any system of 
mass-points, may be described. The instantaneous state of such a 
system is known as the pTiase of that system. If the state of a body 
may be determined by three-position and three-momentum co¬ 
ordinates it may be imagined to exist in a hypothetical aingla 
sis-dimensional space. This space is termed a phase space and the 
path of a body in such space is known as a phase path. In the case 
of a particle having two co-ordinates only, p^, q^, the path of the 
particle lies in a phase known as the phase plane. Now in deter¬ 
mining the value of in (1-69) we considered a particle under the 
influence of an elastic restoring force /ix. The particle was found to 
execute vibrations in simple harmonic motion and hence constituted 
a simple oscillator. The representative point of the oscillator was 
found to move round an eUipse dividing the xy plane into equal 
areas, each of value h. The area enclosed by any curve in this plane 
is given hy A -\-nh where the inclusion of A indicates that .Ej in 
(1—69) is different from zero. In generalized co-ordinates we must 
replace a: by g and y by p and in this case the quantum condition is 
given by 

pdq = A nh OT nh Eff and A = 0 

the integration being performed over a cycle of movement. 

Now the dimensions of p are JfF = MLT-^, and those of q are 
L; therefore pq — ML^T ~^; these dimensions being those of energy 
X time or action. It thus appears that the phase paths of a body 
having a quantized motion ^vide the phase plane into areas which 
differ from each other by an integral number of Tmits of action. 
The natural unit of action appears to be h, i.e. Planck’s constant, 
although it is not evident why in nature action should be atomic 
in character. However, the same reflexion is possible of energy 
and matter. In reality such units are forced upon us as a consequence 
of experience. 

We may now proceed to generalize the quantum conditions for 
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a body having ono dogroe of froedom and exocuting periodic mention. 
The area enclosed by the phase curve of the body is given by 



or, integrating, over p, 

J =jpdq =jf(q)dq 

f.bifl being known as the phase integral. The cpiantiiin condition 
that the action of a body may only change by an integral number of 
units of action may be written 

AJ = A 
J Jq d" nh 

where Jq corresponds to E and A above. If Jq == ^> then 

J=^jpdq = nh . . . (1-75) 

These statements are quite general and express the quantum restric¬ 
tions that can be applied to any periodic system the properties of 
which are expressible in generalized co-ordinates. 

The Atomic Theory 

Various atomic models have been proposed the purpose of whicli 
is to explain the properties of matter and electrical phenomena. 
Such models have this in common that they consist of an assemblage 
of positive and negative charges of such magnitude and arrangomcuit 
that the atom and matter are normally electrically neutral. Kle(j- 
trons are obviously constituents of the atom and, therefore^ a 
positive charge, or charges, must exist whose magnitude is <H|ual 
but opposite to that possessed by the total number of oleotrous 
within an atom. A system of point charges at rest is fujidamontally 
unstable and to overcome this difficulty Rutherford suggested an 
atomic model in which the positive charges form an assembly at 
rest, termed the nucleus, and around which certain electrons rovolv(\ 
the whole forming an arrangement similar to our solar systcun. 
As with the latter, stabihty is secured if the planetary electrons 
revolve at a velocity such that their centrifugal force bahuun^s 
that due to the electrostatic attraction of the nucleus. Assuming 
an electron to be traversing a circular orbit of radius r with v(^l()(‘.i1iy 
V, it will have an acceleration v^/r, and, according to classical elcKjtro- 
dynamical theory, will radiate energy continuously. To supply this 
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energy the electron must constantly approach the nucleus and thus 
ultimately the atomic structure would collapse. It is by no means 
certain, however, that Newtonian d 3 mamics are completely applic¬ 
able to atomic physics and it will be shown later that the Rutherford 
model has been retained by an application to the atom of the 
quantum theory. 

One of the earliest models of the atom was due to J. J. Thomson, 
who put forward the idea that the atom might consist of a sphere 
of positive electricity with electrons embedded within it. The 
diameter of this sphere was assumed from the Idnetic theory to be 
of the order of 10~^ cm. An electron within the sphere at a distance 
T from the centre will be unaffected by the positive charge beyond r 
in accordance with the principle established by Faraday’s ice-pail 
experiment. The charge within r is where p is the space 

charge density of positive electrification. Assuming the Coulomb 
law of force, the force on the electron is 

/ = Tir^pe/r^ = ^rrpe 

which varies directly as the distance from the centre of the sphere. 
With atoms possessing more than one electron it was assumed that 
the electrons would remain at rest under the influence of the central 
attracting force and their mutual repxdsions. 

The Thomson atom was abandoned because of the nuclear 
scattering experiments of Rutherford and their results. By bom¬ 
barding the’ atom with alpha particles it was found that the angles 
through which the latter wore deflected were too large to be explained 
by a largo diffuse jjositive sphere of the order of 10”® cm. diameter. 
It was decided that the large-scale deflexions could only be accounted 
for if the positive charge were concentrated in a volume far less 
tlxan that of a sphere of 10”® cm. diameter. Thus the nuclear atom, 
already described, came into existence and experiments and calcu¬ 
lations showed the diameter of the nucleus to be of the order of 
10 "^2 ag against 10”® cm. for the atom. Furthermore, it was 
established that the nucleus consists of a positive charge of Ze units 
(where Z is the atomic number of the atom) with Z electrons circu¬ 
lating around it. The nucleus is surrounded by a Coulomb field of 
force, i.o. / oc i/r^, to within 10“i2 nucleus and is scarcely 

affected by the electrons which arc at relatively large distances, 
10~® cm., from the atomic centre. As already stated, to balance 
the force of tlio nucleus it was necessary to assume that the electrons 
circulate about this. However, this raises the difficulty of continual 
energy radiation by the electron. To understand how this difficulty 
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was met we must now consider Bohr's treatment of the nuclear 
atom. 

The Rtjthbrfoed-Bohe Atom 

It has already been shown that, according to the quantum 
theory, energy is not radiated continuously. By applying this 
principle to the atom, Bohr was able to retain the Rutherford model. 
Bohr's first postulate is that on certain permissible orbits the electron 
does not radiate energy as demanded by the classical theory. No 
other orbits than these are permissible, energy being either radiated 
or absorbed when an electron ‘‘jumps" from one such orbit to 
another. The second postulate states that when an electron passes 
from one orbit to another the energy emitted or absorbed is equal 
to hf. This means that should emission occur it will consist of a 
monochromatic radiation of frequency /. No explanation is given 
of the mechanism by which an electron passes between two orbits. 
Also there is apparently no connexion between the frequency of 
the radiation and the frequency of revolution of the electron in its 
orbit. As previously shown, the dimensions of Planck's constant 
Jh are energy x time or momentum X distance. These products are 
known as an “action." Bohr assumed that an orbit would be non- 
radiating or “stationary" if an electron in it possessed an amount of 
action equal to a multiple of Ji. For an electron describing a circular 
orbit we have on applying the phase integral (1-76) 

’*27r 

pdq = nh 
Jo 

where p = mv and dq = ^irdr. As m and v are constant, integration 
gives 

mv . 27rr = nh ... (1-76) 

where r is the radius of the orbit m, v the mass and velocity of the 
electron, and n an integer known as the quantum number of tho 
orbit. If w is the angular velocity of the electron, then (1-76) may 
be written 

2mmwr^ ^nh . . . (1-77) 

Bohr's two postulates will now be applied to the hydrogen 
atom. The latter consists of a positive nucleus, having a charge 
equal in magnitude to that of an electron, with a single electron 
revolving on an orbit which we may take to be circular. The 
quantum condition is 


27 Tin,v)r^ = nh 


. (1-78) 
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and the condition of mechanical equilibrium 

e® mv^ 

— =-= mrw^ 


r‘‘ r 


where e is the electronic charge. 
Solving for r and w we obtain 

^ ~ 4ftthne^ 


and 


w = 




• (1'79) 


. (1-80) 
. (1-81) 


For cases where the nuclear charge is greater than e, r and w may 
be written 

_ 

^ ~ 4^hnZe^ 

^TrhnZ^e^ 


where Z is the number of charges forming the nucleus. 

By substituting the numbers 1, 2, 3, etc., in (1-80) the radii of 
the possible stationary orbits are obtained. For to = 1, substituting 
the known values of the various quantities in (1-80) gives 
r = 0-62 X 10-« cm. 


a value in remarkable agreement with the radius of the hydrogen 
atom derived from the kinetic theory of gases. The values of w, 
derived from (1-81), correspond to the frequencies of ultra-violet 
light; although the radiated frequencies have apparently no con¬ 
nexion with w, it appears significant that they are of the same order 
of magnitude. In order to find the radiated actual frequencies on 
the basis of the second Bohr postulate, the energy must be found 
in the TOth quantum state. 

The kinetic energy of the electron is or, from (1-79), e®/2r. 
As the force between nucleus and electron is attractive, the potential 
energy will be a maximum when the electron is at an infinite distance 
from the nucleus. At a distance r the potential energy is — e®/r 
and hence the total energy is 


2j- 


2r 


(1-82) 


Substituting for r from (1-80), (1-82) becomes 

2ir%c^ 


TO®*® 


(1-83) 
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Now, according to the second postulate, the energy emitted or 
absorbed in the form of radiation when an electron changes from 
one orbit to another is 

— Hf = Jif 

from which / = 




From (1-83) 


/ = 


/ 1 


A3 




(1-84) 
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Where % and % respectively correspond to Et and Efi i.e. the 
energies in the initial and final states of an energy change. Thus 

the lines in the hydrogen 
spectrum should be obtain¬ 
able by substituting different 
integers for % and Uf in (1-84). 
Tif is the quantum number of 
the orbit into which the elec¬ 
tron falls, while Ui is that of 
the orbit from which it starts. 

Actually it is found that 
(1-84) does represent all the 
spectral lines emitted by 
hydrogen. The sequence of 
lines with % = 2, = 3, 4, 

5, . . . , is laiown as Balmer’s 
series, i.e. a scries for which 
Balmer originally found an 
empirical formula, similar in 
form to that of (1-84), in 1885. 
The lines crowd together as the 
current number n.i increases, 
and at the limit Ui = oo there 
is an accumulation point of 
spectral lines. The intensity 
of the lines decreases as the 
limit is approached. For 
% = 1, Tbi = 3, 4, 5, . . . we 
have a series known as the 
Lyman series lying in the far ultra-violet region. The lines corres¬ 
ponding to Tif = 3, % = 4, 5, . . . , and to % = 4, = 5, 6, 


BALMER SERIES 
Hoc s 6562-8 
= 4861-3 
H/ =; 4340-5 
Hs = 4101-7- 


PASCHEN SERIES 
18751-1 

- 12818-1 - 

10938-0 

BRACKETT SERIES 
26300 
40500 


LYMAN 


Fig. 1-5 
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7, . . . , are in the infra-red and are, respectively, termed the 
Paschen and Brackett series after their discoverers. 

In order to visualize better the effects of electron transitions 
within the atom we may employ an energy level diagram shown by 
Eig. 1-5. The horizontal lines in this represent the various orbits 
or energy levels within the atom, the direction of the arrows indi¬ 
cating the direction in which the electron transitions take place 
when radiation occurs. For absorption the arrow heads would, of 
course, be reversed. The left-hand ordinate of the diagram is in 
electron-volts, and the energy emitted in the form of radiation is 
the difference between the initial and final levels. The abscissa 
corresponds to the innermost orbit of the atom, which' is known as 
the “ground state.” 

In spectroscopy it is customary to use the wave number instead 
of the frequency /. This number is the number of waves per centi¬ 
metre and Balmor’s empirical formula gave this quantity. The 
formula is written 

y = • • • (1-86) 


whore jR^ is known as the Rydberg constant for hydrogen, its value 
being 1‘09677 X 10® cm.~^ If % = 2 in (1-84) it will be noted that 
(1-84) and (1-86) are identical in form. Dividing (1-84) by c (the 
velocity of light) to convert frequency to wave number we have 
for the Rydberg constant 


^ 27T%ie^ 


( 1 - 86 ) 


= 1-09737 X 10® cm.-i 

an extremely close agreement with the empirical figure. 


Tifb Motion of the Nuolbtjs 

In deriving the foregoing results it has been assumed that the 
nucleus is at rest, a condition only true for infinitely heavy nuclei. 
Actually the electron and nucleus revolve round their common 
centre of gravity. M is the mass of the nucleus, its distance from 
the centre of gravity of the system, and that of the electron, then 

mr-^ = Mr^ .... (1-87) 


The condition of mechanical equilibrium for the nucleus is 


(n + 


— Mr^ . 


. ( 1 - 88 ) 
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- —j—^ = mr, w® . 

(^•l + «'2)® ^ 

Now (>i + rj) = r, and hence (1-89) becomes 

e® mM 

(^1 + 

The total energy of the system is 


rvr 


+ Jmri W — 


& 


2 


»•! + »’2 
e* 


= ^«ri(ri + y2)-^ 

2 u 1 -r 2/ n + ra 

m> 2 jnJkf , v« ' e® 

"" T • wi + Jf “ 7^ 


(1-89) 

(1-90) 


(1-91) 


Comparing (1-79) and (1-82) with (1-90) and (1-91) we see that 
when the nucleus is taken into account (1-79) and (1-83) must be 
multiplied by a factor lf/(m + M). Thus, the corrected formula 
for the frequency is 


„ , mM e* / 1 Ji_\ 


. (1-92) 


Ionized Hblutm 


The spectrum of the hydrogen atom is the only one for which 
calculations can be normally made by Bohr’s theory. For atoms 
possessing two or more extra-nuclear electrons the difficulties 
become insuperable. If, however, an atom can be stripped of these 
electrons, then the return of the first electron produces a state 
which may receive mathematical treatment. A case in point is 
that of helium. The nuclear charge of this atom is twice that of 
hydrogen, and if one of its two extra-nuclear electrons can be 
removed, a structure exists for which the spectrum linaa may bo 
deduced. Such atoms can be produced and the spectrum should bo 
given by 


2TThne* / 1 1 \ 

A® ■ 


. (1-93) 


the factor 4 occurring due to the double charge on the nucleus. 
We thus see that the frequencies of those lines corresponding to 
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the hydrogen lines are four times as great as those of the hydrogen 
lines. Hence the helium spectrum corresponding to the Lyman and 
Balmer series lies in the far ultra-violet. 

Before the deduction of (1-84) from Bohr’s theory, Pickering 
and Fowler had discovered a spectrum which could be represented by 



where JR differed but slightly from the Rydberg constant for 
hydrogen. This difference is now known to be due to the differences 
in the motions of the hydrogen and helium nuclei. Slight though 
the difference is, it may be determined spectroscopically and from 
the determination the ratio of the mass of an electron to that of a 
proton (hydrogen nucleus) found. Putting for the Rydberg 
constant for helium, and and for the respective nuclear 
masses, we have from (1-92) 


from which 


where x = wJMjj, 


^ ® / a: 4- — 


, ikfTi 
+ M 


1 + a; 


i?ix 




1 


R\\ 


== 109077 = 1-0072 

= 109722 Mho = 4-0016 
m 1 
Wii "" I8:i8 

Thus the ratio of the mass of an electron to that of the hydrogen 
atom is 1/1839. 

It will bo appreciated that the Bohr atom with its somewhat 
revolutionary assumptions is largely justified by its striking success 
in giving the diameter of the hydrogen atom and the frequencies 


Now 

whence 
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of the spectral lines. Although the Bohr model cannot be con¬ 
sidered as final it has undoubtedly thrown considerable light on 
atomic structure. In particular it seems certain that in all atoms 
the electrons are arranged in different energy levels, and that 
absorption or emission of radiant energy is effected by a change of 
level governed by quantum laws. When the electron of the hydrogen 
atom is on the innermost orbit the total energy is a minimum and, 
from (1~83), is equal to 


2'TrhnMe^ 
+ M) 


(1-94) 


This state is the normal condition for the atom and is known as 
the ground state. If the electron is completely removed from tho 
atom, i.e. n= co, the total energy is zero and the potential energy 
a maximum. The complete removal of an electron, however, leaves 
the atom with a positive charge and in this condition the atom is 
said to be ionized and is termed an ion. In any state intermediate 
between the ground state and ionization the atom is said to be 
excited. These remarks, of course, apply to all atoms, whether 
their structure is similar to that of the hydrogen atom or not. 

Now to raise an atom from the ground state to some higher 
state involves the absorption of energy by the atom. If is the 
energy in the ground state and Ef the energy after absorption, then 
Ef corresponds to a state of excitation and the energy available for 
emission on a return to normal conditions i&Ef— Ei. Under certain 
conditions this energy is given up in the form of monochromatic 
radiation in accordance with the quantum condition 

hf = Ef — Ei 


The transition is generally extremely rapid, occurring in approxi¬ 
mately 10“® sec. A method of inducing excitation is by bombarding 
the atom with electrons, although this is not the only available 
method. The kmetic energy of an electron is \mv^ and if this is 
equal to Ef — Ei then, by collision, the electron may raise the 
energy state of the atom from Ei to Ef. Hence, for excitation to 
occur, we must have 

>Ef— Ei 


An electron which has experienced a free fall through a potential 
difference V has energy Fe. If 7c is the potential difference necessary 
to give the electron sufficient energy to produce excitation, then 

eVo = Ef^Ei 

and Ve is known as an excitation potential. If V is sufficiently high 
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to give the electron the energy necessary to remove completely 
an electron from within the atom, then F* is known as the ionization 
potential. From (1-94) the energy required for ionization of the 
hydrogen atom should be 

n%\m + M) • • • • (1-95) 

Mbasttebment OB Excitation Potentials 

In order to measure excitation potentials the apparatus of 
Eig. 1-6 may be employed. This consists of a heated cathode G 
(which serves as a source of elec¬ 
trons), a grid 0, and a plate A. 

The grid is at a positive potential 
with respect to the cathode, while 
the plate is at a negative potential 
with respect to the grid. The elec¬ 
trode system is enclosed in a glass 
tube and exhausted to the degree 
that the mean free path is greater jFio. i-6 

than the cathode-grid distance, 

but less than the cathode-plate distance. Tho electrons are acceler¬ 
ated in tho cathode-grid space, tho majority arriving at the grid 
without collision. The energy of those electrons is 

eV,a = Imv^ • • . (1-96) 

whoro Ve,„ is the cathode-grid potential difference. K this energy 
is sufficient to produce ionization, positive ions will be formed in 
tho grid-anodo space and will be directed to tho anode by the field 
duo to the grid-anode potential difference. Thus a Suitable instru¬ 
ment coimoctod in the cathode-anode circuit will indicate a current 
as soon as Va„ is such that ionization occurs. 

A current in the anode circuit is, however, not necessarily due 
to ionization. If tho electron energy is less than that needed for 
ionization, but sufficient for o.x:oitation, excited atoms will result. 
When those return to tho ground state they may produce ultra-violet 
radiation which acting on tho anode will produce electrons by 
photo-excitation. Those electrons will pass to tho grid and cause 
an indication on the motor in the grid-anode circuit in the same 
direction as that produced by positive ions flowing to the anode. 
Hence tho mothocl of Pig. 1-6 does not enable a determination to 
be made as to whether a sudden api)oaranoe of current in the grid- 
anodo circuit is duo to excitation or ionization. 
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The nature of the characteristic obtained as Vcg is raised is 
shown by Fig. 1-7, which concerns a hydrogen-filled tube. It will 
be noted that no current is indicated until Vcg is about 10 volts 
and that this current increases linearly up to about 16 volts. At 
this point a break occurs in the curve and the current increases 
more rapidly. Thus it may be said that the method of Fig. 1-6 
indicates that hydrogen possesses critical potentials at approximately 
10 and 16 volts. 

The previously described method of determining critical poten¬ 
tials is not capable of great accuracy, apart from its inability to 

differentiate between excitation 
and ionization potentials. This is 
because of (1) the difficulty of 
accurately fixing a sudden break 
in a rapidly rising curve, (2) the 
contact difference of potential 
between grid and cathode, and (3) 
the ioitial velocity of emission of 
electrons from the cathode. A 
method possessing greater accur¬ 
acy is the following. The gas pres¬ 
sure in the tube is increased until 
the mean free path of the electrons 
is smaller than the cathode-grid 
distance. The grid is placed just in front of the anode, the potential 
of the latter being about half a volt lower than that of the grid. Elec¬ 
trons passing through the grid must, therefore, possess sufficient 
energy to overcome this reverse field if they are to be collected by the 
anode. During their passage across the cathode-grid space, the elec¬ 
trons make numerous collisions with neutral gas molecules. However, 
providing the molecules have no electron affinity, and Vcg is less 
than the lowest critical potential, the coUisions will be elastic and 
a number of electrons will arrive at the grid with energy correspond¬ 
ing to Vcg- If this is equal to or greater than half a volt the electrons 
will be collected by the anode and a current will be indicated in the 
anode circuit. As Vcg is increased, the number of electrons reaching 
the anode increases with a consequent increase in anode current. 
The latter will continually increase with Vcg until a critical potential 
is reached. At this jxmcture inelastic collisions will occur, the result 
of this being that electrons will give up their entire energy to atoms 
to produce a state of excitation in the latter. Such electrons will, 
of course, now be without the necessary energy to penetrate the 
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grid, and reach the anode, with the result that the anode current 
will commence to faU. Thus the voltage for which the current is a 
maximum corresponds to a critical potential for the gas. As Voa 
is continually increased, the inelastic collisions occur nearer the 
cathode and ultimately at such a distance from the grid that the 
energy subsequently acquired by the electrons is sufficient to carry 
them through the grid to the anode. At this stage the anode current 
passes through a minimum and again rises. 

Now if Voff is iucroased to approximately twice the critical 
potential, the inelastic collisions will occur at about half-way 

Xl s X2 = X3 = 4-9 VOLTS 



between cathode and grid. During the remaining half of the cathode- 
grid distance the electrons will again acquire sufficient energy for 
an inelastic collision which will, therefore, occur in the vicinity of 
the grid. Due to this, the current will again fall and it is apparent 
that if Vea is continually increased the current/voltage curve will 
be characterized by a series of maxima and minima, the difference 
between two adjacent maxima giving the critical potential. Should 
the gas possess a number of critical potentials each will produce its 
own set of maxima. 

A typical characteristic for mercury vapour is shown in Fig. 1-8, 
in which it will be noted that the distance to the first maximum is 
less than between succeeding ones. This is due to the cathode-grid 
contact potential and the initial velocity of electron emission. It 
will be noted that, for the case shown, these effects amount to 
0*8 volt. 
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By means of the foregoing and similar methods, the excitation 
and ionization potentials of various atoms and molecules have been 
determined. The results give valuable information regarding the 
structure of the atom and confirmation of the validity of the appli¬ 
cation of quantum laws. We see that electrons collide elastically 
with atoms and molecules unless they have sufficient energy to raise 
the energy level of the atom to some higher state. Should a colliding 
electron possess more than the necessary energy, then it will rebound 
with the excess energy in kinetic form. It is evident that a critical 
potential measures the energy that an electron must possess to 
change the state of the atom, and it is convenient to express this 
energy in electron-volts. As 1 volt is 1/300 e.s.u. and the electronic 
charge is 4*770 X 10“^® e.s.u., the energy possessed by an elfectron 
which has experienced a free fall through a potential difference of 
1 volt is 4-770 X l0-‘^^/300 ergs or 1-691 X 10“^^ ergs. Besides its 
application to critical potentials, the electron-volt, and its corre¬ 
sponding energy, is a unit widely employed in electronics and it is 
customary to speak of energies of so raany ‘‘volts.” With the 
foregoing definition in mind this should not cause any misunder¬ 
standing. Thus we may say that the energy required to ionize 
mercury vapour is 10-4 volts. 

According to the quantum theory 

hf = Hf — Ei = eVc 

If Vc is expressed in volts and, instead of /, the wave number is 
employed, we may write 

Vc = 1-2344 X 10-4 y 

after substituting for h and e. As the wave number can bo more 
accurately determined than the critical'^otential, it follows that once 
a spectral line has been definitely identified with a critical ])otontial, 
the value of the latter may be more accurately found by calculation 
from the wave number of the spectral line. 

In particular good results have been obtained with the alkali 
metals by the foregoing'method. The vapours of these metals are 
monatomic and therefore tend to give simple spectra. An excitation 
potential has been found which corresponds to the first line in the 
principal spectral series, and also an ionization potential which 
agrees with that calculated from the wave number of the limit of 
the principal series. Table 1-1 permits a comparison of some calcu¬ 
lated and observed results. 
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TABLE 1-1 


Elkment 

Limit Wavi^ 
NuMBTflU 

Vi, 

First Line 
Wave Number 

V, 



Cal. 

Oh. 


Cal. 

Ob. 

Sodium 

41,449 

5-116 

5-13 

16,973 

2-005 

2-12 

Potassium . 

35,006 

4-321 

4*1 

13,043 

1-610 

1-55 

Eubidium . 

33,689 

4-159 

4-1 

12,817 

1-582 

1-6 

Caesium 

31,405 

3-877 

3-9 

11,732 

1-448 

1-48 


It may be stated that obsei’vatioii has not yet been made of excita¬ 
tion potentials corresponding to al] Imos in the principal series, 
and, compared with the number of spectral lines observed, critical 
potentials are relatively few. 

The Magneton 

A consequence of Bohr’s theory of the hydrogen atom is the 
magneton, the fundamental unit of magnetic moment. On page 141 
it is shown that the motion of the electron in its orbit produces a 
magnetic moment equal to eaJT = eavJ27Tr or evrJ2. But from 
(1-76) vr = nhl27rm and hence the moment is {nhl4^7T)lelm. For 
n = I 

h e 

^ 4fTT' in 

which is termed the Bohr ma(pwkm„ Since the angular momenta of 
electrons are always multiples of A/27r, it follows that all magnetic 
moments are multiples of the magneton. Substituting for e/m and 
h we have ^ = 9-21 x 10“^^ o.m.u. 

ELimPTTCAL Okbits 

The circular orbits assumed for the hydrogen atom represont a 
special case, for the usual orbit under the inverse square Jaw is an 
elliptical one. If an electron is moving in an elliptical orbit it has 
radial as well as angular momentum, because both the radius and 
angular ])osition arc varying. Hence the radial as well as the angular 
momentum must bo quantized, and the phase integral apj^lied to 
both degrees of freedom. Thus 



where % is the azimuthal and 71^ the radial quantum number. 
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Investigation shows that these two numbers are not independent, 
but aie related to the ellipse axes by the relation 

6 _ • % 

where h and a are, respectively, the semi-minor and semi-major 
axes of the ellipse. Also the frequency for an electron transition 
between two orbits is found to be 

_ 2nhne^ PI 1 

^ ~ L(%i + {%2 + 

_ 27r®me* / I 1 \ 

~ A® V%® “ j 

these equations being of the same form as that of (1-84). 

Considering the forms of the ellipses involved, if in to = -1- »,), 

TO,. = 0, TO = TO^, and the orbit is circular. If to^ = 0 there is no 
azimuthal motion and the orbit is a straight line through the nucleus. 
Obviously this is inadmissible. Thus for a given value of to, there 
are to different shapes of ellipse determined by njn, commencing 
with TO, = 0, TO^ = TO, and passing through to, = 1, to.^ = to— 1, 

TO, = 2, TO.^ = TO — 2, etc., up to TO, = TO— 1 and to^ = 1. Subse¬ 

quently the azimuthal quantum nmnber was modified from to^ to 
Z = (to^ — 1) where I takes the values 0, 1, 2, 3, 4, etc., when to^ 
= 1, 2, 3, 4, 5, etc. 

Considering the case when to = 1, we have 
TO^ = 1, ? = 0, TO, = 0 • 

and the orbit is circular. This is the lower level for all K X-rays 
and for the Lyman series in the hydrogen atom. 

When TO = 2, we have 

TO.j> = 2, Z = 1, TO, = 0 

TO^ = 1, Z = 0, TO, = 1 

wliich shows there are two possible orbits, one circular and the 
other eUiptical. These orbits are the lower level for all L X-rays 
and for the Balmer series in the hydrogen atom. 

Continuing this process it will be found that for every principal 
quantum number, to, there are to possible electron orbits, one of 
which is circular and the others elliptical. 

Spatiai, Qttantization 

Should there be a field of force in any given direction the orienta¬ 
tion of the electronic orbits will be affected by this. Considering 
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Fig. 1-9, let FF mark the direction of the field, while a is the angle 
formed between the field direction and a projection p perpendicular 
to the plane of the orbit through its centre. As angular momeutxim 
is a vector quantity the projection p represents to a suitable scale 
the magnitude of this vector. The component of this vector along 
the field axis, i.e. the angular momentum p^ for the azimuthal 
motion projected on to the 


equatorial piano, isp cos a = p,. 
As an electron in the orbit 
ABGD has three co-ordinates, 
those must be separately quan¬ 
tized as when dealing with the 
co-ordinates ^ and r in the 
elliptical case. Hence we must 
have 

'277 

Py/iyj — Uyfi, 

Jo 

_ 

and Pp — 2 ^ 

whore is an integer some¬ 
times tonnod the thiiri or mag¬ 
netic quantum number. Thus, 
as p = njh/^, we have 




and 


= cos a 



^ ^ Fia. l-« 

wliich gives the angles which j?, 
and honco the orbit, can take up 

relative to the field direction FF. From this msult it will Im seen 
tliat oc is restricted to relatively few values. If — I, > — 

+ 1 and the plane of the orbit] either coincides with or m 
dicular to the direction FF. If 9?^^ = ^ ^ ^ ^ 

can have the values 0, tt, ± tt/S, and 17 / 2 . 


Electron Spin 

There is ample experimental evidence for spatial qu^tization, 
but such evidence gives somewhat different values for a than those 
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already deduced. Thus, from spectroscopy it is found that for 
= 1, cos a = ± 1 instead of 0 and ± 1. For % = 2, cos oc = ± i 
and ± 1, while for = 3, cos a = ± 1/5, ± 3/5, and ± 1 instead 

of 0, ± ij ± h ±1* If^ instead of letting represent the 

orbital angular momentum, we use ^* = Z + ^, then agreement is 
found between the experimental and deduced values of cos a. For 
j = I h j ^ot have values 1, 2, 3, 4, etc., as with n^, but odd 
halves of integers such as J, |, -§, etc., when Z = 0, 1, 2, etc. This 
means that the effective angular momentum of a single electron 
orbit is ^*A/27 t rather than nhl^n with a least value of A/ 47 r. Thus, 
the projected value of p on the field axis is Py = . cos a, and 

this leads to the values of a found by experiment. 

In dealing with Bohr’s theory of the hydrogen atom it was 
found that the various spectral series could be obtained by substi¬ 
tuting different values for the principal quantum number, n. Close 
observation, however, reveals that each spectral line actually 
consists of two or three lines extremely close together. This feature 
is known as thejme structure of the spectral lines, two closely spaced 
lines being termed a doublet, and three, a triplet. This phenomenon 
is by no means confined to hydrogen, but is found with many other 
atoms. For example, the well-known D lines of sodium at 5890 A 
and 6896 A constitute a doublet. This multiplicity of lines, and 
hence energy values, is partly due to what is termed electron sjnn. 
This means that in order to account for the substitution of j =: Z + 
,for and multiplets, it was assumed that the electron spins about 
its own axis. Hence the electron has an angular momentum about 
its axis and, since a spinning charge produces a field, the electron 
has also a magnetic moment. The magnetic moment is taken to 
be one Bohr magneton, i.e, ehl^urm, and the angular momentum 
one-half of that of an electron rotating on the innermost orbit of a 
hydrogen atom, i.e. ^(A/27r). As the electron may spin in either 
direction its spin number is written as 5 = ± Hence the total 
angular momentum of the electron is given by jA/ 27 r = (Z± 5 ) {hJ 27 r), 
this indicating the origin of the empirical quantity Z + |- derived 
from spectroscopy. 

One effect of electron spin is to produce a tendency for electrons 
to pair, two electrons with opposite spin numbers attempting to 
associate. This is, of course, due to the effects of the magnetic 
moments. It seems probable that a proton has also spin and mag¬ 
netic moments. However, as fji varies as 1/m, it appears that ^ for 
the proton is no more than about 1/2000 of that for the electron, 
and, hence, may generally be neglected. 
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The Vector Model Atom 

Considering a single electron orbit, the description of this must 
include three quantum numbers, viz. the principal quantum number 
rfc, the azimuthal quantum number Z, and the spin number s. The 
orbital angular momentum is = lhl2Tr, with I taking the values 
0, 1, 2, 3, etc. This is a vector either upward or downward normal 
to the plane of the orbit as shown by Fig. 1-10. The spin vector is 
perpendicular to the plane of the orbit upward, as at (a), for Z + 5 
and downward, as at (6), for I—8. The magnetic spin moment, 
which we may designate by //g, may either oppose the orbital mag¬ 
netic moment or assist this, according to the direction of spin, for 
reference to Fig. 1-10 (a) and (6) shows these moments to bo parallel. - 
In general, tlie case shown at (6), i.e. j = Z — 5 , is the more stable 



arrangement, the energy for (6) being less than for (a). Thus, for 
an orbit defined by n and Z the energy of the electron will have two 
values, one for j = I ~\- s, and one for j := I 8. If the average 
energy of the electron in an orbit n is J?, the doubling oij duo to .9 
changes E by amounts + dE^ and — dE^, Hence transitions of the 
electron from the 7i-lovol to the ground state will produce pairs of 
spectral lines in the form of doublets. 

Atomic Structure: Electron Assignment 

As we have already seen, the atom is a kind of miniature planetary 
system with the nucleus situated at the focus of an elliptical orbit. 
In the special case of a circular orbit the nucleus is situated at the 
centre of the circle. In a multi-electron atom it is considered that 
the electrons revolve on a number of orbits of different radii, each 
collection of electrons with its particular orbit being known as a 
shell. Relative to a given field direction, the planes of the orbits 
will have various orientations and the angular momentum of the 
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atom as a whole will be the'vector sum of the angular momenta of 
the various orbits. The same consideration, of course, applies to 
the resultant spin and the magnetic moments. 

Under spatial quantization it was shown that for each value of I 
(the azimuthal quantum number) a number of projections of p 
= lhl27T on the field axis was possible. Instead of writing ny, as 
the magnetic quantum number, as we did when employing as 
the azimuthal quantum number, we shall now write mi for this 
number. To find the number of possible values of mi we may 
proceed as follows: As the angular momentum p is an integral 
value I of A/27r, it can have integral projections corresponding to 

~ h (l> 1)3 2)3 — ^)3 • • • 0 . . . , {I 3), {I 2), 

— (Z — 1), — Z times A/27r on the field axis. This means that mi 
can have (2Z + 1) values. For each value of Z there are two values 
of j corresponding to the two electron spin moments. Hence when 
the total angular momentum of an orbit is projected on to the field 
axis there are 2(2Z + 1) values of mj. 

In order to designate a possible electronic orbit or state in an 
atom, four numbers must be given— 

1. The principal quantum number n, 

2. The azimuthal quantum number I (n = l possible values). 

3. The magnetic quantum number mj(2Z + 1 possible values). 

4. The spin quantum number = ± J. 

For a given value of %, the total number of different possible 
states is given by a series of n terms of the form 2(2Z + 1) for each 
of the possible n values of Z. Thus, the number of states is given by 

2[2(0) + 1] + 2[2(1) + 1] + 2[2(2) + 1] + 2[2(3) + 1] etc. . . . 

= 2 -j- 6 -j” 10 -j“ 14 -j- etc. . . 

Thus, ii n=\, the number of states is 2 = 2(1)^, if n = 2, the 
number is (2 + 6) = 8 = 2(2)^, if = 3, the number is (2 + 6 4* 10) 
= 18 = 2(3)^, or for an orbit of principal quantum number the 
number of different possible states is 

Pauli’s Exclusion Prinoiplb 

According to the exclusion principle of Pauh no two electrons 
within the atom at the same instance can have the same values of 
72r, Z, mi and m^. From this restriction and the assumption that an 
electron will tend to occupy the position of lowest potential energy 
vacant, the manner in which the electrons are arranged within the 
atom can bo found. Commencing with an atom for which Z = 1, 



BIiBOTEONIOS AND THE ITNE STRtrOTTTRE OE MATTBB 53 

i.e. hydrogen, and assuming it to be devoid of electrons, the addition 
of one electron produces a neutral hydrogen atom. The electron 
goes to the % = 1 state ■with 1 = 0 and s = ± For He, Z = 2, 
and the first electron added has n = 1, I = 0, and s = ± The 
He structure is a particularly stable one and is chemically inert, 
i.e. helium forms no compound with any other elements. The 
electrons in the n = 1 state form the K shell in all'atoms, for when 
one of these electrons is raised to a higher energy level, its return 
gives rise to the K series X-rays, these appearing in aU atoms 
beyond He. 

In the case oflA, Z = 3. The first two electrons go to the n = 1 
shell, which is then complete, because for n = 1 the number of 
possible states is equal to 2. The third electron must, therefore, 
commence a second shell outside the first. For this shell n = 2 and 
the electron orbit may either have Z = 0 or Z = 1. Spectroscopic 
data indicates that Z = 0, which, as we have seen on page 48, gives 
an elliptical orbit. 

For Be, Z = ^. The fourth electron has n = 2, 1 = 0, and a 
spin number of s = — if the third electron has « = or vice 
versa. 

For B, = 6. The first four electrons have the same states as 
with Be, except that their radii are smaller as Z is one greater. The 
fifth electron goes to the n = 2,1 = \ state and hence has a circular 
orbit. 

For Z = 1, there are six possible states; i.o. three circTilar orbits 
with the same radii but different orientations, each orbit being 
capable of holding two electrons with opposite spin numbers. Hence 
there are three values of the magnetic quantum number mj, and 
two possible states to each value. From this it follows that the 
atoms0,= 6; N,2? = 7; O,Z = 0-, F,.Z= 9; andNe,.Z= 10; 
each add electrons of the type n = 2, I = \, which, individually, 
take on one of the 2(2Z 1) states. 

With No aU the states corresponding to n = 2 (i.o. 2(2)® states) 
are occupied by electrons, which means that we have two completed 
shells surrounding the nucleus. As in each orbit the electrons 
travel in opposite directions and have opposite spins, it follows that 
the resultant magnetic moment of Ne is zero. However, in an 
external field Ne shows diamagnetic behaviour due to the Larmor 
precession described in Chapter III. The shell corresponding to 
» = 2 is known as the L shell. That is, when an electron is removed 
from this shell its subsequent return produces the L series X-rays. 
Compared with the He atom the value of Z for Ne is five times as 
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large. Hence the average displacement of the K shell from the 
nucleus in Ne is one-fifth of that in He. 

Continuing the process of atom building, for Na, Z = 11 and 
the eleventh electron must have n = S, i.e. the formation of a new 
shell, the Jf-shell, must be commenced. The value of I may be 
either 0, 1, or 2. Actually this electron has Z = 0, = 0 and 

5 = ih hence circulates on one of the three elhptical orbits 

corresponding to n= 3. 

The next atom is Mg with Z = 12 and for the twelfth electron 
we have = 3, Z = 0, = 0 and a spin number of 5 = — I- if 

the eleventh electron has 5 = ^, or + | if vice versa. For Al, 
Z = 13 and the thirteenth electron has n == 3, 1=1. Now for 
Z = 1 there are 2(2Z + 1) = 6 states and hence a further six electrons 
will be subsequently added as Z increases to eighteen for Ar. Now, 
although the M shell is not complete for Ar, nevertheless this element 
is particularly stable, forming, as He and Ne, no chemical compound 
with any other elements. That is, Ar is an inert gas. 

Following Ar is K with Z = 19. For several reasons, mainly 
spectroscopic, it is considered that the nineteenth electron does not 
go to the n = 3, I = 2 state, but to the = 4, Z = 0 state. This 
means that this electron commences a new shell, the N shell. How¬ 
ever, the characteristics of the elements Sc to Ou are such that it 
is considered that the n = 3y I = 2 state is recommenced with Sc 
and terminates with Cu. Thus from Z = 21 the nineteenth electron 
goes to the M shell. This process of starting a new shell before an 
old one is completed is not confined to the case just given, but occurs 
again with Rb, Cs, as shown by Table 1-2. It may be stated that 
the problem of why a new shell should be commenced before the 
old one is complete is not fully solved. 

Table 1-2 gives a complete summary of the electron assignments 
of the ninety-two elements. Instead of writing 1 = 0, 1, 2, 3, etc., 
the following designation is used— 

Z 0 1 2 3 

s p d f 

Thus 3s means n = 3,1 = 0, and, again, 2d indicates n = 2,1 = 2. 
The number of electrons contained in a completed shell follows 
from Pauh’s exclusion principle for the number of different states 
corresponding to a given value of n is 2n^. Thus, in completed 
K, L, M, and N shells there are respectively 2, 8, 18, and 32 
electrons. 

The reason there are no further elements beyond 92 is that 



TABLE 1-2 


Is 


4s 

4p 

4d 

4f 

5s 

6p 

5d 

6s ‘ 

1 H 

1 




49 In 

2 

6 

10 


2 

1 



2 He 

2 




50 Sn 

2 

6 

10 


2 

2 




— 




61 Sb 

2 

6 

10 


2 

3 




2s 

2p 



62 Te 

2 

6 

10 


2 

4 








63 I 

2 

6 

10 


2 

5 



3 Li 

1 




64 X 

2 

6 

10 


2 

6 



4 Be 

o 


























6 B 

2 

1 



66 Cs 

2 

6 

10 


2 

6 


1 

6 C 

2 

2 



66 Ba 

2 

6 

10 


2 

6 


2 

7 N 

2 

3 



67 La 

2 

6 

10 


2 

6 

1 

2 

8 0 

2 

4 



68 Ge 

2 

6 

10 

(1) 

2 

6 

(2) 

(1) 

9 F 

2 

6 



69 Pr 

2 

6 

10 

(2) 

2 

6 

(2) 

(1) 

10 Ne 

2 

6 



60 Nd 

2 

6 

10 

(3) 

2 

6 

(2) 

(1) 






61 11 

2 

6 

10 

(4) 

2 

G 

(2) 

(1) 


3s 

3p 

3d 

4s 

62 Sm 

2 

6 

10 

(6) 

2 

6 

(2) 

(1) 






63 Eu 

2 

6 

10 

(8) 

2 

6 

(2) 

(1) 

11 Na 

1 




64 Gd 

2 

6 

10 

(7) 

2 

6 

(2) 

(1) 

12 Mg 

2 




66 Tb 

2 

6 

10 

(8) 

2 

6 

(2) 

(1) 

13 A1 

2 

1 



66 Dy 

2 

6 

10 

(0) 

2 

6 

(2) 

(1) 

14 Si 

2 

2 



67 Ho 

2 

6 

10 

(10) 

2 

6 

(2) 

(1) 

16 P 

2 

3 



68 Er 

2 

6 

10 

(11) 

2 

6 

(2) 

(1) 

16 S 

2 

4 



69 Tm 

2 

6 

10 

(12) 

2 

6 

(2) 

(1) 

17 a 

2 

6 



70 Yb 

2 

6 

10 

(13) 

2 

6 

(2) 

(1) 

18 A 

2 

6 



71 Lu 

2 

6 

10 

(14) 

2 

6 

(2) 

(1) 

19 K 

2 

6 


1 


6s 

6p 

6d 

6s 

6p 

6d 

7s 


20 Ca 

2 

A 


2 






















21 So 

2 

6 

1 

2 

72 Hf 

2 

6 

(2) 

(2) 





22 Ti 

2 

6 

2 

2 

73 Ta 

2 

6 

(3) 

(2) 





23 V 

2 

6 

3 

2 

74 W 

2 

6 

4 

2 





24 Cr 

2 

6 

4 

2 

76 Re 

2 

6 

(6) 

(2) 





25 Mn 

2 

6 

6 

2 

76 Os 

2 

6 

(6) 

(2) 





26 Fe 

2 

6 

6 

2 

77 Ir 

2 

6 

(7) 

(2) 





27 Co 

2 

6 

7 

2 

78 Pt 

2 

6 

8 

2 





28 Ni 

2 

6 

8 

2 

79 Au 

2 

6 

10 

1 





29 Gu 

2 

6 

10 

1 

80 Hg 

2 

6 

10 

2 










81 Tl 

2 

6 

10 

2 

1 





4s 

4p 

4d 

6s 

82 Pb 

2 

6 

10 

2 

2 









83 Bi 

2 

6 

10 

2 

3 




30 Zn 

2 




84 Po 

2 

6 

10 

2 

4 




31 Qa 

2 

1 



85 — 

2 

6 

10 

2 

6 




32 Ge 

2 

2 



86 Rn 

2 

6 

10 

2 

6 




QQ Acs 

9 

Q 












Otj 


O 












34 Se 

2 

4 



87 — 

2 

6 

10 

2 

6 


1 


36 Br 

2 

6 



88 Ra 

2 

6 

10 

2 

6 


2 


36 Kr 

2 

6 



89 Ac 

2 

6 

10 

2 

G 

(1) 

2 







90 Th 

2 

6 

10 

2 

G 

(2) 

(2) 


37 Rb 

2 

C 


1 

91 Pa 

2 

6 

10 

2 

G 

(3) 

(2) 


38 Sr 

2 

6 


2 

92 U 

2 

6 

10 

2 

G 

(8) 

(1) 


39 Y 

2 

6 

1 

2 










40 Zr 

2 

6 

2 

2 










41 Nb 

2 

6 

4 

1 










42 Mo 

2 

6 

6 

1 










43 Ma 

2 

6 

(6) 

(2) 










44 Ru 

2 

G 

7 

1 










46 Rh 

2 

6 

8 

1 

Closed shells are not repeated in the succeeding 

46 Pd 

2 

6 

10 


part' 

of the 

table. Numbers 

in 

parentheses 

are 

47 Ag 

48 Od 

2 

2 

6 

6 

10 

10 

1 

2 

conjectural. 
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from 84 onwards the elements are radio-active. Hence, presumably, 
anything beyond an atomic number of 92 is too unstable to exist. 

Gbnbbal Rbfbbhncbs 
A Treatise on Algebra^ 0, Smith (Macmillan). 

Integral Calculus^ B. Williamson (Longmans, Green). 

Kinetic Theory of Oases, B. Bloch (Methuen). 

Theory of Heat, T. Preston (Macmillan). 

Heat, J. H. Poynting and J. J. Thomson (Griffin). 

Atomic Structure, L. B. Loeb (Chapman & HaU). 



CHAPTEE II 

GASEOUS ELBCTEIOAL COirDUOTION 


Udstdbe normal conditions and relatively low potential gradients 
(20 to 30 volts per cm.) gases are relatively poor conductors. In 
fact, for the majority of purposes they may be regarded as perfect 
insulators. However, if a pair of electrodes is placed in a gas and 
a potential gradient produced in the latter, a sufficiently sensitive 
instrument wiU record the presence of a 
current. As the potential is raised from 
zero the current initially increases but 
shortly reaches a state of saturation. In 
order to demonstrate and measure this 
current the apparatus of Fig. 2-1 may be 
employed. It consists of a gold-leaf elec¬ 
troscope fitted to the interior of a glass 
vessel, the inner surface of which is 
silvered to make it conducting. /S is a 
sulphur block and W an iron wire. On 
attracting W with a magnet it makes con¬ 
tact with the metal support of the gold 
leaves and a potential difference equal to that of the battery is set 
up between the leaves and the interior of the vessel. Due to the 
conductivity of the gas the charge on the leaves leaks away. 



Now 


or 




___dQ _ ' ^ 
” di dt 



where is the average value of the current, C the capacity of the 
apparatus, and V the change in potential in a time t. The change 
in V may be found by plotting the position of the leaves against 
known potentials. The value of i is found to be about e.s.u., 
where v is the volume of the gas. If we have 1 litre of gas this 
gives lO”® e.s.u. of current, or 10“®/3 x 10^® e.m.u. = } 10"*^® e.m.u., 
or 3-3 X 10-^® amp. This clearly demonstrates the extremely low 
conductivity of a gas under normal conditions. 
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Current Measurements 

The foregoing experiment may serve to show the extremely 
small currents which may be encountered in gaseous conduction, 
and it is desirable before, proceeding to indicate methods of measuring 
such currents. In many cases some form of galvanometer may be 
employed and the suitability of this method or otherwise may be 
judged by what is known as the figure of merit” of the galvano¬ 
meter. This figure refers to the current necessary to deflect a 
reflecting instrument through 1 mm. on a scale placed at a distance 
of 1 metre from the instrument. Some typical figures are shown 
by Table 2-1. 

TABLE 2-1 


Type 

FiaimB OP Merit nsr 
Amperes 

As^rton-Mather Moving Coil 

10-® to 10-» 

Thomson .... 

10-» to 10-11 

Broca ..... 

10-10 

Einthoven .... 

10 -ia 

Thermo-galvanometer 

2 X 10-® 


It is apparent from the above table that none of these instruments 
is sufficiently sensitive to measure the current in the experimental 



arrangement of Fig. 2-1. In such oases an electrometer or tilted 
electroscope must be used. The former has a capacity of about 
60 e.s.u. and a sensitivity of 1000 mm. per volt, and the latter a 
capacity of one or two e.s.u. and a sensitivity of 200 mm. per volt. 
Assuming that the electrometer lias a sensitivity of 1000 divisions 





GASBOirS BLBOTEIOAIi OOITDXJCTION 


59 


per volt and that a rate of deflexion of 1 division per 10 see. can be 
observed, then dVfdt = 10“*. If the capacity of the instrument is 
60 e.s.u., this is 60/(9 x 10“) = 6'65 x 10“^^ farads. Therefore 
the smallest current which can be observed is 6-66 x 10“^ X 10“* 
= 6-5 X 10~“ amp. Similarly for the electroscope dVIdt = 0-6 
X 10~®. If the capacity is 2 e.s.u., this is 2-22 x 10“^® farad. 
Therefore the smallest observable current is 6'6 x 10“® x 2*22 
X 10-“ = 1-11 X 10-1® amp. 

In order to demonstrate the application of either of the above 
instruments, say the electrometer, the arrangement of Fig. 2-2 
may be considered. Within the chamber 
D are two parallel-plane electrodes one 
of which, B, differs in potential by some 
few hundred volts from A. When K is 
depressed there is no potential across 
the electrometer quadrants E. On re¬ 
leasing K, A starts to acquire ions of 
the same sign as the potential of B, and 
thus the potential difference between A 


Fig. 2-3 


and B oommenoes to change, this change being recorded by E, 
t is the time for a deflexion V then 


If 



and, providing V is small, this current corresponds to the potential 
difference between A and B. By varying the potential of B the 
magnitude of the current between the planes can be studied for 
various potential differences between A and B. A curve of the 
form shown by .Fig. 2-3 is obtained.* 


Theory o£ Conduction Through Gases: The Separately Maintained 
Discharge 

The existence of the current in the foregoing- experiment is, of 
course, due to the presence of ions and electrons within the gas. 
These are due to the continual presence of various ionizing agents, 
such as traces of radio-active substances, cosmic radiation, ultra¬ 
violet light, etc. Let it be assumed that the ionizing agent is pro¬ 
ducing, uniformly, p pairs of ions per c.c. per sec. in the gas. 
Now ions of opposite sign will tend to recombine. The time that 
a given positive ion will take to recombine will be inversely propor¬ 
tional to the number of negative ions present per cubic centimetre 

♦The potentiometer in Fig. 2-2 io for calibrating. 
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of gas, while the numbers of positive, ions recombining in a given 
time is proportional to the number present. Hence the rate of 
recombination is proportional to where n is the number of ions 
of either polarity present per cubic centimetre of gas. It may 
be written as where a is termed the coefficient of recombination. 
In the absence of a field within the gas the rate of increase of the 
number of ions per cubic centimetre is equal to the number formed 
per second minus the number recombining per second, or 


dm. 


When a steady state is reached 

= 0 and p = 

If the source of ionization is removed 

= 0 and 


dn 


= — qkM 



When t = 0, K = I/uq, where is the value of the ionization when 
the source is removed. Hence we have 


= ^0 

1 -4“ OC72rQi 


Motion of Ions Undee a Unifoem Eleoteio Field 

If X denotes the electric field strength, then the force on a 
charged particle is Xq, where q is the particle’s charge. If m is the 
mass of the particle then the initial acceleration imparted to it by 
the field is Zg/m and if its passage were unimpeded, it would acquire 
a velocity in a time t equal to 

v = ^ . . . . ( 2 - 1 ) 

m ' 


Actually, however, the ion cannot travel far before colliding with 
other molecules and in general it may be assumed that the velocity 
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component produced by the field is destroyed after the ion has 
travelled a distance equal to the mean free path of the gas. Now, 

from page 18 the time between collisions is IjC and hence (2-1) 
may be written 

V - 

mC 


and the average velocity added by the .field is 

Xql 

~ 2md 


(2-2) 


From (1-34) we have 


or 


= 2 

ZrrvnG 3 , _ 
--iT 


and 

Substituting in (2-2) 



1 /tt Xql 


If u and V are, respectively, the actual velocities of the positive 
and negative ions in a field of strength X, then 

u = V = XgX 

where and are constants for a given gas under given conditions 
of temperature and pressure. When the field is measured in volts 
per centimetre they are known as the mobilities of the ions. 


Ctjrrknt Through a Gas 

Let a potential difference of V be applied between a pair of 
parallel-plane electrodes within a gas. Considering a plane in the 
gas normal to the field, in one second all the positive ions situated 
at a distance of less than u cm, from it will be driven across the 
plane, and all the negative ions less than v cm. distant will be driven 
across it in the other direction. If the charge q is the same for all 
the ions the total transference across the plane is nq{u + v) units 
per sq. cm. per sec., or if A is the area of the plane, 

i = Anq{u = A'nqX{K-^ + Xg) 
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The determination of the current i is difficult because the presence 
of a current imphes the withdrawal of ions from the gas. However, 
i may be readily determined in certain limiting cases. 

(1) The current is so small that the number of ions withdrawn 
is negligible compared with the number per cubic centimetre. In 
this case the loss of ions is solely due to recombination. As the 
electrodes are assumed to be parallel-planes, the field strength 
X = y/d, where d is the distance between the electrodes. Hence 


AnqV 


{K, + K^) 


and if % is constant the current obeys Ohm’s Law. 

(2) The strength of the field is so large that the ions are with¬ 
drawn to the electrodes without appreciable recombination occur¬ 



ring. If jB is the volume of gas between the electrodes, the number 
of ions is Bp and the total charge conveyed to either electrode in 
one second is Bpq, This is the maximum current through the gas, 
and, provided the voltage is sufficient to produce saturation, is 
independent of the voltage between the electrodes. 

Cases (1) and (2) above, of course, explain the curve of Fig. 2-3. 
The initial portion of this corresponds to (1) (Ohm’s Law) and the 
portion parallel to the abscissa to (2). 

The type of discharge so far considered is termed “separately 
mamtained” because it depends on an external source of ionization. 
A further form of this type of discharge will now be considered in 
which ionization by collision occurs. 

If after saturation has been reached the potential between the 
electrodes is continually increased, it is found that the curve of 
Fig. 2-3 turns sharply upwards, denoting a rapid increase in the 
current through the gas. This may be explained on the supposition 
that an ion in traversing J}he mean free path of the gas has also 
fallen through a voltage at least equal to the ionization potential 
of the gas. Should this be so, then ionization by collision will occur 
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with the production of fresh pairs of ions. Initially, at least, this 
process will be due to electrons because of their very much l^her 
mobility than positive or negative ions. 

Consider!^ Fig. 2—4, let be the number of ions produced 
by the ionizing agent per cubic centimetre, of gas per second at a 
distance from the negative electrode. If a is the number of pairs 
of ions and electrons produced by each electron per centimetre 
length of its path, then the number of fresh ions of either aig n 
produced in a Stance dx is anjdx. Hence the rate at which electrons 
are increasing as the positive electrode is approached is 

dn_ 


and the number of electrons passing per second through a plane at 
a distance x from the cathode and beyond x^ is given by 


dn_ 

n_ 


= a 




log — = a(x- 
^ no ' 


«i) 


and = . . . (2-3) 

The number of positive ions is found from 
dn+ = — a.n_dx 

= — araos“^*“ dx 
«+ = — K 


When X = d, — 0 and thus 

»+ = _ e«(* - a!,)] _ _ (2-4) 

Multiplying (2-3) and (2-4) by the electronic charge e, these equa¬ 
tions may be transformed into those for current, and we have 

i_ = .(2-5) 

»+• • • ( 2 - 6 ) 
The total current is the sum of (2-6) and (2-6) and thus 

/ = i_ + *i) . . . (2-7) 

Considering now the case where the gas is uniformly ionized through¬ 
out its volume, the number of electrons formed by the ionizing 
agency between two planes x and x dx from the negative electrode 
is n^. The number of electrons reachiug the positive electrode 



64 


BLBOTEONICS 


due to tlus layer is “> dx and hence the total number of elec¬ 

trons arriving at the positive electrode per second is 


iff 


or 




arrangement of some importance is where the ionization is 
produced at the cathode, say by the action of ultra-violet radiation 
on this. We then have = 0 and 


n_ = .(2-8) 

»+= e“] ■ . . (2-9) 

*_ = ioe“.(2-10) 

= .• . . ( 2 - 11 ) 
l = i^ . . . . . (2_i2) 


where n<, is the number of electrons produced per second at the 
cathode and ig is the corresponding current. 

foregoing expressions ignore recombination, it being assumed 
that the ions and electrons are swept to the electrodes as rapidly 
as they are formed. 


Breakdown: The Self-maintained Dischai^e 

The formulae just deduced (which have been substantiated by 
experiment) indicate a current which depends upon and is propor¬ 
tional to the effect of the ionizing agent. If the voltage across a 
gas IS sufficiently increased, a stage is reached at which the discharge 
no longer depends on io, which can then, if desired, be terminated 
without teminating the discharge. The discharge is then termed 
self-maintained, well-known examples being the spark and glow. 
It will now be shown that if positive ions can produce further ions 
and electrons, given certain conditions, a self-maintained discharge 
may result. ® 

liet it be assumed that each positive ion produces ^ ions and 
electrons per centimetre length of its path. Then, referring to 
Kg. 2-4, 

dn_ = a(»o -f n)dx + ^n+dx . . (2-13) 

The number of electrons arriving at the positive electrode per 
second is 

^ + 'n,_n+ 


. (2-14) 
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where % is the number of electrons produced at the cathode per 
second by the ionizing agent. Substituting in (2-13) for 

dn_ = 0L{nQ + n_)dx + — «o ~ n_)dx 

dn_ 

= («-/9)(«o + »-)+/8» 


from which n_ = — — 

where .4 is a constant. 






When a; = 0, »_ = 0, therefore 


^ = + 

When a; = dl, % = 0, therefore 




Multiplying both sides by the electronic charge e we have 

~ a —j5s(»-W • • • . 


(a — ■ 


(2-15) 

(2-16) 


It is evident from this equation that if 

. (2-17) 

a mathematically infinite current will result or a finite current can 
exist even if be made zero. This condition is knoAvn as breakdown 
of the gas. In effect this means that the positive ions are responsible 
for an internal source of electrons necessary for the self-maintenance 
of the discharge. However, there is not unanimous agreement 
regarding the manner in which these electrons are produced. The 
method just assumed, i.e. positive ion bombardment of gas mole¬ 
cules, has been objected to because of the relatively low velocities 
acquired by the positive ions. A possibility is the liberation of 
electrons from the cathode (secondary emission) by positive ion 
bombardment of this. From (2-11) the positive ion current at the 
cathode is 

1 ) 

Suppose now that is the total current at the cathode and i' the 
current produced by the external agent. Then 


(2-18) 
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where y is a constant of secondary emission. Substituting in (2-12) 
we have 


Now if 


T _ 

"" 1 ) 
1 ) = 1 


. (2-19) 
. ( 2 - 20 ) 


a mathematically infiboite current again results, the conditions being 
similar to those expressed by (2-16). It wHl be noted that (2-19) 
and (2-16) are identical if in the latter a is substituted for (a — P) 
and y for j8/(a— /S). Hence without further information regarding 
p and y the two processes of breakdown are indistinguishable. 

For the last described process, self-maintenance necessitates that 
the positive ions which are generated by an electron in moving from 
cathode to anode regenerate at least one electron by means of 
secondary emission at the cathode. This necessity is implicit in 
(2-19), as wiU now be shown. Referring to (2-9), if iIq electrons 
leave the cathode per second, then these generate ^^(^“^ — 1) positive 
ions per second in their passage to the anode. Hence each electron 
produces 1) positive ions in the body of the gas and these in 

turn eject 1) electrons from the cathode. Now if this last 

quantity equals unity, then an electron initially emitted by the 
cathode has liberated another electron from the same site. This 
ha turn will produce a third electron, the process continuing in¬ 
definitely with no necessity for an external ionizing agent. The 
criterion for this is 

y{e^^ 1 ) = 1 

as previously indicated by (2-19). 

In addition to the two foregoing explanations of breakdown, 
other possibilities which may be here noted are the emission of 
electrons from the cathode and gas by photo-excitation by excited 
gas molecules and the infiuence of metastable atoms in the vicinity 
of the cathode. 


Value of a and p: Paschen’s Law 

The value of a has previously been defined as the number of 
pairs of electrons and ions produced by an electron per centimetre 
length of its path. Evidently a will depend on the collision frequency 
of the electron and the energy it possesses on encountering a gas 
molecule. The latter quantity is 


IXe 
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where I is the mean free path of the electron within the gas. Prom 
(1-45) I is inversely proportional to the gas density and pressure, 
and thus the electronic energy is proportional to From (1-46) 

the collision frequency is proportional to the gas density and pressure 
and thus a is proportional to p and some function of XJp. Hence 
we may write 



. ( 2 - 21 ) 


Similarly for positive ions 



. ( 2 - 22 ) 


A probable form of the function may be derived as follows. The 
number of electrons generated by ionization within, a lamina dx 
is cmdx. This number may be considered proportional to the 
number arriving at x with energy greater than the ionizing potential, 
and to p the gas pressure. Therefore 

oLndx cc p%y 


or oL^ ap-^ 

^ n 

where a is a constant. Now let Nq electrons start from a plane with 
zero velocity, N arriving at a plane x. Those which make inelastic 
collisions in the next lamina dx may bo written 

pf{y)Ndx .... (2-23) 
where F = Xx and/(F) is the probability of an inelastic collision. 
As dF = Xdx, (2-23) may be written 


dN^-^Nf(V)dV . . . (2-24) 

the negative sign indicating a decrease in N with an increase in 
X and F. Integrating (2-24) and remembering that when x and 
F 0, N 

{^v 


Substituting NjN^ for nijn and writing 
Vi is the ionizing potential. 


J[V)dV =fm where 


or “ = rie“ .... (2-25) 

P 

where A and B are constants for a given gas. 
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In order to test the validity of (2-25), it is necessary to employ 
a tube with either parallel-plane electrodes, or spheres the radius 
of which is large compared with the spacing between them. In 
these circumstances a is independent of ic. A plot of a./p against 
pfX is shown in Fig. 2-6. 

It was discovered empirically by Paschen that, for electrodes 
of the form just mentioned, the breakdown potential of a gas is a 



Fia. 2-6 

function of the gas pressure and the electrode spacing only, i.e. 
it is a function of pd. This may also be deduced theoretically in the 
following inanner. From (2-21) and (2-22) 

• • ■ ■ ( 2 - 2 «) 

f = ■ ■ -( 2 - 2 ’) 

where instead of X we have written Vjd, where V is the potential 
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diflference between the electrodes. From (2-17) the condition of 
breakdown is 

fL_ Act-m 
iS 

or, from (2-26) and (2-27), 


from which 



fiiVlpd)-UVIpd) 


showing that F is a function of pd only. The same, law may also 
be deduced for the case expressed by (2-19) on the assumption 
that y =/ 2 (X/p). 


Breakdown in Uniform Fields 

An experimentally determined curve for the breakdown of air 
in a uniform field is shown by Fig. 2-6. A feature of great interest 
and importance in this is the minimum exhibited at about 350 volts. 
If the curve is obtained with spheres of large radius, any attempt 
at reducing pd below the minimum value is followed by breakdown 
occurring elsewhere than at the point of minimum electrode separa¬ 
tion. This, of course, moans that while V is held at what is Imown 
as the minimum sparking potential it is impossible to obtain 
breakdown at a value of pd smaller than indicated by Fig. 2-6. 
Conversely, it is impossible to produce breakdown in air under any 
circumstances at a voltage less than 350 volts. A further point of 
impoitance in Fig. 2-6 is the breakdown potential at atmospheric 
pressure. .It will be seen that this is approximately 30,000 volts 
per cm. 

Tlie cause of the minimum s])arking f)C)teutial may be explained 
in the following manner. Assuming that d is fixed and p varied, at 
very low’ pressures the paucity of molecules is such that insufficient 
exist to produce adequate secondary omission unless the energy of 
the electrons is high. This, of course, necessitates a large value of 
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X, and consequently of V, and explains the left-hand branch of the 
curve of Fig. 2-6. At high values of p the mean free path of the 
electrons is small and insufficient energy for ionization is acquired 
between collisions unless X and V are again high. Between these 



two extremes it is evident that some minimum potential will exist, 
causing breakdown, 

Non-tjniform Fields 

The instances of gaseous conduction so far considered are the 
relatively simple ones involving a uniform field. Where the field is 
non-uniform (practically all cases except those employing parallel- 
plane electrodes or spheres whose rjd is large) conditions are much 
less simple and mathematical treatment cannot be so readily em¬ 
ployed. In such cases a and p depend on x and in general we must 
write 

oc = fi{x) 

P =/a(*) 

Thus for a non-uniform field, (2-12), should be written 

rd 

T »• o J 



GASBOtJS BLBCTEIOAL OONDtrCTION 71 

In the caae of breakdown due to liberation of electrons at the 
cathode by secondary emission, (2-20) must he written 

1) = 1 . . . (2-28) 

and provided the integration can be performed the breakdown 
condition may be determined. How-ever, in the majority of cases 
this cannot be efifected and thus we are limited to general considera¬ 
tions largely based on experimental results. 

Principle o£ Similarity 

Paschen’s Law may be extended to cover the case of non-uniform 
fields, when it is known as the Principle of Similarity. This states 
that the breakdown voltage is a function of the gas density and 
linear dimensions for geometrically similar systems. Thus, if aU 
the linear dimensions of a discharge system are multiplied by a 
factor jK and the gas pressure is multiplied by 1/K, the breakdown 
voltage remains unchanged. Consider an element.of the discharge 
path dl at the extremities of which the potentials are v and v dv. 
Then after multiplying the system by K the potential difference 
dv will exist over a path Kdl if the same potential difference is 
maintained between the electrodes. Hence the average field strength 
over this path is IfK of that over the path dl. If the gas pressure 
is altered to IJK of its former value, then the mean free path of 
the electrons \^1 be K times as great and the energy per mean free 
path will be the same in the changed system as before. But the 
number of mean free paths per centimetre will be l/K of the former 
value and hence the ionizing collisions over the paths dl and Kdl 
are, respectively, 

Qudl and oiKdlJE 

or the ionizing collisions under the same potential difference dv 
are the same. Hence both systems will break down under the same 
potential between the electrodes. 

In cases where the electrodes are of different dimensions (such 
as a point and plane) the field strength is greatest at the smaller. 
Hence ionization will be most intense here and breakdown will 
commence at this electrode. At points remote from the electrodes 
the field is always less than at these, and hence breakdown always 
commences close to the electrode surfaces. It may be noted that it 
is not necessary for ionization to occur over the whole discharge 
path for breakdown to take place. Provided breakdown conditions 
are realized where ionization does occur, then a breakdown will 
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follow. This means that if the total discharge path is breakdown 
will occur if (2-17) is satisfied over a distance x — 0 to x = dj 
where Hence that part of the path d^ — d^ will carry a 

current although ionization does not there occur. 

It is shown by Fig. 2-6 that provided the electrode area is large 
compared with the spacing, the breakdown potential for air is 
approximately 30 kV per cm. From this it is concluded that in 
any discharge system, if the voltage gradient does hot equal or 




exceed this value, breakdown will not occur at atmospheric pressure. 
Further, it is assumed that when breakdown takes place in a non- 
uniform discharge system ionization occurs between that electrode 
and the point at which the gradient falls to 30 kV per cm. 

The Corona Discharge 

When breakdown occurs in uniform fields at atmospheric pres¬ 
sure, it usually takes the form of the well-known spark discharge. 
However, should the electrodes be small compared with their 
spacing, a local discharge may occur near their surfaces, fhis being 
termed a corona or brush discharge. Such discharges are character¬ 
ized by faint luminosity near the electrodes, the production in air 
of ozone, a stream of air often issuing from the electrodes, and slight 
noise. The air in the immediate vicinity of the electrodes is, no 
doubt, highly conducting and increases the electrode area. Tliis is 
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sometimes referred to as the coronal extension of a conductor. The 
increased area also reduces the electrode spacing, a result being an 
increased uniformity in the field distribution. This process may 
continue to the point that the uniformity is such that breakdown 
in the form of a spark results. 

To further consideration of the above subject the case of an 
electrode system consisting of a centrally placed wire within a 



Tf IN CM,-ATM. 

Fra. 3-9 


cylinder will be investigated. Referring to Fig. 2-7, if X, is the 
field strength at the surface of the wire, the field at any radius r is 



The potential V corresponding to X is 

'•r 

F = Xd/r = aX, log - . . . (2-29) 

CL 
J ct 

where V is the potential at any radius r. We shall now assume that 
ionization is confined within a radius b and that the potential 
difference across (6 — a) is the same as that needed to cause break¬ 
down across the same length in a uniform field. Referring to Fig. 
2-8, Curve A is the normal breakdown curve for uniform fields, 
while Curve B is plotted from (2-29), being so chosen that the 
two curves have a single point of contact as shown. Hence P gives 
the distance (6 — a) and the construction of Fig. 2-8 permits the 
determination of i.e. the breakdown gradient at the surface of 
the wire. Fig. 2-9 shows breakdown, potential plotted against wire 
diameter and indicates the very high values which may occur with 
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non-uniform jS.elds compared with those of an opposite character. 
Townsend gives the breakdown surface gradient of a cylindrical 
wire as 

30 + -^ kV./cm.(2-30) 

Va 

for air at atmospheric pressure. 

Continuing the consideration of the wire and cylinder type of 
gap, the stress at the surface of the wire is 

= ^ 3 ,/a logs {Afa) 

where is the potential difference between wire and cylinder and 
A is the cylinder radius. If local breakdown occurs it may be 
assumed that the wire becomes covered with a conducting layer of 
disrupted gas, the effective radius increasing from a to a da 
where da is the thickness of the disrupted layer. Hence 

^ ° w-a ■ ■ 

From this it will be seen that, if Aja > e, (2-31) is negative and so 
the first effect of an applied voltage is to reduce the stress at the 
wire. If Afa < e, (2-31) is positive and the stress is increased. In 
the first instance, corona occurs, and in the second a complete 
breakdown. Of course, even in the first instance, if Vj, is increased 
sufficiently the effective value of a will ultimately become such tliat 
Aja < Si 


Point and Plane 


If the end of a fine wire be regarded as a sphere whose radius is 
equal to that of the wire, the breakdown gradient may bo found in 
a similar mamier to that for a wire and cylinder. The field strengtli 
at any radius r is 



and the potential corresponding to X 


7 = 


Xdr = X^^ 


Ja 



. (2-32) 


Plotting (2-32) under the-breakdown curve for normal fields will 
again enable to be found. 

The foregoing treatment can, of course, be applied to only 
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relatively simple discharge systems on account of the difficulty of 
finding simple expressions for the electrostatic field. In the case of 
two parallel wires widely separated, the field at each is practically 
radial and hence the field conditions at the wires are similar to 
those of. the wire and cylinder. Hence it is to be expected that the 
breakdown surface gra^ent will be given by an expression similar 
to (2-30) and this actually is so, Peek giving 

Q» 301 

Va 

Effect of Gas Density 

The effect of varying the gas density and pressure with non- 
uniform fields is similar to that for the uniform case following the 
principle of similarity. Thus (2-33) may be written 

while Whitehead gives the following formulae 

0-3^ 

Vap 

Spheres 27*2j> kV/cm. 

whore ^ is in atmospheres. 

The Spark Discharge 

When breakdown occurs in a gas, the pressure of which is of 
tlie order of an atmosphere, the discharge initially takes the well- 
known form of a spark. Whether other states follow this depends 
on the nature of the circuit to which the electrodes are connected. 
However, although the duration of a spark is of the order of micro¬ 
seconds, it is very probable that even in this brief time the current 
may reach “arc” values as, indeed, is indicated by (2-16). The 
conditions of breakdown are given by this equation, and hence also 
of sparking. (2-16), however, indicates that having produced 
sparking conditions at a discharge system a spark immediately 
follows. In practice this is not so, for it is common knowledge that 
a higher voltage is needed to cause the first spark than subsequent 
sparks, provided the latter follow the first with sufficient rapidity. 
Also it is well known that the breakdown potential of a spark-gap 
is higher if the voltage is rapidly applied than if slowly. 



Wire and cylinder 31jp ^ 


1 + 


)kV/cm. . . (2-33) 


1 = 3o( 


1 + 
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The foregoing statements indicate that a time-lag exists between 
the application of an impulse voltage and the subsequent breakdown 

of a discharge system. 
This time-lag consists 
of two separate com¬ 
ponents: (1) a statis¬ 
tical time-lag necessi¬ 
tated by the time 
required for casual 
electrons to appear in 
the gap to initiate the 
discharge; (2) a forma¬ 
tive time-lag necessi¬ 
tated by the time for 
the development of 
ionization and the pro¬ 
gress of the discharge 
across the gap. The 
ratio of the breakdown 
figure when the vol¬ 
tage is slowly applied 
to that when the 
application is rapid is 
termed the impulse ratio of a spark-gap. Fig. 2-10 shows the 
manner in which the breakdown voltage increases with decreasing 
time of voltage application for points 
in air at atmospheric pressure. 

Formative time-lag is definitely 
in evidence whenever corona pre¬ 
cedes breakdown. In these cases the 
average breakdown gradient is less 
than that for a uniform field with 
the same electrode spacing. As has 
been previously shown, where corona 
occurs we have a virtual increase in 
the dimensions of the electrode, with 
the result that the space-charges 
increase the gradient in the gap up 
to the breakdown point. Referring 

to Figs. 2-11 and 2-12,* it may be ’, 0-2 10 -’ 1 

concluded that where the average P4 in atm.-cm. 

breakdown gradient is less than Fia. 2-ii 

♦Fig. 2-11 refers to umform fields and Fig. 2-12 to points of 0*4 om.|separationp 


20 30 

IO'9 SECOND 
Fig. 2-10 
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that for uniform fields, the field has been distorted by space 
charges. 

In order to eliminate the statistical time-lag and study the period 
of the formative time-lag, initiating electrons may be created in the 
field of the spark-gap. This is usually effected by means of radio¬ 
active substances or else by ultra-violet radiation. Ultra-violet 
radiation may be produced by several methods, a common method 
being the employment of a mercury-vapour lamp. If a gap is 



irradiated by means of the latter, the majority of the i)hoto-electrons 
are produced from the cathode metal rather than the gas. Tliis may 
be ])roved by altering the angle of tho incident radiation. The 
photo-olectric current at tho cathode is of the order of lO-^^ amp. 
cm.^, this corresponding to 
10-12 

l-5fl X 10-^” "" olootrons por cni.^ per soo. 

or 6 electrons per cm.^ per microsec. approx.. 

Hence, in this case, statistical time-lag would pi‘obably not occur, 
providing the static breakdown voltage were not applied for a time 
shorter than 1/0 microsec. and the cathode area were not less than 
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1 cm.2 The importance of the cathode area in the reduction of 
statistical time-lag is at once evident, for it is clear that the greater 
this area the greater will be the number of photo-electric initiatiug 
electrons available. This explains why gaps with a large area 
(whether the ioitiating electrons are produced by ultra-violet 
radiation or some other means) such as spheres, wire and cylinder, 
etc., have low impulse ratios compared with gaps formed by points. 
We see, then, that the criterion for statistical time-lag is the rate of 
application of voltage, the number of mitiating electrons produced 
per square centimetre per second, and the gap or cathode area 
depending on whether the electrons are produced in the former or 
at the latter. Where the electrons are formed in the gap it is, of 
course, the volume of this which is of importance rather than the 
area. 

A method of ehminating statistical time-lag is by means of the 
ultra-violet radiation of a neighbouring spark or corona discharge. 
With regard to the spark, experiments indicate that cathode photo¬ 
electric currents of the order of amp. per cm.® may be produced 
by this means, i.e. 10® times as great as where the cathode is irradiated 
by means of a mercury-vapour lamp. With regard to the corona 
discharge, a well-known application of this to reduce impulse ratio 
is found in the third point spark-gap,* extensively used for magneto 
and ignition-coil testing. In this gap, which may consist of points 
or spheres, a third pointed electrode is situated close to but not 
actually touching one of the main electrodes. The third point is 
either connected to the remote electrode by means of a high resistance 
of the order of 40 megohms, or left isolated. The corona discharge 
which occurs at the point thus furnishes a photo-electric supply of 
electrons to the main gap. 

Summarizing, we may say that the time-order of statistical 
time-lag is that of the inverse rate of formation of photo-electrons 
at the cathode by the source of radiation. 

Formative Time-lag 

We have already seen that providing an adequate photo-electric 
current is produced, the statistical time-lag may be eliminated. 
When this is done, experiments show that the formative timo-lag 
is of the same order as that of the time taken by the electrons to 
cross the gap. Referring to Figs. 2-13 and 2-14, which are reproduc¬ 
tions of oscillograms of spark discharges, it will be seen that after 
the static breakdown voltage is reached breakdown occurs within 

*Aworaft Electrical Engineering, F. G. Spreadbury (Pitmewi). 
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about 2 X 10“’ sec. By applying overvoltages to the gap, this timfe 
may be stiU further reduced. A further method of studying forma¬ 
tive time-lag consists of photographing the luminosity of a spark 



Eio. 2-13 

as it develops. Typical photographs show that a luminous streamer 
commences at the cathode and ultimately, after a period of the 
order of 10“® sec., terminates at the anode. An important discovery 



of the photography is that for liigh values of pd a second streamer 
tends to occur, originating in the gap or close to the anode, eventually 
joining up with the streamer from the cathode. 

Loweeino ojf Spaek Potential by Radiation 

An effect of irradiation of a spark-gap is a lowering of the break¬ 
down potential'. This effect becomes in evidence when the photo¬ 
electric current at the cathode exceeds about 10“^^ amp. per cm.® 
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Hence it is particularly noticeable when the gap is irradiated by a 
neighbouring spark. -Ar previously stated, under these circumstances 
may be as large as 10“® amp. per om.^ and for such currents a 
large positive space-charge may build up in the gap due to the 
relative mobilities of the positive ions and electrons. The resulting 
distortion of the field may then be such that the value of a (the 
first Townsend coejBficient) is higher than for the externally applied 
field alone. Hence, in these circumstances, the gap will break down 
for a lower value of X than when is negligible. 

The Streamer Theory of the Spark Discharge 

The previously given theory of breakdown and the spark dis¬ 
charge is largely due to Townsend and has been generally accepted 
for the past forty years or so. During the past few years, however, 
certain observations have indicated that the Townsend theory is 
probably true for spark-gaps only where pd does not exceed about 
200, p being expressed in millimetres Hg, and d in centimetres. 
According to the Townsend theory, the criterion pf breakdown is 
1) ^ 1, or, if is large compared with unity, ye^ ^ 1. 
Now, is the number of positive ions generated by each electron 
in its passage from cathode to anode, and y is the probability of a 
positive ion subsequently ejecting a secondary electron from the 
cathode. It is evident that if breakdown is to occur, the formative 
time-lag must be of the time-order of the positive ions to cross the 
gap from anode to cathode. If we take the mobility of an ion to 
be that determined on page 61, then, assuming a breakdown poten¬ 
tial of 30,000 volts per cm. and a 1 cm. gap, the formative time-lag 
is of the order of 10”® sec. In dealmg with the glow discharge, it 
will be shown that the velocity of electrons to that of ions is 
at least 100 : 1; hence it follows the time-order of electrons in 
crossing a gap as above must be lO”"^ sec. For gaps longer than 
1 cm. the formative time-lag must, of course, be greater than 
10”® sec. 

Prior to 1925, little information was available on spark time-lags 
as facilities did not exist for their measurement. Ultimate measure¬ 
ments have revealed, however, that for sparks occurring at atmo¬ 
spheric pressure the formative time-lag is of the order of lO”*^ sec. 
rather than 10"® sec. Nevertheless, measurements with sparks 
occurring at values of pd up to about 200 give time-lags of 10”® sec. 
and upwards, thus confirming the Townsend theory in this region. 
For sparks occurring at pd > 200 it is evident that the formative 
time is such as to preclude the movement of positive ions in the 
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gap. Thus, in these cases, the spark must develop through electron 
movement only. 

A further ^fflculty with the Townsend theory for gaps having 
fd > 200 is thsit the sparking potential is largely independent of 
cathode material. As shown on page 66, the breakdown potential 
should be dependent on y anci this quantity dependent on the 
cathode material. (See page 626.) Other difficulties are as follows— 

Gaseous discharges exist where no cathode phenomena occur. 
Such are positive-point corona and the lightning discharge. 

Cloud-track photographs of the spark ffischarge and photographs 
of its luminosity show that in its initial phases the spark possesses 
streamers which originate at the anode or, in the case of overvolted 
gaps, at the anode and in the gap itself. Such streamers only 
commence to exist for fd > 200. 

The foregoing difficulties in the complete applicability of the 
Townsend theory clearly indicate the necessity of some other 
mechanism to explain the spark discharge for high pressures. The 
mechanism must involve the following— 

(1) Electron movements only must occur, the positive ions 
remaining relatively stationary. 

(2) The process must be independent of the cathode and depend 
on processes within the gas. 

(3) Ionization must proceed from the anode and/or gap region 
towards the cathode., 

(4) Due to the filamentary character of a spark, it must be 
initiated by a single electron along a narrow path. 

The Stebameb Theory 

A theory covering the foregoing necessities of the spark dischai^e 
has been developed, principally by Raether, Loeb, and Meek, the 
quantitative aspect being due to the last-named. Considering a 
parallel-plane gap I cm. in length, let it be assumed that the cathode 
is under the influence of ultra-violet radiation to the extent that 
1 electron per cm.® per microsoc. is ejected from its surface. Further, 
it will be assumed that the potential difference across the gap is 
31,600 volts and the gas air at normal pressure. Hence XJp = 41'6 
volts/cm. per mm. Hg. 

Considering an electron leaving the cathode, it rapidly acquires 
a drift velocity of the order of 10’ cm. per sec., this velocity actually 
having been measured by Raether. During its passage across the 
gap the electron creates further electrons at the rate of a per cm., 
so that in a distance x from the cathode the total number of electrons 
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created is This rapidly increasing quantity is appropriately 
termed an electron avalanche. Behind the avalanche are positive 
ions which virtually remain where formed during the time of 10”’ sec. 
taken by the electrons to cross the gap. During the advance of 
the avalanche its head is spreading laterally, due to the random 
diffusion of the electrons. According to Raether, the average radial 
distance of diffusion is given by r = V2D^, where t = xjv^ v being 
the electron velocity and D a coefficient of diffusion. Up to this 
state of affairs we have the Townsend mechanism represented by 
(2-3), for the positive ions are in no position to effect electron multi¬ 
plication. Hence an avalanche which has crossed the gap does not 
constitute a breakdown. 

The positive ion density will, of course, be a maximum at the 
anode. The ions will form a cone, the base of which will be situated 
at the anode and the apex approximately at the cathode. Thus, a 
considerable positive space-charge will exist near the anode, giving 
rise to a field of some magnitude. In order to calculate the strength 
of this field it is assumed that the ions are contained within a 
spherical volume at the head of the avalanche instead of the actual 
conical volume. The radius of the sphere is taken to be r = V2Dt 
and the field due to the space-charge is then given by 

Xg = ^rmel^fTTT^ = 

where n is the number of ions in the sphere. If N is the ion density, 
then n = 4^^NI3 and Xg = In a distance dx at the end 

of a path X the number of ions formed is oue^dx and 



N = 

Hence 


or 



au^dx _ 

tttHx 

4 

“eae®^/r 

4eoce“^ 

zVwi 


OCfi*® 


. (2-34) 


For the case under consideration, oc = 17 and r, as observed by 
Raether, is 0-013 cm. This gives Xg as 6000 volts per cm. and XgfX 
as 0*20. Thus the field due to the space-charge is 20 per cent of 
that near the cathode. 

In addition to ionizing the gas molecules, the electrons also 
produce a large number of excited atoms and molecules. These 
excited atoms and molecules produce ultra-violet radiation which 
liberates from the gas and cathode photo-electrons, which in turn 
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create further ionization. The photo-electrons will, of course, create 
further avalanches, those in the gas being relatively short while 
those created at or near the cathode will be long and similar to the 
original avalanche. Now those photo-electrons created near the 
space-charge channel of positive ions, particularly those near the 
anode, are in an enhanced field, which exerts a directive action, 
drawing them within the field. The electrons resulting jfrom ioniza¬ 
tion due to photo-electron avalanches in the combined fields Xg 
and Z, pass into’the positive space-charge, thus rendering it a 
conducting plasma, which commences at the anode. The positive 
ions left behind by each photo-electron avalanche have the effect 
of extending the positive space-charge towards the cathode, because 
the applied field tends to distribute itself between the cathode and 
the positive space-charge rather than between cathode and anode. 
Thus the positive space-charge develops towards the cathode from 
the anode as a self-propagating positive space-charge streamer. 

As previously stated, streamers as just described have been 
observed and photographed, this tending to confirm the foregoing 
theory. The velocity of propagation of a streamer is extremely 
rapid, as it depends on photo-ionization, photon propagation at 
the velocity of hght, and short-distance motion of electrons in 
high fields near the space-charge. In one case observed by Eaether 
the velocity of propagation was of the order of 10® cm. per sec. 
As the streamer approaches the cathode, the potential of the gap 
is mainly concentrated between the cathode and the edge of the 
streamer due to the relatively high conductivity of the plasma. 
Thus the value of a outside the plasma will be greatly increased, 
leading to intense ionization and the possibihty of high secondary 
emission from the cathode. When the streamer reaches the cathode, 
the gap is bridged by a conducting filament and hence the gap 
voltage collapses to a low figure. Should a cathode spot foiin then, 
unless the current is limited by an external resistance, an arc will 
develop. 

Necessary Conditions for Streamer Formation 

In order that a streamer may form and lead to gap breakdown, 
it is necessary that sufficient excited gas molecules are formed in 
the space-charge channel to produce an adequate supply of photo¬ 
electrons. This means that a certain space-charge density is necessary 
if streamer formation is to occur. Again, a certain space-charge 
density is essential to ensure that sufficient photo-electrons are 
drawn into the space-charge to form further avalanches to advance 
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the streamer tip. We see, therefore, that the criterion for gap 
■ breakdown is an adequate space-charge density to ensure, firstly, 
the necessary density of excited molecules for photo-ionization, and, 
secondly, to create the necessary field to draw photo-electrons into 
the space-charge channel. If the space-charge channel is broad, 
then streamer formation is unlikely, as the necessary space-charge 
density may not be obtained. Thus, streamer formation is unlikely 
to occur as low gas densities. 

We have already seen that the relation between and N may 
be written 

Xs = 4fTTreNlB 

Ogo® 

and 

TTT* 

As N and X^ are proportional to each other the criterion for streamer 
formation may be expressed either in terms of X^ or N. The 
criterion given by Meek for streamer formation is that Xg == X, 
i.e. the field due to the space-charge must equal the external im¬ 
pressed field. From this Meek finds the conation for breakdown 
to be 

Xg N 5-27 X 10”’ volts/cm. 

For farther details of the streamer theory of the spark discharge 
the reader is referred to Loeb and Meek’s book* on this subject. 

The Glow Discharge 

The conditions immediately succeeding breakdown of a gas 
largely depend on the circuit of which the electrode system forms 
a part and the gas pressure surrounding the electrodes. In general, 
we may distinguish four states of gaseous conduction: (1) the 
pre-breakdown state with its relatively small current; (2) the 
disruptive discharge (spark); (3) the glow discharge, and (4) the 
arc discharge. Where the power is strictly limited, such as, for 
example, with an induction coil or magneto discharge, it is extremely 
probable that all four states occur, following each other in rapid 
succession in the above order. If following state (2) the circuit 
power is adequate and the electrode current density is maintained 
below a certain value, state (3), the glow discharge, occurs. A most 
conspicuous feature of this discharge is its luminosity, which, it may 
be mentioned, forms the basis of what are known as cold cathode 
luminous discharge tubes (neon signs, etc.). 

* The Mechani-sm of the Electric JSpark (Oxford University Press). 
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After a glow discharge is initiated it is found that the voltage 
necessary for its maintenance is invariably less than that necessary 
for its initiation, the ratio of these voltages depending on the gas 
pressure and the electrode spacing. Now there is no reason for 
supposing that the energy with which the positive ions strike the 
cathode is less after the discharge has commenced than at its initia¬ 
tion. Actually this energy should be the same for the continued 
liberation of electrons to maintain the discharge. Thus, as the 
average voltage gradient across the gas is less after conduction 
than before, its distribution must be different. The change of 



SPACE SPACE 

Fig 2-16 

distribution is due to the presence of what are known as space- 
charges within the gas. Due to the higher mobility and longer 
mean free path of the electrons as compared with those of the positive 
ions, the density of the latter is far greater than that of the electrons. 
Thus, there is in general a net positive charge in the conducting 
space, the field distribution no longer being solely determined by 
the surface charges on the electrodes but by the space-charges in 
the gas as well. 

The glow discharge is so termed because of its characteristic 
appearance. Although it may be formed between short gaps (a 
millimetre or so) at atmospheric pressure,* for demonstration 
purposes more satisfactory results are obtained between wide gaps 
at pressures considerably below that of the atmosphere. Under the 
latter circumstances it is readily observed that the glow is divided 
by a number of dark spaces. Furthermore, the potential distribution 

*Airc/t'ap Mectrical Engineeringy p. 16. 
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along the discharge is related to these spaces. This relationship is 
shown, by Fig. 2-16, from which the outstanding importance of 
the Crookes dark space is evident. It is clear that a large proportion 
of the applied voltage is absorbed by this space, the amount being 
termed the cathode fall. It may be defined as the potential difference 
between the cathode and the point of minimum fiield strength, i.e. 
least potential gradient. This potential difference is independent 
of the current strength and gas pressure and depends only on the 
nature of the gas and of the cathode metal. In general it is approxi¬ 
mately equal to the minimum sparking potential of the gas and thus 
corresponds to the minimum potential at which the discharge can 
be maintained. 


The Potential Chabaotbristio 

An explanation of the potential distribution along a glow dis¬ 
charge may be found in the following manner. Due to the relation¬ 
ship 

eF = eXl = 


an electron acquires a velocity V1840A times as great as a positive 
ion of atomic weight .4 in a free fall through the same potential 
difference V = XI, Due to this relatively high velocity, the ions, 
relatively to the electrons, may be considered at rest. Hence, 
referring to (1-42) and (1-46), Cr = C and 




(2-35) 


where is the diameter of the electron and is the electronic 
mean free path. The velocity of the ions is of the order of magnitude 
of the gas-kinetic velocity so that 






. (2-36) 


where U is the ionic mean free path. As is negligible compared 
with G we have 

|^=4V2 

H 

and in a given field the velocity of the electrons is to that of the 
ions as 


V 1840.4.4V'2 : I or as 102vC4 : 1 . . (2-37) 
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Now the positive column or plasma is characterized by linear 
potential rise, which means that here d^VJdx^ = 0, i.e. this region 
is free from space-charge. Thus, within the plasma 


also 
so that 




i = = en^v^-\- enjo^ 


— = 102VA : 1 


Hence in regions of no space-charge, in particular the positive 
column, the current carried by electrons is at least one hundred 
times that carried by positive ions. 

At the cathode and anode the current is mainly carried by 
positive ions and electrons respectively, i.e. 


i = en^v^ = 

s If the field is the same at both electrodes, then the ratio of positive 
to negative space-charge before cathode and anode is 


Now 


^ = l-=102VI: 1 

en_ 

dW 

dx^ - ^ 

= — 102 ^A . 4nen_ in cathode region 
= 4!7Ten_ in anode region 


Thus, we see that the potential oharaoteiistic must turn sharply 
downward at the cathode and slightly upward at the anode. 


The Negative Glow 

If the gas-filling of a glow-discharge tube is air, the negative 
glow is blue and the positive column pink. Visual inspection of the 
cathode shows that while the cathode fall is independent of current 
(“normal” cathode fall) the cross-section of the negative glow is 
less than that of the cathode and is proportional to the current. 
From this it may be concluded that the normal cathode fall, F„, 
corresponds to a region of constant current density, J„. Accom¬ 
panying these conditions is a normal thickness of Crookes dark 
space d„. For a given gas at density p, pd^ is constant. Actually 
this is because V„ is constant, for according to Paschen’s Law, F„ 

4-(T.389) 
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is a function of Hence while remains constant so also must 
pdn and oc Ijp, It is also found that 


= constant 


(2-38) 


and from this it is evident that for a given current the cross-section 
of the negative glow varies inversely as 

When the current rises above the value at which the cathode is 
covered by the negative glow, the cathode fall no longer remains 



constant but commences to rise. Also ci„ becomes reduced, the 
various quantities being related by 

• = constant . . . (2-39) 

The decrease in d as Fo increases above F„ is explainable if the 
positive column and anode drops are ignored and the cathode fall 
is assumed to be equal to the striking potential of the tube. In this 
case the cathode fall must be on the breakdown curve, normally at 
the point of minimum striking potential, as shown by Fig. 2-16. 
If, now, Vc increases while p remains constant, we see from Fig. 
2-16 that pd must decrease, i.e. d mxist fall to enable F<. to move iip 
the left-hand branch of the curve. 

It is possible to deduce (2-38) and (2-39) in the following manner. 
From page 87 

J — = P+V+ 

and p = J/v+ ..... (2-40) 

Also v+ = aXjp .(2-41) 
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and from Poisson’s Law 


d^V dX ^ 
dx^ ~~ dx ^ ^ 


. (2-42) 


Prom (2-40), (2-41), and (2-42) 


Integrating 


Now 


dX A JP A ^ 

—- = A -4r, where A = — 
dxX a 

= ^AJpx 

Z == V 2AJp x^ 

f^d 


V = 


Xdx = V2AJp 


x^dx 


= § V 2AJp d* 


and V^=^l AJpd^ .... 

which leads to (2-39). 

Multiplying (2-43) by p® and re-arranging, we have 


J 

9 ’ 


. (2-43) 


. (2-44) 


and while V and d are, respectively, equal to F„ and pd is 
constant and (2-44) is equivalent to (2-38). 


The Crookes and Paraday Dark Spaces 

The electrons emitted from the cathode surface are few in 
number and possess low initial velocities. Due to the high field 
strength in the vicinity of the cathode, the electrons rapidly gain 
velocity and energy, but because of this their excitation and ioniza¬ 
tion probability is small. Consequently, little light is emitted in 
the region of the cathode fall, this giving rise to the Crookes dark 
space. 

At the edge of the cathode fall space the net space-charge density 
falls to zero or may even become negative. This reduces the velocity 
of the electrons whose excitation and ionization probabilities, in 
consequence, rise, causing the negative glow. In the latter the 
velocity becomes so low that the excitation and ionization probabili¬ 
ties fall, giving rise to the Paraday dark space. In this space few 
positive ions exist, the space charge being negative. This accelerates 
the electrons, which ultimately produce further excitation and 
ionization, the latter marking the commencement of the plasma or 
positive column. 
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Plasma Oharaotbristios 

The plasma, as we have already seen, is a region of weak fields 
where the ionic and electronic concentrations are equal, giving rise 
to a zero net space-charge. Due to the uniform field, ionization 
occurs equally along the positive column, resulting in its uniformly 
luminous appearance. As there is no space-charge, the current in 
the plasma is not space-charge limit ed, with the result that large 
currents may exist for small potential differences. In addition to 
the electrons which drift towards the anode (thus constituting the 
conduction current), random ion and electron currents also exist 
within the plasma. Radial ion and electron currents also occur, 
these resulting in a loss of ions and electrons from the plasma to 
the walls of the discharge tube. This loss is termed de-ionization 
and, of course, necessitates ionization to occur constantly within 
the plasma to repair the loss. Because of the higher mobility of 
electrons, they diffuse to the walls of the tube more rapidly than 
the ions, with the result that the walls are generally a few volts 
negative with respect to the plasma. The potential variation at 
the walls may be regarded as a boundary between the latter and 
the plasma, and is termed a sheath. In general, sheaths always 
exist between the electrodes (as well as the walls) of gaseous dis¬ 
charge tubes and the plasma, and the cathode dark space in a glow 
discharge may be regarded as a sheath. 

The Electrodes 

It is evident from Pig. 2-16 that the greatest potential falls 
occur in the immediate vicinity of the electrodes. Hence the rate 
of energy dissipation and temperature rise are a maximum at these 
situations. The temperature is, of course, greatest at the cathode, 
and it is clear that electrode design calls for careful consideration 
if undue temperatures are to be avoided. A further detrimental 
cathode effect is known as sputtering, and consists of progressive 
disintegration of the electrode due to positive ion bombardment. 
The electrode particles are deposited on the walls of the tube, thus 
tending to absorb the luminosity of the tube. In addition, the 
particles take up some of the gas during deposition, with the result 
that a process Imown as clean-up occurs, with a lowering of tube gas 
pressure and a consequent modification of tube performance. It is 
evident that electrodes and gas fillings are desirable, which give a 
low cathode fall, for this leads to low temperatures and long electrode 
life. Table 19-2 gives some typical figures for various gases and 
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electrode materials. Reference will again be made to this subject 
when dealing with luminous discharge tubes. 

The Arc Discharge 

If the current in a glow discharge is increased beyond the region 
of normal current density, an abnormal cathode fall and constricted 
dark space result. If the process is continued, a sudden transition 
idtimately occurs in which the discharge voltage falls to a low value, 
accompanied by an increase in current , with the concentration ojf 
the latter on to a relatively small area of the cathode. When the 
foregoing phenomena occur, the current is almost entirely controlled 
by the circuit to which the discharge electrodes are connected. 
The latter form of discharge was termed an arc by Sir Humphry 
Davy, on account of its tendency (due to convection currents) to 
form the geometrical figure of that name when formed between 
horizontal electrodes. 

Although the magnitudes of the currents normally associated 
with glow and arc discharge differ widely, both forms have much 
in common, namely a cathode and anode fall and plasma. The 
principal difference is the mechanism by which electrons are released 
from the cathode. With the arc they are released in such copious 
quantities that they largely neutralize the positive space-charge 
associated with the glow, thus giving rise to a low cathode fall, of 
the order of 10 volts, which accounts for the relatively low voltage 
usually accompanying an arc discharge. 

Due to lack of sufficient evidence, complete agreement does not 
exist regarding the method by which electrons are released from 
the cathode in an arc discharge. The most obvious explanation is 
that they are released thermionically. As the current is increased 
in a glow discharge the rate of energy dissipation at the cathode 
continually increases, particularly under abnormal conditions. 
Hence the cathode temperature may increase to a value at which 
thermionic emission occurs, thus releasing electrons at such a rate 
as to neutralize the positive space-charge. Objections to the fore¬ 
going explanation are as follows: An arc may be struck and main¬ 
tained in constant motion over the electrodes by means of a radial 
magnetic field. By this process the cathode is maintained at a 
temperature below which thermionic emission does not occur. 
Slepian estimated that the transition from glow to arc occurred for 
a current density of 5 amps, per sq. cm. He calculated that the 
thermal conductivity of a copper cathode is such that it cannot 
with this current density attain a sufficient temperature for emission 
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to occur. Furthermore, he states that, in any case, the necessary 
temperature would take several seconds to attain, whereas an arc 
may be struck in a period as short as 10“® sec. 

In the case of a mercury arc it has been considered that the 
cathode fall energy may be retained in a layer of mercury only 
10"* cm. thick. Should this be the case, then a temperature of 
3000° C. might be attained within a few seconds. 

In view of the somewhat unsatisfactory state of the thermionic 
theory of the arc discharge it was suggested by Langmuir thjsit the 
electrons might be emitted from the cathode by field or auto- 
electronic emission. This, of course, would not necessitate a hot 
cathode. Agam, however, it has been objected that the current 
densities necessary to create the requisite field strength are far in 
excess of those actually needed to produce an arc. 

The Mercury Arc 

Two forms of mercury arc exist: that occurring in mercury 
vapour only and that where the vapour is in the presence of its 
liquid. An arc occurring in the latter has a mercury pool for cathode 
from which the electron emission is derived. The exact method by 
which the electrons are emitted from the pool is as obscure as with 
the arcs previously described. The electrons are derived from what 
is known as the cathode spot, i.e. a small highly-lununous rapidly- 
moving spot on the surface of the mercury pool. From the spot 
proceeds a blast of mercury vapour having a velocity of the order 
of 10* cm. per sec. As this blast defiects the positive ions proceeding 
to the cathode, the ions are ever seeking fresh points of contact, 
causing the spot to wander over the surface of the mercury pool in 
a highly erratic manner. The cathode spot current density is 
estimated at 4000 amp. per cm.^ and its temperature as 2400° K. 

Unlike the glow, which has a constant or slightly rising voltage- 
current characteristic, the arc has a falling characteristic, i.e. dVIdI 
is negative. For currents in excess of one ampere the voltage/ourrent 
relation may be expressed by 

V = A + . . . (2-45) 

where A and B are functions of the arc length. According to 
Nottingham the value of n is proportional to the boiling temperature 
of the anode. Where the ambient gas is air, n corresponds to the 
boihng temperature of the oxide of the anode metal. Table 2-2 
gives values of % for a number of metals when employed as anodes. 
It is evident that for sufficiently large currents the second term 
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Anode Matebial 

Exponent n . 

Tungsten . 

1-38 

Platinum . 

1-16 

Carbon 

1-00 

Lead 

0-4‘8 

Copper 

0-67 

Aluminium 

0-66 

Nickel 

0*64 

Silver 

0-626 

Antimony 

0-46 

Bismuth . 

0-445 

Zinc (oxide) 

0-57 

Zinc 

0-346 


of (2-45) may be negligible compared witb A, in which case the 
arc voltage is approximately constant and independent of current 
strength. Table 2-3 gives some values of A and B for various arc 
lengths. 

TABLE 2-3 



Cu IN Am 

W IN Am 

Fe IN Am 

Length 

mm. 

A 

B 

A 

B 

A 

B 

1 

_ 

— 

— 

— 

19-1 

27-7 

2 

_ 

— 

40-1 

16-0 

21-5 

35-6 

3 

29-0 

39-2 

43-0 

20-3 

— 

— 

4 

32-0 

43-9 

46-3 

26-8 

24-0 

50-2 

5 

34-0 

49-0 

47-4 

31-0 


— 

6 

36-6 

62-2 

49-3 

37-0 

26-r 

60-8 

7 

37-6 

57-1 

5M 

41-8 

— 

— 

8 

38-5 

62-9 

63-0 

46-8 

26-6 

72-6 

9 

40-0 

66-5 

64-7 

52-0 

— 

— 

10 

41-0 

70-6 

66-0 

68-0 

— 

— 

25 

_ 

— 

— 

— 

60-0 

117-0 

50 

— 

— 


— 

70-0 

190-0 


Probes and Probe Measurements 

The distribution of potential in the various parts of the glow 
and arc discharges have so far been discussed without reference to 
any method of asceitaining this distribution. We shall now consider 
the usual method of obtaining such information. If an insulated 
conductor (termed a probe) is inserted in a discharge path, it will 
acquire some potential relative to that part of the discharge in 
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which, it is situated. While the conductor is insulated it follows 
that the net current to it is zero. Assuming it is in the plasma, 
where the concentration of ions and electrons is equal, the number 
of electrons arriving at the probe per second will initiaily be greater 
than the number of positive ions because of the greater mobility 
of the former. Hence in order that the net current to the probe 
may be zero, the probe takes up a negative potential relatively to 
the pl 3 .sma so that it tends to repel electrons and attract positive 
ions in order that the number of each reaching the probe in a given 



Fig. 2-17 


time shall be the same. This condition, of course, corresponds to 
zero current and the probe is said to “float” and possess a “floating ” 
potential. 

If now, instead of allowing the probe to float, a potential dijBFer- 
ence is maintained between it and either the cathode or anode, a 
probe current/voltage characteristic may be obtained. It is found 
that this takes the form shown by Fig. 2-17. While the probe is 
largely negative with respect to the plasma, the branch of the curve 
AB is obtained. Here the electrons are repelled and the positive 
ions attracted so that the region AB is that for which only a positive 
ion current exists. This current is mainly due to the random motion 
of diffusion of the ions, which hence arrive at the probe under their 
own natural velocities which, incidentally, follow a Maxwellian law 
of distribution. Because the current is due to random motion, AB 
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is a region of saturation. Now, if we commence to make the potential 
of the probe less negative, electrons will pass to the probe and the 
difference between the electron and positive ion currents will be 
collected. Hence the true electron current may be deduced from 
the branch of the curve BC by adding the constant value of the 
positive ion current, /<, to the ordinates of the branch BC. At a 
potential equal to the floating potential, equal numbers of electrons 
and ions will be collected with the result that the ammeter in the 
external probe circuit will indicate zero. This, of course, corresponds 
to the point F. As the probe potential is increased beyond F, 
electrons are collected at an increasing rate because the electron- 
retarding action of the probe potential with respect to the plasma 
is decreasing. When the probe is at the same potential as the 
plasma, the probe will neither repel nor attract electrons and ions, 
which wall diffuse to the probe under the action of their random 
motion. If, now, the potential of the probe is made positive with 
respect to the plasma there will be no further increase in electron 
current, but a decrease in positive ion current due to repulsion of 
the ions. Hence the only further possible increase in probe current 
is an amount equal to /<, after which a pure electron saturation 
current results for farther increases in probe potential. Reference 
to Fig. 2-17 therefore shows that when the probe potential is the 
same as that of the plasma, a point of inflexion occurs in the 
current/voltage characteristic just preceding saturation conditions. 
This point gives the potential of the plasma.* If the probe voltage is 
made more and more positive the main current may transfer to it, 
and the probe then becomes an auxiliary anode as indicated by D. 

Probe Measurements 

We have already seen that by means of a probe, employed in 
the manner described above, the floating and plasma potentials may 
be readily measured. In addition to these, various other quantities 
may be measured. For example, the number of particles which, 
possessing a Maxwellian distribution of velocity, pass through each 
square centimetre of a plane per second, is, from (4-30), 



Thus the random electron or positive ion current density is given by 



♦The exact value of the plasma potential may be obtained from the ordinate 
(//--1 e)> where If and I ^ are obtained from AB and CD. 
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Now, Jr is given by I/^, where I is the current determined from a 
curve such as that of Fig. 2-17, and A is the probe area. Hence 
we have _ 

^ li / 2'7Tmi 

^ 3eV 1 ^ 

_ I, 

kT 

where rii and are, respectively, the positive ion and electron 
concentrations within the plasma, and are the masses of an 
ion and electron, and 7^ and 7^ are the positive ion and electron 
currents determined from the two saturated portions of the curve 
of Fig. 2-17. Plasma ion concentrations found in practice vary 
from about 10^® to ions per cm.®, depending on the gas pressure. 


Electron Temperature 


On the assumption that the electron velocity distribution within 
the plasma is Maxwellian (and there is evidence that it is) the 
electron “temperature” may be found from probe measurements. 
This temperature is, of course, given by = ZhTI2, Now 

while the probe potential is negative with respect to the plasma, 
the only electrons penetrating the positive ion sheath around the 
probe are those whose velocity and kinetic energy are such that 
they can overcome potential drop across the sheath. According 
to (1-18) the number of electrons per cubic centimetre having 
velocities between u and u + du is 


- 

a's/iT 


du 


and the number of such electrons passing through 1 cm.® per sec. is 

— 7 = e vdu 

aV'rr 


The number of electrons capable of penetrating the sheath and 
reaching the probe are those the velocity of which is given by 
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where is the sheath potential dijfference, i.e. the potential difFer- 
enoe between the probe and the plasma. Hence the electron current 
to the probe is 






e 


an^ -!£l 

=_fg a*]® _ 

2Vir \/2«g. 


artg - 

2Vn^ 







__ aBj 
S 


eEa 

or J, = kT 

where is the electron current density to the probe. When Eg = 0, 
J,e = Jrei ^ result which, of course, has already been deduced above. 

Taking the logarithms of both sides of the last expression there 
results 

log Je=^logJre-^E, 


or log /. = log AJ„ 

which is the equation to a straight line having a slope equal to 
— efkT, The electron current can be deduced from Fig. 2-17, 
in the manner previously described, and hence T determined. The 
fact that a straight line is usually obtained in these experiments 
justifies the assumption of a Maxwellian distribution of electron 
velocities. 


Sheath Thickness 

Corresponding to the branch AB of the curve of Fig. 2-17, a 
practically pure positive ion space-charge exists between the plasma 
and the probe. Through this space-charge pass current carriers of 
one sign only (positive ions), which are derived from a plane where 
the potential gradient is zero (the plasma face of the sheath), from 
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which they start with negligible velocities. These positive ions pass 
freely to the probe because the sheath thickness is normally only 
a small fraction of the ionic mean free path. From these facts it is 
apparent that the conditions are similar to those existing in a 
diode carrying a space-charge limited electron current. Hence the 
space-charge equation (8-5) for parallel planes may be applied to 
the positive ion current density with appropriate modification, thus 

^ _ 2-33 X 10-« 

’ ~ Vl839Jf s® 

where s is the sheath thickness, M is the atomic weight of an ion, 
and Ji is the positive ion current density. But the latter quantity 
is independent of Eg and equal to J ri* Hence 

J,<A/l839Jlf 

which determines the sheath thickness. It will be noted that s 
increases with E^ and is zero when the probe is at the potential of 
the plasma. If the probe potential is raised above that of the plasma 
an ele ctron sh eath results. In this case must be replaced by 
and V1839Jf by unity. 

In the foregoing theory of the probe it has been assumed that 
the area of the probe is constant. For large area probes this is 
justifiable, but not for those of small area. In the latter case the 
effect of the sheath is to increase the virtual area. Thus in the case 
of a fine wire, to the wire radius must be added the sheath thickness 
in determining the probe’s effective area. Because of the increase 
in probe area, with an increase in Eg, li increases with Eg. Hence 
with a fine wire probe the branch AB of Fig. 2-17 will not be parallel 
to the axis, but will slope dowmwards. 
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CHAPTER m 

THE BLEOTROH 

Cathode Rays 

Reverting to the glow discharge, we shall now consider certain 
phenomena which occur if the gas pressure within the discharge 
tube is continually reduced. In previously discussing this discharge 
it was tacitly assumed that the gas pressure was such that the 
various phenomena, such as the dark spaces, glows, etc., were clearly 
visible. This pressure is of the order of 1 mm. of mercury. If now 
the pressure is further and continually reduced it is found that the 
positive column becomes smaller, receding towards the anode, while 
the Crookes dark space becomes enlarged. When the pressure is 
so reduced that the Crookes dark space reaches the walls of the 
tube, the glass fluoresces brilHantly, the colour being green for soda 
glass and blue for lead glass. Investigation showed that this 
fluorescence is due to something emitted from the cathode to which 
Goldstein gave the name of cathode rays. The rays were closely 
studied by Crookes and the following summarizes his results as well 
as those of later investigators. 

1. The cathode rays leave the cathode normally to its surface, 
travelling in straight lines, and are negatively electrified. This 
latter property was verified by J. Perrin, who caused the rays to 
pass into a metal cup connected to an electroscope. 

2. The rays behave as if possessed of inertia, being capable of 
deflecting obstacles and of turning a small mica mill-wheel placed 
in their path. 

3. Substances struck by the rays are heated, and, should the 
rays be focused by a concave cathode, they are capable of raising 
small objects to incandescence. 

4. They are deflected both by an electric and a magnetic field. 

5. Their production and properties are entirely independent of 
the nature of the gas employed in the tube. 

6. A substance struck by the rays emits radiation known as 
X-rays. 

Nature of Cathode Rays 

At one time considerable controversy existed concerning the 
nature of cathode rays. In this country Crookes advocated the 
view that the rays consisted of streams of electrified particles 
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projected from the cathode, while the contineatal physicists sup¬ 
ported Goldstein’s theory that the rays were a form of wave motion. 
It may be noted that (1) and (2) are suggestive of Crookes view. 
The controversy was finally resolved by Sir J. J. Thomson, whose 
remarkable researches proved the rays to be electrically charged 
particles to which he gave the name of negative corpuscles. These 
corpuscles are now known under the name of electrons, the electron 
being one of the most important entities in the realm of physios. 


Maas, Cihacge, and Vdocity of the Meetcon 

Thomson’s Expbeimbnts 

The behaviour of an electron within a magnetic field will be 
first considered. ConsideriDg a small current element ida placed 
within a magnetic field of strength If, the force acting on this 
element is 

HUa .... (S-1) 

But i may be written as dqjdt where q is the magnitude of the electric 
charge. Hence 

Hid8 = H§ds==Hdq^ 


or, replacing dqhj e and dajdt by t;, we have 

Bids = Hev ..... (3-2) 

where e and v are, respectively, the charge and velocity of the 
electron. Now the force on the electron, given by (3-2), act at 
right-angles both to its direction of motion and to the direction of 
the field. A body which experiences a force always perpendicular 
to its direction of motion describes a circular path, the normal 
acceleration being where r is the radius of the path. Hence 
the centrifugal force on the body is mv^jr where m is the body’s 
mass. The equation of motion of the electron is, therefore, 


T 


= Hev 


(3-3) 


or 



(3-4) 


If H and r can be determined, then the right-hand member of (3-4) 
may be found. The value of r is obtained by means of a discharge 
tube arranged in the manner indicated by Fig. 3-1. Cathode rays 
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leave the cathode and are concentrated into a narrow pencil by- 
means of a disc possessing a small aperture through which a propor¬ 
tion of the rays pass. The pencil is then deflected by passing through 
a magnetic fleld which is perpendicular to the plane of the paper. 
At the extremity of the tube is a screen coated with material which 
fluoresces under the impact of the cathode-ray pencil. By noting 
the displacement of the fluorescent spot when the fleld is applied, 
r may be determined. The exact method of doing this will be given 
later.* 

If the electron traverses an electrostatic field, it will experience 



Fia. 3-1 


a force eX, where X is the electrostatic field strength. By arranging 
this field to be perpendicular to the magnetic Add (i.e. parallel to 
the plane of the paper) and to occupy the same part of the path, 
the field strengths may be so adjusted that no deflexion of the 
fluorescent spot results. In such circumstances 

eX = Hev 



Thus, from a knowledge of the field strengths the electron velocity 
may be foimd. From the first experiment mvie is obtained and 
hence from both experiments the ratio mfe is known. 

By the above methods the following results were obtained by 
Sir J. J. Thomson— 


Gas 

V 

m/e 

Air 

2-8 X 10* 

1-3 X 10-’ 


2-8 X 10® 

M X 10-’ 


2-3 X 10® 

1-2 X 10-’ 

>» 

2-8 X 10® 

M X 10-’ 

Hydrogen 

2-5 X 10® 

1-6 X 10-» 

CO 

2-2 X 10® 

1-6 X 10“’ 


*See p. 12.3. 
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It wiU be noted that the electron velocity is of a very high order, 
being about one-tenth of the velocity of light. It is also evident 
that the ratio mje is independent of any particular gas filling . 

KAtri’MAITN’S DBTBBMnrATION OB e/m 

The apparatus employed by Kaufinann in his determination of 
e/m is shown by Fig. 3-2. The discharge tube is furnished with an 
anode in the form of a thin wire, of which the cathode rays form a 
shadow on the plate P, which closes the end of the tube. The 
potential difference between C and A is measured with an electro¬ 
static voltmeter. Surrounding the tube is a coil which produces a 



practically uniform field perpendicular to the cathode rays. Due 
to the field the cathode ra 3 ra are deflected and the shadow of the 
anode takes up a different position on the plate P. As in Thomson’s 
method, the electrons tend to follow a circular path under the 
influence of the field, and from (3-4) we have 


mv‘ 


= Hev 


Also if F is the cathode-anode potential difference 

= eF 

From (3-6) and (3-6) 


(3-5) 


(3-6) 


e 

m 


V = 


2F 

Hr 


and 
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r is determined from the deflexion of the anode shadow and the 
dimensions of the apparatus. 

In Kaufmaim’s experiments V was varied from 3000 to 10,000 
volts by varying the gas pressure in the discharge tube from 0-07 mm. 
to 0*03 mm. The final result obtained was e/m = 1*77 X 10’ e.m.u. 
per gm., a result which differs very little from the now generally 
accepted value of 1*767 x 10’ e.m.u. 

Tolman and Stewart’s Determination of e/m 

An ingenious and quite different method of determining the 
ratio e/m was devised by Tolman and Stewart, a method which, in 
addition, tends to prove that electrical conduction in metals takes 
place by means of electrons. (See Chapter IV.) The principle of 
the method is that if “free” electrons exist within a conductor, 
then should a conductor be suddenly stopped while travelling at 
high speed, the inertia of the electrons will set up an e.m.f. Now, 
if a potential difference V is applied to the ends of a conductor of 
length Z, the field strength is X = V/L We have 

ma = Xe == Ve/l 



where a is the acceleration imparted to an electron by the field X. 
Conversely, if a wire of length I is quickly brought to rest, the elec¬ 
trons suffer a negative acceleration a. This produces a potential 
difference between the ends of the wire given by 



e 


The electrons, by reason of their inertia, tend to keep moving and 
this movement constitutes a cuirent i. Thus 

V hna 
B ^ R e 

where B is the resistance of the wire. In Tolman and Stewart* s 
experiment a flat coil of wire, comprised of many turns, was rotated 
at a high speed about an axis perpendicular to the plane of the coil 
and then suddenly stopped. Wires were taken from the coil via 
slip rings to a ballistic galvanometer. If t is the time the coil takes 
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to come to rest, then the charge q passing through the galvanometer 
is it, so that 

Imat Imv 

where v is the original velocity of the coil. Thus 

e Iv 
m‘~ Rq 

the value found for copper being 1*6 x 10’e.m.u./gm. The direction 
of the throw of the galvanometer was found to be that required 
by negatively-charged particles. 

In another experiment a metal disc was spun at high speed, this 
causing electrons to be driven towards the periphery of the disc 
by centrifugal action. Thus, electrons collect at the edge of the 
disc, making this negative to the centre, until the field they produce 
just balances the effect of centrifugal force. The force on an electron 
due to the field is Xe, and that due to centrifugal action 
where v and r are, respectively, the velocity and radius of the disc. 
Hence 

Xe = mv^Jr 
Ve mv^ 



e 


where V is the potential difference between the centre and edge of 
the disc. From the last expression 

e 

m ~ F 

which was found to be the value for the electron. 

So far, only the ratio e/m has been obtained and to find the values 
of m and e either one or the other must be directly determined. 

The Wilson Cloud Chamber 

In order to measure the charge of the electron, Thomson em¬ 
ployed a Wilson cloud chamber. The cloud chamber is due to a 
discovery of Aitken that when condensation of water vapour occurs, 
it tends to do so on nuclei of dust or particles in the atmosphere 
rather than on air molecules. The method of operating a cloud 
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chamber as employed by Aitken may be appreciated from Fig. 3-3. 
The globe G is initially filled with ordinary air and a small quantity 
of water to ensijxe complete saturation of the air. The taps 4 
being turned off, the pump exhausts B. is now turned on, with 
the result that an adiabatic expansion occurs in 0, and the air cools 
and becomes supersaturated at the lowered temperature. The excess 
of moisture condenses in the form of fog or mist, the cloud slowly 
falling on to the floor of the cloud chamber G. If now a fresh supply 
of air is admitted to G through the filter, there will be fewer dust 
nuclei present. Hence, if a fresh expansion is made, the drops wiU 
be fewer and larger and the mist less dense. If the process is repeated 



Fig. 3-3 


several times the drops become,easily visible and move downwards 
at an appreciable speed as a shower of rain. Ultimately, when the 
air is completely freed from dust, further expansions do not produce 
a mist or rain at all. 

An important aspect of the cloud chamber, as we shall presently 
see, is its ability to form clouds or fog tracks on ions and electrons. 

The action of nuclei in condensing vapour is due to the principle 
that the vapour pressure over a surface depends on the curvature 
of that surface. For example, the vapour pressure over a convex 
surface is greater than over a plane one. When water evaporates 
from a plane surface there is no reduction in area and consequently 
no change in the potential energy due to surface tension. For the 
case of a curved surface, such as a water drop, evaporation will 
cause a reduction in the surface area and therefore a reduction in 
the potential energy due to surface tension. Hence surface tension 
will promote evaporation in this case which will go on farther from 
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a spheiioal drop, than from a plane surface; i.e. the vapour pressure 
irill be greater than over a plane surface. 

To further these considerations, suppose a capillary tube dips 
in a liquid contained ia a closed vessel (Fig, 3-4) and that no gas 
other than the vapour of the liquid is present 
above the liquid surface. Let py and pg be the 
vapour pressures of the liquid at A and B 
respectively. If h is the height of B above A, 
then 

Pi=^'Pi + goh . . (3-7) 

where ff is the vapour density, assumed con¬ 
stant as A is small. We may express h in 
terms of the surface tension T and the radius 
of curvature of the Uquid at B. The pressure 
ia the liquid just under the surface is 

2T 

and the liquid pressure at .4 is therefore 

2T 

Pi -^ + 9P^ 


MB 


Fig. 3-4 


where p is the density of the liquid. But this is equal to py and 
hence 


and, from (3-7) 


or 


Pi = Pi —~ gp^ 

2T 

Pa -1- goh = pg- - gph 

2T 

— = gh{p— a) 


and Pi —Pz = g^<^ 

If the surface at B is convex, then 



2T 

Pi-Pi = — 



It will be noted that the vapour pressure over a curved surface 
differs from that over a plane surface by an amount 


2T( a 
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Unless the drops are very small the eflfect of curvature is inappreci¬ 
able in altering the vapour pressure. When a drop is extremely 
small it will rapidly evaporate in an atmosphere from which vapour 
would condense on a plane surface. Hence, water drops which 
have to grow from indefinitely small drops by precipitation will 
only do so if nuclei such as dust particles are present or the atmo¬ 
sphere is supersaturated. 


Condensation and Formation oe Drops on Ions 


C. T. Ei. Wilson discovered that ions and electrons may form 
nuclei on which drops may grow by condensation. With dust-free 
air no cloud is formed if the expansion ratio is less than 1-26. If 
X-radiation is directed on the cloud chamber an expansion of 1*26 
gives a cloud on electrons, but 1-34 is required for a cloud on positive 
ions. The following explanation may show the means whereby drops 
form on ions. The work done, per unit surface area, in increasing 
the radius of a drop by dr, is 


2T 


dr 


r 


Thus the total work done due to surface tension is 


2T 

47rr2 — dr = SrrrTdr 


and the potential energy of the drop at radius r is 


rr 


HttT 


rdf = 


If the drop has a charge e, the potential energy due to the charge 
is e?j2Kr, where K is the specific inductive capacity of the medium 
in which the drop exists. Thus, the total energy is 


E = + 


2Kr 


This energy will tend to become a minimum 

i.c. 

VUT 

e* 


dm m 

dr ~ M'r^ ~ ^ 


or 




l67r/fT 


If a drop commences to form on an ion, the radius of which is, of 
course, exceedingly small, the drop will commence to grow and 
condensation will occur. This will go on imtil r® = e^Jl^nKT. If 
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r® tends to exceed this value, the effect of surface tension will be 
to cause evaporation. 

The Determination of e. The Electronic Charge 

Thomson’s Method 

The apparatus employed by Thomson is illustrated by Tig. 3-5. 
The gas under experiment is situated in A and is ionized by X- 
radiation from above. The gas in the expansion chamber is shut 
in by a movable piston P, consisting of the end of a test tube. 

The joint is made air-tight 
with water, which also serves 
to keep the space A satur¬ 
ated-with water vapour. The 
air space within P communi¬ 
cates with B via P, and the 
piston can be raised to any 
desired height by forcing air 
in at (7. The vessel X is 
maintained at a low pressure 
and is closed by a valve F. 
On pullmg back the valve 
rod i?, the space under P is 
rapidly exhausted, and the 
piston falls, producing an 
adiabatic expansion of the 
gas above P. Let tt be the atmospheric pressure, the pressure 
difference of the two arms of an attached manometer, before expan¬ 
sion, and or the water vapour pressure. Then 

TT = a . . . (3—8) 

where P^ is the gas pressure in A before expansion. After expansion 
and when the temperature of the apparatus has attained the tem¬ 
perature of the laboratory 

P 2 = • • • (3-9) 

Prom Boyle’s Law, = P^v^, and froih (3-8) and (3-9) 

H? _ 'ft'—Px — a 
Vx'~~ 'TT — p^--- a 

which gives the expansion. Also 

log j = {y-1) log ^ 

( 7 , Vi 



Fig. 3-6 


and 
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which gives 6^, the lowest temperattixe reached during the expansion. 

Now, let Wi be the weight of water vapour needed to saturate 
the expansion chamber at the initial temperature and TTg 
to saturate it at Og* Then the weight of water deposited is 
JIf = Tfj — Wz- The drops constituting the cloud fall under gravity 


with a limiting velocity given by Stoke’s Law, s = 


2gp^ 
9 ri 


where 


p is the density of water, r the radius of the drop, and rj the 
viscosity of air. The velocity is found by observing the rate at 
which the surface of the cloud falls. Knowing this, r is found. 
Ifnis the number of drops in the cloud 

Trr^pn = M 


which determines w. The water surface in J. is connected to an 
electrometer and thus the charge Q brought down by the cloud is 
obtained. Finally the charge on an ion or electron is Q/n, 

The value of e obtained by Thomson by the foregoing method 
was 3-4 X 10-^® electrostatic units, a result now known to be some¬ 
what low. The weak points in the method are the assumptions 
that the drops each contain but one ion and that the total mass of 
water in the cloud is that due to an adiabatic expansion. Actually 
the cloud tends to evaporate as the temperature of the air rises, 
with the result that the mass of the drops is not constant. Never¬ 
theless, Thomson’s investigation is justly celebrated and may be 
regarded as the first direct determination of the electronic charge. 


H. A. Wilson’s Method 

A method of determining e which does not necessitate the 
determination of the mass of the cloud and the number of drops 
is due to H. A. Wilson, The velocity of a sphere moving through a 
viscous liquid is proportional to the force driving it, so that a 
vertical field X which exerts a force Xe on the drops will modify 
their velocity. If is rate of fall with Z = 0, and V 2 the rate of 
fall in the field, then, 

Vi ^ mg 
^2 mg Xe 

where m is the mass of a drop and the force Xe is reckoned positive 
when its direction is downwards. 

The apparatus employed consisted of an expansion chamber 
containing two horizontal parallel electrodes between which the 
field X was maintained by means of a potential diflPerence of about 
2000 volts. The electrodes were 3-5 cm. in diameter and about 
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6 mm. apart. It was found that without the field the drops formed 
by an expansion all fell at the same rate. With the field applied 
this was not so, several sets of drops being discernible, each set 
falling at the same rate. Three such sets could usually be detected, 
it being found that the charges carried by them were in the ratio 
of 1 : 2 : 3. This shows that the charges are multiples of an atomic 
unit, giving confirmation of the theory of atomicity of electricity. 
The results obtained for 6 varied from 2 x 10"“^® to 4*4 x 10”^° 
electrostatic units with a mean value of 3*1 x 10”^®. 

As with Thomson’s method, maccuracy was present due to 
evaporation of the drops. 

Millikan’s Method 

Probably the most accurate determination of the electronic 
charge is due to Millikan, who employed an improvement of Wilson’s 
method. Drops of oH or mercury were employed, which do not 



evaporate, these being produced by a sprayer or atomizer. The 
final form of Millikan’s apparatus is shown by Fig. 3-6. A and B 
are similar circular metal plates, 22 cm. in diameter, 14*9 cm. apart, 
which have optically worked plane parallel surfaces. In the centre 
of the upper plate is a small hole through which drops of oil or 
mercury may pass from the sprayer above. The plates are supported 
in a metal box which is immersed in an oil tank TT, The drops are 
illummated by means of an arc lamp through a window W, and are 
observed by means of a long-focus microscope, in which the image 
of a drop appears as a bright point of light. 

On operating the sprayer, a large number of drops is formed 
above the plates, a few of which pass through the hole in the upper 
plate. X-radiation is passed between the plates, whereupon the 
drops pick up charges and, due to the electric field, either remain 
suspended or move slowly up or down. A drop may be selected 
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and its velocity found by measuring the time its image in the 
microscope takes to pass from one hair line to another in the eye¬ 
piece. As with Wilson’s method, we have 


and 


_ mg 
^2 ~~ mg ± Xe 


e = 


± 


«; 2 —% mg 

• X 


m is determined from and Stoke’s Law, and we have 


which gives 



. (3-10) 


From (3-10) it will be noted that the charge on a drop is proportional 
to (^2 — ^i)- was found that the values of (^ 2 “ were* always 
multiples of some minimum value {V 2 — This shows that the 
charges on a drop were always multiples of a definite unit, i.e. the 
electronic charge, the charge being varied by the addition of electrons 
or positive ions one at a time. The final result obtained by Millikan 
was 

e = 4-774 X 10"^® electrostatic units 


The value of e now generally accepted is 4-77 X 10”*^® e.s.u. or 
1-69 X 10“2®e.m.u. Combining this with the accepted value of 
1-757 X 10’ for e/m gives m = 9-1 X lO-^s gm. for the mass of the 
electron. Hence the mass of an electron is 1/1839 of that of an 
atom of the lightest known element, i.e. hydrogen. 


Elbotroh Dimensions 

Having determined the charge and mass of the electron, it is 
evidently important to have some idea of its dimensions. As will 
be shown later, it is probable that an electron does not possess what 
is commonly termed inertia or gravitational mass, but owes its 
mass to the electromagnetic field it creates when set in motion. 
In a state of rest an electron possesses a radial electric field only. 
When in motion it behaves as a current element ev with an accom¬ 
panying magnetic field. The energy of the latter is ergs per 

unit volume, and the total energy may be equated to ^mv^, where 
V is the electron velocity. This means that it is assumed that the 
kinetic energy of the electron is entirely due to the electromagnetic 
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field. The field will extend throughout space and, if it be assumed 
that the electron is spherical, will have the radius of the electron 
as a lower limit. Thus the charge of an electron is assumed to reside 
on, or within, a sphere of radius a. Now, according to an original 
assumption of Laplace, the field due to a current element is 
ids siad/r^ where r is the distance from the element and 6 is the 



angle between r and ds. (See Fig. 3-7.) Hence the field due to a 
moving electron is 

ev sin 6 

H —— o 

and the energy per unit volume at any position in space is 

„ {ev sin0/r®)® 

Taking a volume element dV, the total energy of the field is given 
by the integral 

Ei =jEdV 

where this is taken over the whole of space surrounding the electron. 
Referring to Fig. 3-7, the volume-element dV may be expressed in 
spherical polar co-ordinates with the electron situated at the origin 
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and having its velocity directed along the x axis. Thus, from 
Fig. 3-7 

dV = rdd X dr X r I 


and Ef = I sm^drHrd(f> ooaddd 


Expressing this as a triple integral with appropriate limits 



Stt 


(* 00 

dr 

n 

ri 


ift 

0 J 


'7r/2 

sin^fl cosflde 

- ff /2 


““ 3a 

But and thus 



which gives a = ~ — 

Substituting for e and m, a — 1-9 x 10“"^® cm. It may be mentioned 
that, as we are dealing with an electromagnetic field, e must be 
expressed in e.m.u. 


Electron Dynamics 

It will have been noted that the majority of experiments devised 
to study the properties of ions and electrons depend on the behaviour 
of the latter under the action of magnetic or electric fields or com¬ 
binations of both. Furthermore, scientific and engineering appli¬ 
cations of ions and electrons (i.e. Electronics) in the majority of 
instances depend for their functioning on the motion of these 
particles under the influence of such fields. This motion may be 
termed electron dynamics, and to this subject closer attention will 
now be directed. It may be found that some of the ground already 
covered in previous chapters will be touched on, but some of this 
matter wiU be included here for the sake of completeness. The 
simplest examples will be first treated, advancing to others of 
greater complexity. 

Motion of a CHAuaBD Pabtiole in an Electric Field 

The force on a charge q in an electric field of strength X is 
given by 

qX .... (3-11) 
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and in the absence of impeding forces the charge receives an acceler¬ 
ation equal to 

. . . . (3-12) 

m 

where m is the mass of the particle. The charge, of course, moves 
in the direction of the force, and after a time t possesses a velocity 


u = -^Xt^u^ . . . (3-13) 

m ” 

where is the initial velocity. Assuming the direction of flight is 
parallel to the x axis, the distance of the particle from the origin 
at time t is 

X = Xt^ + . . . (3-14) 

iu Yfl 

where is the position from the origin when i = 0. The velocity 
of the charge may be expressed in terms of the potential difference 
through which it has fallen. Thus 

u^) = ?(F— 7o) ... (3-16) 

where 7^ is the potential at the position corresponding to Uq and 
7 similarly corresponds to u. From (3-15) 

(»•-<) =|(K-7.) 

and if Fq and «o = 0 _ 

u =J^ Vi = ^Xt . . . (3-16) 

S m m 


Substituting from (3-16) into (3-14) 
or, if Uq and Xq = 0, _ 

. . . ( 3 - 17 ) 

which gives the time of flight. When g and m are, respectively, 
the eleotroiuc charge and mass, and F is expressed in volts 


I 


2e 

— = 5-95 X lO*^ cm. per volt^/sec. 
m 


For an ion of atomic weight A 
l2e 

m 


fx CVUV.fXXXJ.Vf YrV/X0XXV XJL 

— = 1-39 X 10*10'cm. per volt^/sec 
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The foregoing equations are, of course, based on the assumption 
that X is constant. If X is a fonction of time, then 



II 


and 

~ r xdt 

mj 


Also 

dx 


and 

X =j{u + Uo)dt 


The expression given by (3-16) is an energy equation and depends 
only on the initial and final states. Hence, if = 0, is always 
equal to V2g'/m7* and is independent on the manner in which V 
varies with respect to time. The time of flight of an electron, or 
charged particle, must, however, be expressed differently from 
(3-16). We have 

at ^ m 


II 


and 

‘-Vi/''"*'*' 


If X is constant, then V = Xx and 


j 

V-Mx = J(Za:)-lda: = 2(Xa;)-ia: 


and 

t V~^x as before. 



Motion in Two Dimensions 

A case of considerable practical importance is where the initial 
velocity direction of an electron does not coincide with that of the 
field. Referring to Fig. 3-8 (o), let the field be in the direction of 
the y-axis and the electron enter the field at an angle given by 

tan 6q = Vq/uq 
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where Vq and Uq are, respectively, the initial velocity components 
of the electron in the y and x directions. As the a;-velocity component 
remains unaffected, we have 

U Uq 
X = UqI 

t being reckoned from the moment the electron enters the field. 
Again 

V = “ -|- Vq 

m ' ® 

^ 2m 



Assuming X to be independent of t. Eliminating t we have 


V = 



+ ^0 • 


1 Y 
2 m 


+ 


Un 


. (3-18) 
. (3-19) 


which show that the v-directed velocity component is a linear 
function of x and that the path of the electron is a parabola. The 
angle of flight is given by 


tan 0 = — 
u 


m Uq 


The foregoing equations for two-dimensional motion are based * 
on the assumption that the field vector points in the -y direction. 

If the opposite direction is assumed the electron trajectory will 
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have a maximum for a finite value of x. In this case 

we must 

write 



or 

m ^0 

. (3-20) 


y 2 m Uq ' 

. (3-21) 

For a maximum 

f — iz.^, + at = o 

dx m 


or 

mVf^UQ 



q X 


and 

Imvg^ 

y”^~ 2 ~qY ’ 

. (3-22) 


A case of comnLon occurrence is where = 0. In this circumstance, 
the trajectories are identical in form (although opposite in direction) 
whether the direction of the field is positive or negative. 


Variation of Mass with Velooitv 

In the treatment of the motion of a charged particle it has so 
far been assumed that the' mass of the particle is unaffected by 
its velocity. This assumption is justifiable, provided that the 
velocity is less than that corresponding to about 3000 electron-volts, 
but above this it may be necessary to introduce a correction factor. 
To those familiar with the Special Theory of Relativity it is, of 
■course, well known that the mass of a body is related to its velocity 
by the following equation 

11 , 

m = — - 

Vl - {vjef 

where is the rest-mass of the body, v its velocity, and c the 
velocity of light. It is, however, possible to deduce this result 
from electromagnetic theory and this procedure will now be followed. 
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ELBOTROMAaNBTIO MOMENTUM 

According to Maxwell’s electromagnetic theory of radiation, an 
electromagnetic wave exerts a pressure on the surface on which it 
falls. If total absorption occurs this pressure is equal to the energy 
of the wave per unit volume. Let E be the pressure (and energy) 
per unit volume of the wave, and consider a volume of area A 
and length x moving with velocity c. If this energy is assumed to 
possess momentum and M is its magnitude, then, from Newton’s 
Second Law of Motion 

. dM 


f='^- = EA 


(3-23) 


because EA is the force exerted when total absorption occurs. Let 
dx be the distance travelled by the wave in time dt. Multiplying 
both sides of (3-23) by dx we have 

-j- dx = EAdx 
dt 


dM^ = EAdx 


But dxjdt = c ; therefore 


dJIf = 


EAdx 


Integrating 




EAdx 


or M == — . Ax 

c 

As Ax is the volume, it follows that the momentum of the wave per 
unit volume is 

M = - . . . . (3-24) 


From this result it appears that a field has energy and momentum, 
and as it can travel through space it has some of the essential 
properties of matter. As this momentum is that of the energy of 
the field it may be said that electromagnetic energy in motion has 
momentum. It may be supposed, therefore, that the momentum 
of matter is simply the momentum of the energy it contains. This 
follows because energy can be converted from one form to another. 
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and if electromagnetic energy has momentum it is probable that 
other forms of energy have the same amount and kind of momentum. 

Eleotromagnetio Mass 

As a field possesses energy and momentum, two essential pro¬ 
perties of matter, it is possible that it possesses a third essential 
property, i.e. mass. This mass may be determined in the following 
manner. Eeferring to Fig. 3-9, let this represent a radiation-tight 
tube with bodies A and B of equal mass at its ends. Assume that 
A has initially more energy than B and 
that it discharges this excess energy in 
the form of an electromagnetic wave to 
B. As the wave leaves, A experiences a 
backward impulse /, and B experiences 
a forward impulse I when it arrives, due 
to the wave possessing momentum. Let d be the distance from A 
to B. Then during the time dfe the system travels towards the left 
with velocity where is the mass of the bodies A and B. 

The distance the system is displaced during this time is 

/ d 


A D 



Fio. 3-9 


but by Newton’s Third Law the centroid remains in the same place. 
Thus, if the mass is displaced to the left, another mass must 
bo displaced to the right. The only thing which moves to the right 
is the wave which travels the distance d. Hence if the mass of the 


wave IS m 


But / lu^iico 


(3-25) 


where is the total energy of the wave. From this it will be seen 
tliat the mass of the field per unit volume is EJo^. 

From tlie foregoing it ap]3oars that electromagnetic energy may 
bo considered to ])ossess mass, and as this energy may be converted 
to other for*ms it is probable that all forms of energy have mass in 
accordance with the relation expressed by (3-25). It follows as a 
corollary that all mass may possess energy in accordance with 
(3-25). 

5-(T.28y) 
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Relation between Eneegy, Mass, and Velocity oe a Paetiole 

Considering a particle of mass m moving with velocity v, its 
momentum may be written 

M = — 


If a force acts on it in the direction in which it is moving and there 
is no loss by radiation 

dM _^E dv V dE 

^ dt dt di 

Now fdt = dM 

fdx = dE 
dx = vdt 

from which dM = dEjv 

dE Edv + vdE 


Transposing j- = 

■which leads to log E = — ^ log (c® — v^) + log O 

When V = 0, E — Eq. Therefore 
C = E^ 

and E = 




. (3-26) 


From (3-25) we may write E = mc^ and E^ = whore is the 
rest-mass of the particle. Substituting in (3-26) 




(3-27) 


a result which is identical with that derived from the theory of 
relativity. The kinetic energy of the particle is 


E Eq = Eq 
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If v/c is small (as it generally is), (3-28) becomes 

— 

2c2 

and since we have 

Jg? — 

It is evident from (3-28) that it is only when v is comparable with 
c that a correction must be applied for the variation in the mass of 



a body according to its velocity. If the velocity of a charged particle 
is calculated in the normal manner from the potential through which 
it has fallen, it is apparent that this calculation ignores the effect 
of the increased mass of the pai*ticlo. Honco the calculated velocity 
is greater than the actual velocity. The latter can be found from 
the former in the following manner— 

The calculated velocity is given by 

= eV . . . (3-29) 


or 
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Also from (3-28) and (3-29) 

<-•* I ■ ■ 

2c2 Vl — v^lc^ 
, 1 


which gives v = c\ 1 - . 

L 

V being the true velocity and that as calculated above. Referring 
to Fig. 3-10, it will be appreciated that it is only when Vc/c exceeds 
about 0*1 that it is necessary to replace Vq by v. At this value, 

V = 2540 electron-volts. 



Hence 

and 


Electron Radius 

With the assistance of the foregoing theory of electromagnetic 
mass the radius of the electron may be calculated. Assuming the 
charge of the electron to be distributed over a sphere of radius a, 
the energy of this charge is 

= I X charge x potential == mc^ 

ie . - = mc^ 

^ a 

_^_ (4*774 X 10-^0)^ 

® “ 2mc2 ~ 2 X 9-1 X lO-®* X (3 X 10“)2 
= 1-4 X 10-“ cm. 

which is of the same order of magnitude as the result obtained on 
page 113. 

Motion or a Charged Particle in a Magnetic Field 

If a charged particle is placed within a magnetic field, then, 
provided there is no relative motion between field and particle, 
the latter will experience no force. It will be noted tliat this is a 
distinctly different state of affairs from that occurring with an 
electric field. If the particle is set in motion it will be equivalent 
to an element of current, for the latter is only a charge in motion. 


or 

and 
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Referring to Fig. 3-11, the force acting on this equivalent current 
element is 

/ = Hids sin 6 

■where H is the magnetic field strength, i the current in e.m.u., 
ds an element of length, and 6 the angle between the directions of 
H and ds. Writing i = dqjdt we have 

/= R^dssin e 


= Hdq ^ sin 6 

= Hqv sin 6 . . . • (3-30) 


FORCE ACTS 

DOWNWARDS INTO PLANE 
OF PAPER 



eV^ 


^^_ 


ELECTRON MOTION- 

DUE TO Vcos 0 

Fkj. 3-11 


where q and v are, respectively, the charge and velocity of the 
particle. This expression clearly shows the dependenee of the force 
on the velocity of the particle and also indicates that when the 
motion is parallel to the field no force exists. The direction in 
which the force acts depends, of course, on the sign of q. Thus, the 
direction for an electron is opposite to that for a positive ion. 

Let it now be assumed that an electron, or positive ion, with a 
velocity v enters a uniform magnetic field at an angle 6, The com¬ 
ponent of the velocity parallel to the field is v cos 6 and, as this 
does not produce a force, this component will be unaffected and 
the particle will move along the field with velocity v cos 6. The 
velocity component v sin 0 produces a constant force perpendicular 
to itself, and as this force has no component parallel to v sin 6 
the direction of the particle will bo changed but not its speed. Now 
a body moving in a circular path with constant speed experiences 



124 


BLEOTRONIOS 


a constant force perpendicular to its direction of motion, the magni¬ 
tude of this force being equal to mv^jr, where m is the mass of the 
body and r the radius of its circular path. Hence it follows that 
the velocity component sin 6 of a charged particle will cause it to 
describe a circular path in a constant magnetic field, the radius of 
the path being given by 

Hqv sin 6 = mv'^ sin^ djr 


i.e. 


r = 


mv sin d 


cm. 


If the kinetic energy of the particle is 
we have 

= ff7 


. (3-31) 
in electron-volts. 


and 

which, for an electron, is 


H M q 


3*36 sin 6 
E 


(F)i. 


(3-32) 


The angular velocity vrith which the particle describes its path is 

_ t; sin 0 _ Hq 
r m 

which is independent of the linear velocity and d. 

The periodic time is 


277 _ 277TO 

w ~ Hq ' 


. (3-33) 


Now during the time the particle is traversing the circular path 
the velocity component v cos 0 is translating the particle parallel 
to the direction of the magnetic field. Hence, it follows that the 
actual path traversed by the particle is a heUx, the pitch of which is 


Tv cos B = 


^nrmv cos 6 

Si 


(3-34) 


Pabtiolb Motion in SmuLTANEOtrs Elbotbio and Maqnbtio 
Fields 

The motion of a charged particle under the simultaneous influence 
of electric and magnetic fields parallel to each other will first be 
considered. Eeferring to Fig. 3-12, the fields will be taken to be 
parallel to ihe y-axis with the directions shown. K the particle 
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enters the fields without a velocity component in the ir-direotion 
it will simply move parallel to the field according to the relations 

V = ~ Vq 

m 

. . . (3-36) 

As no velocity-component perpendicidar to the magnetic field 
exists, this field will be without effect. Assuming now that a 
velocity-component, Uq, exists in the rr-direction, this will give rise 
to circular motion, the radius of the path being independent of X, 



The particle will now describe a helix along the ^/-axis, the pitch 
constantly increasing with time as indicated by (3-35). The value 
of the pitch is obtained from (3-33) and (3-35), and is 

f = + n - + voKh + T)- y 

^ Tflt 

X(^ 27rTO , \ 

or p = n^i^2t, + + 

where is any instant of time. The radius of the circle is, of course, 
given by either (3-31) or (3-32). 

Particle Motion in Mutually Perpendicular Electric and 
Magnetic Fields 

In this case it will be assumed that the electric field is in the 
— a;-direction and the magnetic field is in the — z-direction, as 
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shown by Fig. 3-13. If the only initial velocity-component is Vq, 
then the force on the particle due to the magnetic field will be in 
the opposite direction to that due to the electric field. Hence the 
resultant force on the particle is 

Hqvo— Xq 

and, i£ Vq = X/H, this is equal to zero. Thus, in this special case, 
the motion of the particle is unaltered by the joint action of the 
fields. 

A case of some importance is when the particle is released with 
zero velocity, i.e. Uq = Vq = Wq=^ 0. At any instant after release 



the X velocity component is dxjdt. The force on the particle duo to 
this component and the magnetic field is in the y-direction and is 
given by Hq dxjdt. Hence 

d^y dx 

= 


The force on the paiticle due to the electric field is Xq and acts in 
the a:-direction. In addition to this force is one created by the 
magnetic field and the ?/-directed velocity component of the particle. 
This acts in the — x direction, and hence the resultant force along 
the X axis is 


d^x 


m ■ 




Differentiating (3-36) and ('H-Bl) 

d^x 


. (3-37) 
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From (3-39) 


d^y __ m d^x 
dt^ Hq 

and substituting in (3-36) we have 

d^x dx 


or 




Let dxfdt = Z. Then 


dt 


m^Z" + H^q^Z = 0 


and 


Z = A&va. -- t + B ooB — t 
m m 

m . Hq, , m ^ . Hq , ^ 
aj = — nr -a ®os -•- < 4- fr- jB sm — « + G 
ffff m ' Hq m ' 

where A, B, and 0 are constants. 

When t — 0, X = 0, dxfdt = 0. 


Therefore 


and 


m 


B = 0 and C = ^ A 
Hq 

X = — {\ — cos ci), where p = — 


In order to obtain A it may be noted that for t=0, dyjdi — 0. 
Referring to (3-37) we have 

dH dy 

“3?5 


or 

mpA = Xq when ^ = 0 

Hence 

mp H 

and 

Y 

a-’ =^(1- cosiJf) 


. (3-40) 

In order to obtain y wo differentiate (3-40) twice and substitute 
in (3-37), obtaining 


7n2)X 


H 


and 

where D is a constant. 


f ooapt = Xq-Hq-jr 


dt 


X 

H' 


dt 
mpX 

-jjq ^OB pt 


X toX . ^ ^ 

y — ^ ^ li^q ^ 
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When, i = 0, y = 0, therefore D — 0 
, X mX . 

d y = 

Collecting (3-40) and (3-41) we finally have 

X = -^(l—OOBpt) . 

^ , .V 


. (3-41) 


. (3-42) 

. (3-43) 


These last two equations are those of a cycloid, i.e. the curve gener- 

K ated hy a point on the circumference of a 
circle of radius r which rolls along a straight 
line, the y-axis. Referring to Fig. 3-14, the 
position of the point P represents the posi¬ 
tion of the electron at any instant. Assum- 
. ing this to have been initially at the origin, 
then its co-ordinates may be expressed in 
terms of 6, i.e. the angle through which the 
circle has rolled. The distance OA is equal to 
r6, this being equal to the length of the arc 
PA. The distance y is 

rd — PC sin 6 


Also X is equal to 


f A Hence a: = r(l — cos 6) 

) y = r(0 —sin0) 

_y which is identical with (3-42) and 

o ^-- (3-43) if 6 = and r = XfpH. 

It wUl be appreciated that 
the particle will describe a path 
® similar to that of a point P on a 

Fig. 3-14 rolling circle and that its distance 

from the y axis caimot exceed the diameter of the circle. Hence 

2r = —g: 
pH 

2X 

or 


= r{6 — sin 0) 
OG-PB 
= r—r cos 0 


Fig. 3-14 
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where is the maximum distance the particle can travel in the 
X direction. 

The cycloidal motion described has been employed to determine 
the ratio m/e for the electron. To effect this, a zinc plate takes the 
position of the y-a.xi& and is exposed to ultra-violet light which 
causes it to emit electrons by photo-electric action. If a second 
plate is placed parallel to the zinc plate, no charge will be received 
by the former until the distance between the plates is 

_ 2X m 

Thus mfe may be determined. 



The velocity of a charged particle undergoing cycloidal motion 
is given by 

= V {dxldt)^ + [dyjdt)^ 

=J (f sin ^ (1 - cos pt) 


or 


/2Z2 , 

=V -ffa 




2X . pt 


Thus, when pt = 277, i.e. after one complete period, the velocity 
of the particle is zero. 

In addition to the various motions already considered, and 
referred to caitesian co-ordinates, we may consider one further and 
final case before passing to motions referred to a polar co-ordinate 
system. This case is where the directions of the electric and magnetic 
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fields make an angle with each other. The plane determined by 
the fields will be taken as the xz plane, the conditions being shown 
by Fig. 3-16, where 0 is the angle between the field directions. 
The electric field may be resolved into two components, one, X cos 6, 
parallel to the magnetic field and the other, X sin 6, perpendicular 
to the magnetic field and having the — x direction. It follows that 
the conditions are similar to those of Fig. 3-13, with the exception 
that X in (3-42) and (3-43) must be replaced by X sin 6 and that 
now a 2 J-co-ordinate exists due to Z cos 6. Thus, the projection of 
the motion of the particle upon the xy plane is still a cycloid, but 
the motion now occurs in three dimensions instead of the former 
two. The co-ordinates as a function of t are 


X sin 0 

iC = —(1 - cos pt) 


pH 
X sin 0 


pH 

qX cos 0 


{pt — sin pt) 


z = 


2m 


it being assumed that the particle starts from rest. 


Cylindrical Symmetrical Systems 

The foregoing analyses of charged particle motion have been 
effected with the use of rectangular co-ordinates. However, in 
cases where cylindrical symmetry exists, such as, for example, 
between concentric cylinders, it is preferable to employ cylindrical 
polar co-ordinates. As an instance, consider a long straight filament 
surrounding which is a coaxial cylinder. If a potential difference 
is maintained between these, the cylinder being positive, a purely 
radial field will exist which will be cylindrically symmetrical. 
Should electrons be emitted from the filament, they will be acceler¬ 
ated by the field and travel radially to the cylinder. The electron 
acceleration is not constant because the field strength is a function 
of r, i.e. the radial distance from the filament axis. The value of X 
as a function of r may be found in the following manner. Lot a 
charge Q exist per unit length of the filament. Then the charge 
density is Q/277r, and the field at any radius r is 4??. Q/ 27 rr = 2Q/r. 
Hence 


X = 2Q/r 
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The force on a charged particle at radius r is 


qX = 


T 


and the work done in translating the particle a distance dr is 


qXdr = 


2qQdr 

r 


If 5 is a unit charge, then the potential difference between the 
filament and cylinder is 


y = 2(3 



J 

jff 


= 20 log g 

Dividing both sides by r 


V 

r 



Xlog-' 

»•/ 


and 




o.s.u./cm. 


(3-44) 


From this result it will be noted that, unlike previously considered 
cases, the field is not constant, but is a function of r. 

Wo sliall now consider the case whore a radial electric field 
exists simultaneously with a uniform magnetic field, the latter 
being parallel to the filament axis. Electrons emitted from the 
filament will possess radial and transverse motions due to these 
fields, and tlie motions will bo considorod with the assistance of the 
cylindrical co-ordinate system of Fig. 3-16. At any point P the 
force acting on an electron in the y direction is ma^, where 
is the ^/-directed acceleration. Tho ^/’directed velocity is, of course, 
dyjdt. The radial and transverse velocities are, rospeotively, dTjdt 
and rdOJdt. The radial accoloration may be considered to consist 
of two compononts, one duo to the electron’s purely radial motion, 
given by and the other duo to tlu^ transverse motion, 

given by ~ or — rl{dOldi)^. Tho signs of these two compononts 
are opposite in character, because tlie first acts radially outwards 



132 


ELEOTBOmOS 


and the other is always directed inwards towards the centre of 
circle of radius r. Hence the total radial acceleration is 

a, = — r^ddfAt)^] 

Now the effect of the magnetic field is to produce a torque on. th 





Fig. 3-16 

electron at right-angles to its direction of motion. As torqxTO 
equal to rate of change of angular momentum, we may write 

where fo is the tangential force, Iw the angular momentum, aT\d 
the moment of inertia. Differentiating 

d(mrhjo) 

= —dt~ 
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CoUeoting results we have 


t, 

dt • • 

. (3-46) 

dr 


It 

. (3-46) 

de 

. (3-47) 

^^ = ^dt • • 

f 

A = m^ . . 

. . (3—48) 


f)’] 


(3-49) 


md [ g,d6\ m ( dH , „ dr dd\ 

In the case under consideration fy==^0 and fo = HqdrjdL The 
radial force acting outwardly on the electron is Xq and in addition 
to this is a radial inwardly directed force due to the magnetic field 
and the transverse velocity component given by (3-47). Hence 
the resultant radial force is Xq — Hq rddjdty and we may write 


dr 


(3-51) 


"d^r „ d0 


Integrating (3-51) 


m a ( ^ I = rdr 

M _ Hqf _rl\ rJ(M\ 
r^)'^ r^\dtjj 


which leads to 

de_Hq( rj\ T,^fdO\ 

dt - 2m V ^ “ 7^ j + 

where the suffix / denotes con*esponding values of r and dOfdt, 
Substituting (3-53) in (3-49) results in 


V n 
^ [s 


rl (m T 

r*^ [dl),} 




1--W 


(3-64) 
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Now for practical purposes tMs expression may be simplified 
by the assumptions that Vf is negligible compared with r and that 
the electrons are emitted with negligible velocities. In these cir¬ 
cumstances (3-54) reduces to 


m 


\jit^ \2mJ ^ 


2m 


Multiplying throughout by dTjdt and integrating 


I dt^ m 4m2 


rdr 


or 


1 r/^Y /dryi _ Vq HY 2 _ 


m 


Sm^ 


(^2 _ 


where V = Xdr 


Again, assuming {drldt)f and ff to be negligible, we have 


(§) 


m 


4m^ 


A matter of particular interest in connexion with this last 
equation is that if F < drfdt is imaginary. Physically, 

this means that electrons will never reach the cylinder, but will be 
subsequently returned to the filament. Hence the smallest value 
that V may have in order that electrons may arrive at the cylinder is 

V = ^r^ 

8m ° 

Under these conditions drjdt = 0, the electron trajectory just 
grazes the cylinder and is tangential to this thereat. 

The foregoing type of electron motion will again be referred to 
in dealing with the magnetron in Chapter XII. 


Electron Theory oJ Physical Constants 

By means of the concept of the electron it is possible to give an 
explanation of the principal electrical and magnetic propei*tics of 
matter such as specific inductive capacity, susceptibility, conduc¬ 
tivity, etc. The present chapter will be concluded with an account 
of the first two mentioned properties, while the third property will 
be dealt with in the ensuing chapter. 



THE ELEOTROH 


135 


SPBcmo Inductive Capacity. Refractive Index 


Imagine a lamina of non-conducting material in which, an electric 
field has been produced. The electron shells of the atoms are not 
rigidly attached to their nuclei, so that it is probable that the field 
produces a relative displacement of the two. As the electronic 
charge is negative, it follows that the displacement of the shells is 
in the opposite direction to that of the field. A result of this dis¬ 
placement is to produce a number of dipoles within the material, 
the moment of a dipole being equal to the j ^ « 

magnitude of the charge displaced multiplied 
by the amount of displacement. As a conse¬ 
quence of the dipoles, opposite electric 
charges appear on the two opposing surfaces 
of the lamina, the amount of the charge dis¬ 
placed per unit area being termed the 
polarization and denoted by the vector P^. 
if, initially, it is assumed that the atoms, or 
molecules, constituting the material are 
sufficiently far apart to be without electrical 
influence on each other (this is the case with materials of low 
density), and, further, that the molecules possess no inherent dipole 
moment, the field within the material is 



Fig. 3-17 


X = Zo-47rPd . . . (3-55) 

where Xq is the field in the absence of the material. Referring to 
Fig. 3-17, which represents the conditions, it is evident that the 
dielectric polarization sets up a field which opposes that of the 
original field. Now the specific inductive capacity, or dielectric 
constant, of a material is defined as the ratio of the field strength 
due to a given charged system, where there is no material substance 
(i.e. a vacuum) to the field strength due to the same charge in the 
same region when occupied by that material. Hence 



where K is known as the dielectric constant. 

It will now be assumed that when the field displaces an electron 
it brings into existence a restoring force proportional to the electron 
displacement. The force on an electron being Xe, we have 

Ae = oar 

where x is the displacement and a is a constant. If is the number 
of electrons displaced per unit volume of the material and has the 
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same value for all of these, then the number per unit area on the 
surface of the lamina is and = N^ex. Hence, dividing 
(3-66) by Z, 

^ = Z = 1 + . . . (3-66) 

_ 1 I 

~ ax 


= 1 I 

a 

In the case of a gas, Zj is proportional to the density, p, of the 
gas. Thus, 

K- 1 oc p 

and this relation has been found to hold very accurately. 

The refractive index of a medium is given by « = cjv where c 
is the velocity of light in vacuo and v its velocity in the medium. 
According to Maxwell’s electromagnetic theory 

1 , 1 
c = ■ 7 —— and v = - 7 = 

VZoPo VZ/i 

where Z and /i are, respectively, the specific inductive capacity 
and permeability of the medium and Kq and are those for a 
vacuum. For most dielectrics fi is practically equal to /j^ and t.fl.lring 
Zg as 1 

n= VK and n^ = K 
Thus n*- 1 = irrN^ya 

Refeaotion and Dispersion 

The foregoing treatment of specific inductive capacity and 
refractive index has been carried out for the case of a steady field. 
The circumstances will now be considered when an electromagnetic 
wave falls upon a dielectric material. The electron is now subjected 
to an alternating electric field which for a given frequency may be 
written X sin pt, where p = inf, f being the frequency. Assuming 
the nuclei to remain at rest, the electrons vidll execute forced 
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liarmonio vibrations, the equation of motion being 

dx 

P ax = eX ^pt 


(3-67) 


where jS is a damping ooeflioient. The general solution of (3-57) is 


(3-58) 


(3-59) 


X — s 2 »/ (j. ain J — — < + S cos — /-» t) 

' ^ m 4m2 ' y m 4m® ’ 

cX. Bp 

The first term of this represents a damped oscillation having a 
jBrequenoy approximately equal to the free vibration of the electron, 
i.e. Px = VaLjm, where = 27r/i, /j being the natural frequency. 
This term ultimately dies away. The second term represents a 
forced harmonic vibration and hence, after the transient has dis¬ 
appeared, we may write 

the amplitude of vibration of the electron being 

__^ - = . . . (3-59) 

Now, if Pi is very large, the amplitude of vibration of the electron 
due to the incident wave is correspondingly small and, thus, it 
scarcely affects the propagation of the wave. This also tends to be 
the case when p is large compared with p^. If p = p^ a condition of 
resonance results and the energy of the wave is completely absorbed 
and scattered in every direction. If p is very large it will be noted 
that the amplitude of vibration is again small, but in this case 
jS^p^ is large and the energy of the wave is now largely employed in 
heating the dielectric.* 

The influence of the electronic motion on the dielectric constant 
and refractive index may now bo considered. Writing X sin pt and 
Xq sin pi instead of X and Xq in (3-55), also (3-68) for x in the 
term containing wo have 

. 4:7tN .fi^X . , , ^ 

X n„ = Z. .m j,l - B.n (3« - « 

and, if ^ is small, this leads to 

= Z = 1 -h - . (3-60) 

Vm®(pi®-p®)® 

• This, of oourHO, is the principle of H.F. Dielectric Heating. 


X = 1 + 
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This last result indicates why light is dispersed when it enters a 
refracting medium, for the index of refraction depends on the 
frequency of the incident wave. When 'p is small, (3-60) reduces to 
(3-66), which is the refractive index for low frequencies or long 
waves. As p increases towards p^, the refractive index increases, 
becoming a maximum for p = p-^. If p now increases beyond p^ 
the refractive index may suddenly change sign.* If p is continually 
increased, the refractive index will, for some value oip, be positive 
and less than unity and ultimately tend to unity for very short 
waves. A value of 'n? less than unity indicates that long waves are 
refracted more than short ones, and this phenomenon has been 
observed and termed anomalous dispersion. 

The foregoing theory of specific inductive capacity and refractive 
index has been based on the assumption that the molecules are 
_ 3 ^x sufficiently far apart to be 



without influence on each 
other. In the case of dense 
substances, however, it is 
necessary to take into con¬ 
sideration the mutual inter¬ 
action of the dipoles. Pre¬ 
viously it was assumed that 
the field at an atom or mole¬ 
cule is the macroscopic field Z. 


Due to the influence of neigh¬ 
bouring electrons and nuclei, the field at a molecule may differ from 
X and the actual field is termed the microscopic field. It is the latter 
which we must now determine. In order to calculate this, the small 


space surrounding a molecule, in which there are no other charges, 
may be regarded as a small spherical cavity within the medium with 
the molecule at its centre. Now the medium may be regarded as con¬ 
sisting of two volume densities of charge + p and -- p which, in the 
absence of the macroscopic field X, coincide, giving an electrically 
neutral condition. When X is applied, the positive electricity is dis¬ 
placed relatively to the negative in the direction of the field through a 
distance x such that = px. The condition of two spheres of positive 
and negative electricity within the medium, initially coinciding and 
corresponding to the cavity above, may now be represented by 
Fig. 3—18, the distance between the centres of the spheres being x. 
It will be appreciated that surface charges now appear on the walls 
of the cavity and that the field resulting from these is in the same 


♦Providing ^ is zero. 
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direction as that of X, If the displacement x is small, the surface 
density of charge is given by px cos 0. The field within the cavity 
resulting from its surface charges is simply that due to the two 
spheres of positive and negative electricity. At any point P the 
field due to the former is i TTT^pjr^ = 47rpr/3, and, similarly, due to 
the latter, — 4^prJ3. The resultant of these will be seen to be 
47 rpa;/3, i.e. the field is constant in magnitude and direction through¬ 
out the cavity. Hence the microscopic field is 

X + 4^pxli= X + 4^Pal^ 

and 6 = acc . . . . (3-61) 

From (3-56) we have 

and, substituting for x, 

K -l = + 

But inrPJX — K — 1, SO that 

K - 1 n^ — 1 

K + 2 “ 2 ~ 3a 

Hence for denser mediums, the dispersion formula of (3-60) becomes 

n^- 1 __ 

71 ? + 2 ~ 3ocVm2(PjL* —2)2)3 4- 

Parae l kotricit y 

So far it has been assumed that the polarization of a dielectric 
medium is due to the relative displacement of the electron shells 
and the nucleus. In addition to the dipoles produced by this dis¬ 
placement, it is possible for a molecule to possess an inherent dipole 
moment. Such moments are possessed by molecules only, since 
(in the absence of an external field) for atoms the centres of gravity 
of the positive and negative charges coincide. Under the influence 
of an external field, the permanent dipoles tend to become oriented 
with their axes in the direction of the field, the orientation being, 
however, opposed by the thermal agitation of the dielectric. The 
theory of this paraelcctric effect, as it is termed, is exactly similar 
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to that of paramagnetism described on page 144. We may thus 
apply the results obtained from a study of paramagnetism to 
electric dipoles and have, therefore, for the paraelectric contribution 
to the polarization 

where p is the electric dipole moment. The quantity N^p^j'^hT is 
known as the paraelectric susceptibility of the dielectric medium. 
As the dielectric and paraelectric polarizations have the same sign, 
the total polarization is 

P = P, + P. 

Taking the mutual interaction of the permanent dipoles into con¬ 
sideration, both these and the dielectric dipoles will contribute to 
the microscopic field, which will be given by 


Hence we have 
X = (Xo- 47rP) 

Substituting for x from (3-61) and dividing throughout by X, there 
results 

' = +^-i]+fir [* +1 +^>)]1 

But + Pj!)IX = X — 1, so that 

X - 1 _ __ 1 4 ^ / N^p^\ 

X + 2■”7^2 + 2~3V a 

In this expression it will be noted that the paraelectric contribution 
is temperature dependent. Thus, by measuring X as a function of 
P, both N^e^oL and Nj^p^Sk may be determined. It may be men¬ 
tioned that the paraelectric contribution is responsible for the 
high value of the dielectric constant of water. 

Magnetism 

As an electron in motion constitutes a current element and 
associated with the latter is a magnetic field, it is rational to believe 
that the magnetic properties of materials are due to electron motions 
within the atom. These motions may be either duo to electrons 


X + ^(P, + P,) 


= Z,- 4^^N,ex + ^[z + ^ (P, + pj] 
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describing orbits, spinning upon axes through, their centres, or 
combinations of both. 

Consider an electron describing an orbit of radius r in time T, 
We have 


Assuming the orbit to be circular, the distance once round the orbit 
is 277r. Hence v = ^TrrjT and 




Thus the motion of the electron in the orbit may be considered to 
constitute a current of magnitude eJT e.m.u., 27rr being, of course, 
equivalent to ds. If the orbit is elliptical the result is similar, for 
the mean velocity of the electron is still given by dsfT, Now the 
magnetic moment of a plane current-carrying circuit is equal to 
the product of the circuit area and the current. Thus the magnetic 
moment of an electron describing an orbit of area a is eajT and is 
perpendicular to the plane of the orbit. 


Diamagnetism 

Substances which, when placed in a magnetic field, produce a 
moment opposite to that field are said to be diamagnetic. Obviously 
the permeability of such substances is less than unity. Diamagnetic 
substances are composed of atoms whose resultant magnetic moment 
is zero; i.e. such atoms possess several electrons and orbits and the 
magnetic moments of these mutually compensate each other, 
resulting in the magnetic moment of each atom being zero. The 
cause of diamagnetism arises from the fact that when an atom 
with its system of orbits is placed within a field H, the whole system 
undergoes a procession about the field axis. Following Lenz’s Law, 
this procession must create a current whose magnetic moment is 
such as to o])poso H, thus decreasing fi below unity. 

To consider this phenomenon in detail, let an electron rotate in 
a circular orbit of radius r with angular velocity w, the plane of the 
orbit being resident in a uniform magnetic field H, as shown by 
Fig. 3-19. Hero A BCD is the orbit and DC the field axis. As the 
moment of tlie electron in the orbit is mfT, the torque produced 
by the field on the orbit is HeajT or eawHI^rr, as IfT = wj^Tr, 
Now this torque is equal to the reactionary torque of precession, 
the value of the latter being Iwu)\ where I is the moment of inertia 
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of tile precessing body (i.e. the electron) and w' the angular velocity 
of precession.* Hence 


eawH 

— -= ItDU) 

ZTT 


27r 


= mrhuw' 


= .(3-62) 

41S a == Tir^ and I = mr^. Thus, the electron orbit processes about 



is the radius of the precessional 
the moan value of is 



the axis DC with an angular 
velocity given by — eHI2m. 

Because of the precessional 
motion the electron will, when 
viewed along DO, appear to 
pursue an orbit of periodically 
varying area. Eor example, if 
the electron were stationary at 
^ or jB the area of the orbit 
would be equal to If the 
electron remained at D the 
area would be zero. Thus, the 
magnetic moment of the orbit 
whose axis is parallel to H is 
continually varying and it is 
necessary to determine the 
average value of this. 

Referring to Fig. 3-19, if 
orbit as viewed along DC, then 


1 

r 


mj. 

— y^)dy 

0 


= |-r* 


Thus the mean, area of the precessional orbit is 

I = I a 

• The General Properties of Matter, Newman and Searle, p. 70. 
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and the moment due to this is 

^du = — I e® • ^ 

the negative sign indicating that opposes H. But, from (3-62), 
w' = eHI2m, and hence 

The average diamagnetic moment for the orbit per unit field strength 
is then 

jfef _ 

“ 6m 

This result is, of course, for a single orbit only. If an atom has a 
number of orbits, then 

Where represents the sum of the squares of the radii of the 
I orbits. 

XT ^ 

Now M,nii = — ” "N' 

whore I is the intensity of magnetization, i.e. the magnetic moment 
per unit volume, N the number of atoms per unit volume, and K 
is the susceptibility per unit volume. Thus 

whore % is termed tlie atomic susceptibility. 

It must bo mentioned that diamagnetism is present in all atoms. 
However, when paramagnetic moments are present, the diamagnetic 
moment is almost completely masked. This may be demonstrated 
at once by comparing the diamagnetic and paramagnetic moments 
for a single orbit. As wo have already soon, the paramagnetic 
moment is cafT or 

, ^ ewTir'^ 


= f (ignoring the negative sign) 
hm 

MJMj, — el3mw 


Hence 
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and, from Bohr’s theory, putting w = 7^A/27rmr^, 

__ 277 er^ 

Mj, ^ 3 nh 

__ 1>4 X lO-^Q 
n 

for unit field strength. As the diamagnetic moment is proportional 
to H, the last expression must be multiplied by H if differs from 
one. However, even if H = 10,000, with n = 1, is still only 

1-4 X 10-». 

\ 

Paramagnetism 

Paramagnetism may be explained on the assumption that atoms 
have permanent magnetic moments. The magnetic moment of an 

atom is the vector sum of the mag¬ 
netic moments due to the orbital and 
spin motions of its electrons. In the 
absence^ of an external field, a sub¬ 
stance is paramagnetic when this 
vector is different from zero, and 
diamagnetic when equal to zero. 
According to Langevin’s theory of a 
paramagnetic gas, each gas molecule 
is supposed to possess a constant mag¬ 
netic moment M and the distance 
between molecules to be such that 
their mutual iofluence may be neglected. The presence of an ex¬ 
ternal field tends to orient the magnetic moments in the direction 
of the field, this orientation, however, being opposed by the thermal 
agitation of the gas. If 0 is the angle which the magnetic axis of a 
molecule makes with the direction of the external field, then SAf 
cos d is the resultant magnetic moment per unit volume, the sign 
S indicating the summation of the values of cos 0 for all the mole¬ 
cules in unit volume. It is desired to find Slf cos 0 as a function of 
H and T, whore the latter are, respectively, the external field strength 
and absolute temperature. 

This problem is approached by first considering the potential 
energy of a gas in a gravitational field. If y is the vertical ordinate, 
then 

dp — pgdy 

where p and p are, respectively, the gas pressure and density at y. 



Fig. 3-20 
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The negative sign- denotes a fall in pressure with increase in y. 
We have ^ • • • • (3-63) 

Prom Boyle’s law = pPt .... (3-64) 

where po and are the values of p and p when « = 0. Prom (3-63) 
and (3-64) 

P Po ^ 


and 

where (7 is a constant. 

When y = ^,p — Po, from which 


p = Cs- > 


— ^gy 


From the Idnetio theory of gases 


Hence 


£ 

n 

2> 

n 

0 

Po 

m 

Po 

~ ief 

n 

_ am 

— 

== s bT 

n 

0 



wnero n is tne nuniDcr ot molecules per c.c., m tne mass oi a molecule, 
T the absolute temperature, and k is Boltzmann’s constant. Now 
gmy is the ])otontial energy of a molecule at y and, wiiting this as w, 

.vx W 


n 

n 


: e 


Thus, as is constant, it follows that the number of molecules 
having potential energy w in a medium consisting of molecules 

having kinetic energy i! kT, is ])roportional to s - 

Referring to Fig. 3-20, it will be seen that the ]iotential energy 
of an elementary magnet of moment ml, the axis making an angle 
6 with //, is 


2mH 


(j-jCObo) 


= MH{1 — cos 0) 

this exj)resHion giving the work done in turning the magnetic axis from 
a position parallel to the field to that shown. It follows by an analogy 
with the gravitational •|)otontial of molecules in a gravitational field. 
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that the number of molecules having magnetic potential energy 
MH{1 — cos 6) in a magnetic field is proportional to 


— MHiX — coa fl) 
p TsT 


Hence 


ME cos d 


dn = Ce * 2 ’ gin QdQ 


. (3-65) 


MH _ ME. 

where C is independent of d and contains s iot 


IcT 


Putting cos 6 == X, dx = — sin Odd. 
Substituting and integrating 


n = C 


0 = 


.+1 

MEx 

e dx 


-1 


nMH 


from which ^ _ g- MsikT^ 

It follows that 

SJIf cos 6 = J = 


nM^He^^ cos 6 sin Odd 


e- 3f£r/A:!r) 

where I is the intensity of magnetization, or magnetic moment per 
unit volume. Integrating 

r ^ + g- MEIkT) J^rp ^ 

1 -nM _ ^^MEIkT) jfpjj J 

.ME kT\ 

-%Jlf(^ooth ^ 

when MH/kT is large, at very low temperatures or high values of 
H, for example, I = nM = Iq 

This corresponds to a condition of saturation when all the atomic 
magnetic moments have the same direction as the field. Again, 
considering the case when MHIkT is small, we may write 

I s'* + 1 

"" e“~F^“a • • • 

where a = MHJkT. Expanding g® as a power series and neglecting 
powers higher than a, gives 

I a MH 

nM~"z~ 'ilcf ' • • • 

nMm 


from which 


/ = 


BkT 
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where k is the magnetic susceptibility per unit volume. This result 
is in accordance with experiment. 

In developing the foregoing theory of paramagnetism the mutual 
influence of the magnetic dipoles has been ignored as initially was 
that of the electric dipoles in dealing with refractive index. In 
the magnetic case, I corresponds to P in the electric case. Thus, 
the interaction of the magnetic dipoles may be taken into account 
by putting the microscopic field equal to the macroscopic field H, 
plus a second quantity proportional to the magnetization /. Experi¬ 
ment shows, however, that 47r/3 gives incorrect results when taken 
as the coejB&cient of I and so a general empirical constant b is taken 
instead. Hence 




Solving for I we obtain 




(3-68) 


or • ■ ' • (3 69) 

The temperature <f> is laiown as the Curie point. 

The relation expressed by (3-69) shows that if </> is positive 
there should be some temperature at which the susceptibility attains 
an extremely large value (theoretically, infinite). This is the case 
for a small group of substances, namely the ferromagnetic metals. 
However, in this case a may not be small, and hence the appropriate 
formula is (3-66) rather than (3-69). The value of a, however, in 
(3-66) must be taken as mH'fhT where 7/' = (H + hi). A further 
important point concerning is that below this temperature a 
substance may bo magnetized even if i/ = 0. To determine I in 
these circumstances we have the three equations 


-f- = (coth a — 


H'-H 

1 ) 


(3-70) 

(3-71) 


(3-72) 
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From (3-71) and (3-72) 


and if 

or 

But from (3-68) 


aTcTjM-H 
^ ~ .b 
= 0 
aMD 

7 dkT 

7o “ bnM^ 

_ 3Z?^ 


and hence 


!_ _aT 
Iq 3<f) 


. (3-73) 


Plotting (3-70) and (3-73), Fig. 
3-21, the latter intersects the 
former at 0 and P. Hence 
may have either the value zero 
or PP^. In the event of the latter 
value obtaining, the substance is 
spontaneously magnetized to an 
amount given by P from which 
it is evident that what is known 
as remanence (or residual mag¬ 
netism) is due to the molecular 
field originating from the magnetic dipoles. There is no spontaneous 
magnetization unless the line OP lies below the curve, and this 
only occurs when the slope of the line is less than that of (3-70) at 
the origin. From (3-67) it will be seen that the slope must be less 
than 1/3, i.e. 

T 1 
3^ ^ 3 

or T <(f) 

which result has already been indicated by the approximate formula 
of (3-69). Above the temperature (f>, ferromagnetic substances 
become paramagnetic, and hence (f> denotes a transition temperature. 





CHAPTER IV 

BLBOTEONS IN METALS 

Classical Theory of Conductivity 

That outstanding class of substances known as metals is particu¬ 
larly distinguished by reason of high thermal and electrical con¬ 
ductivity and reflexion of radiation. The explanation of such 
properties was difficult, if not impossible, prior to the discovery 
of the electron, but with the advent of the latter not only could 
these properties be explained, but many other phenomena associated 
with the metallic state. The initial clarification of this important 
subject took place principally at the hands of Drude and Lorentz, 
who introduced what may be termed the electron theory of metals. 
This theory followed classical lines in that the electrons, etc., within 
a metal were considered to act in accordance with Newtonian Laws. 
Subsequent investigation has shown that the state of electrons 
within a metal is not in accordance with classical theory, yet, 
nevertheless, the results which may be derived from classical 
assumptions yield, in many cases, information which is closely in 
accordance with fact. Hence, initially, the electronic state of a 
metal will be considered accorffing to theories initiated by Lorentz. 

The relatively high electrical and thermal conductivities of 
metals may be explained on the supposition that within a metal is a 
number of free electrons. These may be supposed to possess a ran¬ 
dom motion, similar to the molecules of a gas and, as as many move 
in one direction as in another, the average current, in the absence 
of a field, is zero. On applying a potential difference between the 
ends of a conductor an electric field is produced and the electrons 
are set in motion in the direction of the field. The atoms (or ions) 
constituting the metal are bound within the lattice structure, and 
hence, except perhaps for a small initial displacement, remain at rest. 

Assuming the electrons to behave as a gas, each, on the average, 
will travel a distance I, the mean free path, between collisions. It 
may also be assumed tliat, as after a collision with an atom the 
probability of an electron having any direction is the same, the 
average velocity of a largo number of electrons which have just 
experienced a collision is zero. Under the influence of the electric 
field, , each electron will ox])orionce a force eX and will be acceler¬ 
ated by this force for a period equal to that necessary to describe 

149 
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the mean free path This time is given by IJG, where G is the 
mean random velocity of the electrons. Hence the electron velocity 
added by the field at the end of this time is 


eXl 


mG 


and the mean velocity is 

eXl 

2mG 

The charge conveyed by the electrons per unit cross-section of the 
conductor per second is 

ne^Xl 


nev = 


2mG 


where n is the number of electrons per unit volume, 
the current density J. Thus 


J = 


ne^Xl 

2mG 


But this is 


As none of the factors composing a depends on X, J oc X and we 
have an explanation of Ohm’s Law. 

The expression for the current density may be put in a different 
form. According to the law of equipartition of energy 


and thus 


TTueHG 


( 4 ^ 1 ) 


Now n is likely to be independent of temperature, while it is known 
from experiment that the conductivity of all pure metals is inversely 
proportional to the absolute temperature. From this it may be 
concluded that IG is independent of temperature. Qualitatively it 
may be seen that temperature affects each of these two quantities 
oppositely. An increase in temperature causes the lattice olomonts 
to vibrate with greater amplitude, this increasing the collision 
frequency between atoms and electrons and causing a reduction in L 

Thermal Conduotivity 

Consider a plane AB in a conductor and two others, G, D, 
parallel to it and at distances from AB equal to the mean free path 
of the electrons. Fig. 4-1. The number of electrons passing through 
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unit area of each side of AB per second, is, according to the kinetic 
theory, 



If the temperature is everywhere the same, these two groups carry 
the same energy and thus the net energy transfer across AB is zero. 
Now let the temperature at 0 be and at D, T^, and > T^. 
In these circumstances there will be an energy ^ A D 

transfer across AB from C to D. The energy | i i 

transferred per second from C to D is . I 


and from D to G 


I'kT' 

2vm- 2*^2 


Therefore the net energy “transfer per second 
across AB from (7 to i) is 


3 



(Ti-T,) 



B 


where T is the temperature at AB, 

The temperature gradient at AB is — T^J^l and, if L is the 
coefficient of thermal conductivity, the quantity of heat transferred 
across unit area of AB per second is 




or 

, ,, 


Now 



and 

L = lnklC . 

• (4-2) 


Again, wo do not know the manner in which the separate factors 
of (4r-2) depend on temperature, but dividing (4-2) by (4-1) we have 




T 


i.e. the ratio of thermal to electrical conductivity is proportional 
to the absolute temperature, which is the law of Woidemann-Franz. 

6—(T-aSo) 





162 


BLHOTEONIOS 


This law is well substantiated by experiment, the factor of propor¬ 
tionality agreeing with 12/7r. (^/e)®. 

Electromagnetic Induction 

The phenomenon of electromagnetic induction may be readily 
explained by the supposition of free electrons within a metal. For 
example, let a wire of length I move with velocity « in a direction 
normal to a field of strength H. The positive ions within the lattice 
structure of the wire being in motion constitute a cun'ent element 
equal to ev and consequently experience a force, at right angles 
both to V and H, of magnitude Hev. Because of the restraint imposed 
by the lattice, the positive ions undergo a small initial displacement 
only. The electrons experience the same force, but in the opposite 
direction. Being free to move through the lattice structure, the 
electrons tend to accumulate at one end of the wire imtil the electric 
field, X, which they create produces ^ force on them which just 
balances that due to H. The potential difference between the ends 
of the wire is F = X? and thus X — Vfl. The force on an electron 
is Xe = Vejl and for equilibrium we have 

Hev = Vejl 

or F = Hvl 

But vl is rate of change of area A normal to H, and thus 



Also HdA = d<f>, where is the change of flux in time dt, therefore 



i.e. the rate of cuttmg lines of force. 

Theimiomcs 

If the temperature of an electrically charged body is raised 
sufficiently, it is found that the charge is lost more rapidly as the 
temperature increases. This phenomenon is particularly noticeable 
■when the initial charge is a negative one. To such phenomena 
Richardson applied the term therm,ionics. For the study of tlior- 
mionios the simple apparatus of Fig. 4-2 may bo employed. It 
consists of a loop of tungsten or platinum wire suspended, witliin 
a metal cylinder, the whole being enclosed in a highly-ovaoxiatod 
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glass bulb. Tbe loop is heated by the passage of an electric current 
and its temperature foxmd from its resistance or by means of an 
optical pyrometer. The cylinder is connected to one side of a source 
of d.c. potential, via a galvanometer or microammeter, while the 
other side of the supply is connected to one end of the wire loop. 
On raising the temperature of the loop it is found that a current is 
registered by the galvanometer when the loop is negative, but not 
when positive. Hence the apparatus functions as a valve, permitting 
a flow of negative electricity only from loop to cylinder, when the 
latter is at a positive potential with regard to the former. 

The magnitude of the current obtainable in the foregoing experi¬ 
ment depends on the temperature and the potential 
difference, tending to increase with an increase in 
either of these. If the temperature is maintained 
constant while the potential of the cylinder is 
continually raised, the current at first rapidly in¬ 
creases but ultimately attains a constant maximum 
value. This value is laiown as the saturation cur¬ 
rent and increases with an increase in temperature. 

The negative electricity emanating from a hot 
metal consists of electrons. This was first established 
by J. J. Thomson, who measured the ratio e/m and 
found it to be that for the electron. According to 
the classical theory of thermionic emission, it is 
considered that the electrons within the heated 
metal share in its thermal agitation and that the 
more energetic electrons are evaporated in a similar 
manner to molecules from the surface of a liquid. A Fig. 4-2 
matter of obvious importance is the relation between 
the thermionic current and emitter temperature. A number of 
methods of deriving this have been found and we shall first consider 
those based on the classical theory and afterwards those based on 
thermodynamics and the quantum theory. 

Suppose a large metal plane surface to be raised to such a tem¬ 
perature that electrons escape from it. The space above the surface 
will be filled with electrons wliich will behave as a monatomic gas 
of small molecular weight. The electronic gas pressure is given by 
P = hTn^, where k is Boltzmann’s constant and n^i the number of 
electrons per unit volume at distance x above the plane. Equilibrium 
will be attained when the number % of electrons per unit volume 
has reached such a value tliat the number of electrons which strilce 
the plane and arc absorbed by it is equal to the number emitted by 
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it in the same time, 
area per second is* 


The number of a;-directed electrons per unit 


j hT 

V 27rm 


(4-3) 


this being the number of electrons emitted by unit area of the 
plane per second. 

Now to separate an electron from the surface of the metal 
requires work to be done. Let X be the force (the nature of this 
force will be discussed later) on an electron at a distance x from 
the surface of the metal. This force is zero inside the metal and 
becomes zero at some distance above it. Due to the force tending 
to draw the electrons towards the surface, there will be an outward 
pressure gradient in the electron gas, the force per unit volume of 
electrons being equal to the pressure gradient, i.e. dPJdx. The 
attraction of the plane will produce a force on unit volume of the 
electrons outside the metal equal to Xn. For equihbrium these 
forces must balance and we have 



or 

Hence 

and 


hT— = Xdx 

n 

kT[log, nt = r'Xdx 

® Jo 

kTlog^ = -<l>e 


= ns 

where Xi is a distance from the plane at which the force on an 
electron is zero and is the work done in removing an electron 
from the metal surface. 

Substituting for nj,^ from (4-3) 



1 <f>e 


Since each electron carries a charge e, the thermionic cuiTent density 
is UqC, The quantity is termed the thermionic work function 
and is measured in electron-volts. Consequently, ^ is expressed 
in volts. 


* See p. 172. 



ELECTRONS IN METALS 


155 


A thermodynamical method, of deriving the thermionic current/ 
temperature relationship is as follows. Consider an enclosure fitted 
with a piston, and let the base of the enclosure be the metal emitting 
electrons. The result of taking the electron atmosphere round a 
Carnot cycle will be considered. The cycle is started with an infini¬ 
tesimal adiabatic expansion, the absolute temperature and pressure 
falling from T and P to T-dT and P-dP. This is followed by an 
isothermal compression, the volume decreasing by dS^ during which 
operation ndS electrons are driven into the metal. An adiabatic 
compression follows, and then an isothermal expansion until the 
pressure is again P. As the final temperature and pressure are the 
same as at the commencement of the cycle, n is also the same. 
Further, if the cycle is very small it will have the form of a parallelo¬ 
gram. During the isothermal expansion at T the work done is 
nd8E + PdS, where E is the work done in extracting an electron 
from the metal; i.e. P is the thermionic work function. Now, from 
the second law of thermodynamics, 

work for cycle __ T — {T — dT) 
work absorbed at jT T 


dSdP dT 
ndSE + Pd/S ” T 

and TdP = nEdT + PdT 

The electron gas pressure is 

P = knT 

Differentiating (4-4) 

dP = hndT 4- kTdn 

and thus IcnTdT + IcT^dn = nEdT -j- PdT 


from which 
Integrating 
and 


n JcT^ 


I 

r E 

log, « = J dT + r. 

n = As^^'‘'^ . 


( 4 ^) 


(4-5) 


The number of electrons striking unit area of the base of the en¬ 
closure per second is _ 

ricT 


27twi 



156 


ELEOTRONIOS 


and hence /y 277 ^ ^ 

which, if E is constant, becomes 

= AiTK~^= AiTK~^ . . (4-6)* 

the thermionic current density being nQe. 

It will be noted that by the assumption that E is constant, the 
same result is obtained as by the first method. If the kinetic energy 
of an electron within the metal be taken as negligible, then E is 
the work done in extracting it, plus the work done in giving it 
kinetio energy in the space outside the metal. Now 
imG^ = i}kT 

and hence E = Eq ^ kT 

where Eq is solely the work done in extracting the electron from the 
metal. In this case 


f—dr —Es. -i 

and eJM"* =fi T'^ 

_ Eq ^ 00 ® 

which leads to * 2 ’ =: A^Th , ( 4 - 7 ) 

A further way of regarding thermionic emission which, however, 
is similar to the previous thermodynamical treatment, is as follows. 
Eegarding the emitter and electrons as analogous to a liquid and 
its vapour when in equilibrium, we may apply the latent heat 
equation, viz. 

L = T^{V^-V^) . . . (4-8) 


where L is the energy absorbed when one mol of electrons evaporates, 
Fi and are the volumes of ope mol of electrons in the space above 
and in the metal itself, P the electronic gas pressure, and T tlio 
absolute temperature. As Fg is small compared with Fi (4-8) 
reduces to 




♦ (4-6) is sometimes referred to as Richardson’s Equation. 
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L is absorbed in two ways, (o) in effecting the escape of electrons 
through the emitter surface, (6) in overcoming the electronic gas 
pressure into which the electrons evaporate. The former energy 
is equal to NE and the latter to PV, where N is Avogadro’s number. 
As PF == hNT we have 

L = NE^ kNT 
dP 

and, from (4-8), TV = N{E + kT) 


or, writing V = kNTJP, 


T^dP 

kN-pj^^N{E + kT) 


dP E + kT 

* P ‘ rpi 


dT 


t—dT 

and, as P = JcnT^ n = . . . (4-9) 

where K and c are constants. As (4-9) is identical with (4-6) it 
obviously leads to the same result as given by (4-6) and (4-7). 


The Fermi-Dirac Theory of the Electron Gas 

The classical viewpoint of a conducting solid is that of an equi- 
potential volume. In the present book this viewpoint has, so far, 
been adopted, but it is now necessary to inquire more closely into 
the conditions existing within conducting solids, such as metals, 
particularly as these constitute one of the most important sources 
of electrons. As shown in Chapter V, metals are crystalline in 
structure and consist of a lattice work of ions which is founded on 
the constant repetition of a unit cell in three dimensions. Because 
of the relatively small distance separating atoms in metals, the 
outer shell, or valance, electrons are no more closely associated with 
one atom than another, with the result that the attachment of such 
electrons to any particular atom is practically negligible. The result 
of this is that at least one, and sometimes two or three, electrons 
per atom are free to move throughout the interior of the metal, 
particularly when under the influence of an applied electric field. 
These electrons are termed free electrons and are responsible for the 
electrical and thermal conductivities of a solid as previously ex¬ 
plained. 

Due to the lattice structure of ions within a metal it cannot be 
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considered as an equipotential volume, but rather as one in which 
exist intense local variations in potential. At any given point the 
potential is that due to the sum of the potentials produced at this 
point by all the ions. Considering the effect due to one ion, the 
atomic number of which is Z, the positive charge on the nucleus is 
Ze and this is surrounded by an approximately spherical cloud of 
electrons. The potential at a distance r from the nucleus, when r 
is within the electron cloud, is that due to the charge on the nucleus 
and is Ze/r. Hence the potential energy of an electron situated at 
r is -7 Ze^/r, the negative sign being due to the electron having a 
negative charge. When r lies outside the electron cloud the potential 



due to an atom from which a planetary electron has become detached 
is [Ze— (Z— l)e]/r = e/r. The corresponding potential energy is, 
of course, —- e^/r. Thus the potential energy of an electron close 
to the nucleus is given by — Ze^jr and remote from the nucleus by 
— e^Jr. 

Considering now the potential energy of an electron due to two 
adjacent ions in the metal lattice, the conditions may be represented 
by Fig. 4 - 3 . Here a and b represent the nuclei of the two ions, and 
01^2 respective potential energy curves. Ignoring the 

effect of other ions, the resultant potential energy curve is given 
by the sum of the ordinates of these two curves as shown by 
The distance from the nuclei is measured horizontally and the 
potential energy vertically. Hence the curves relating to the latter 
are plotted below the abscissa as the potential energy of the free 
electrons within the metal is negative. It will be noted that in the 
vicinity of the nuclei the resultant potential energy curve is prac¬ 
tically coincident with the component curves, but is lower and 
possesses a smaller radius of curvature between the nuclei. Con- 
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sideling a row of nuclei, shown in Fig. 4~4, the potential energy 
distribution may be represented as indicated, the tops of the curves 
being somewhat flatter than those of Fig. 4-3 due to the influence 
of other ions. The (hagram indicates that the potential tends to 
be constant over large regions because the volume of matter consists 
principally of space, that occupied by the nuclei being extremely 
small. 

Passing to a consideration of conditions existing at the surface 
of a metal, indicated by the line 8S, it will be noted that no ions 
exist to the right of this line. Hence, proceeding towards the surface 
from the last ion of the lattice-structure, there is no depression of 


S 



the potential-energy curve, as between ions within the metal, but 
a continual rise in the curve until the surface is reached. Thus it 
will be appreciated that what may be termed a potential barrier 
exists at the surface of a metal and that this is independent of any 
potential that we may choose to give to the metal as a whole. 

Considering electrons in the vicinity of an ion, these will rebound 
from the potential walls ab and thus be restricted in motion. Such 
electrons do not contribute to the conductivity of a metal and are 
termed bound electrons. Electrons remote from an ion, such as at 
BA , are free electrons capable of moving freely through the metal. 
An electron in this category, moving close to the surface, will collide 
with the potential barrier at B, at which point its kinetic energy is 
entirely converted into potential energy. Hence it will rebound 
from the potential barrier and no escape from the metal is possible. 
On the other hand, an electron the kinetic energy of which is greater 
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than that of the potential barrier will make no collision with the 
latter and may thus escape from the parent metal. 

The Spboebto Heat Dilemma 

It was originally considered that the free electrons within a 
metal behared as a monatomic gas obeying gas laws. This view 
appeared to be supported by the fact that electrons emitted by a 
hot body possess a Maxwellian distribution of velocities. Now, 
although the concept of an electron gas accounts for certain pheno¬ 
mena of metallic conduction, some of its consequences nevertheless 
lead to contradiction of experience. Principal among these is the 
effect of the contribution of the electrons to the energy content, 
and hence the specific heat of a metal. According to the kinetic 
theory of gases, the average kinetic energy of a molecule is \kT 
for each degree of freedom. Hence the energy per gram-mol. is 
where n is the number of degrees of freedom. For a monatomic 
gas, = 3, and thus the specific heat per gram-mol. is, in this 
case, ^3BT/T = ^}B. In the case of a solid (which in a gaseous 
state is monatomic) the total energy of the molecules is half kinetic 
and half potential, as will now be shown. 

Consider an oscillator of mass m undergoing a simple harmonic 
motion and subject to no losses. Its energy may be written 

== E = constant . . (4-10) 

where // is the force for unit displacement. The mean energy over 
a cycle is 

(*T {*T pT 

^x^dt + Edt, . . (4-11) 

« 0 « 0 1 0 
where T is the periodic time. Putting 

X = A sin pt 
sin® pt 
X = Ap cos pt 
x^ = A^p^ cos® pt 

where A is the amplitude of the oscillation and p = 277 /. Substituting 
in (4^11) 

* P2ttlp 

ptdt\iiA^ sm®pid^ = jB 
«0 «0 

and + iyuA® = E 

But from (4-10), when t = Q 

ImA^p^ = E 



Also when pt — ir/2 

Hence 

and 
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= E 

= \fj,A^ 

imAY = = § 

or th© nxean value of the kinetic energy is equal to the mean value 
of the potential energy. 

Now according to the Law of Equipartition of Energy the energy 
associated with each degree of freedom is IiT/2 ergs, and thus for 
the y, and z components of the oscillator the energy is ergs 

or ZT calories. Similarly for the a;, y, and z components w© have 
ZT calories or a tdtal of 6T calories for the total Idnetic and poten¬ 
tial energies. The heat energy per degree, therefore (i.e. the specific 
heat), should be 6 calories. This is found to be, approximately, 
the case. 

Now, if we take into consideration the effect of the jfree electrons 
and assume that their number is of the same order of magnitude as 
that of the atoms, the energy content of the metal should be increased 
by -ij- RT per gram-mol,, corresponding to the three components of 
translatory motion of the electrons. Consequently, the specific heat 
of a metal should be 9JB/2 instead of 6i2/2 which, however, is not 
the case. This suggests that in some manner, as yet unexplained, 
the free electrons contribute little or nothing to the specific heat of 
a metal. 

The Fermt-Dihao THisoiiY 

A way out of the foregoing difficulty may be found by assuming 
that the free electrons within a metal are quantized, i.e. that they 
are in stationary states. In these circumstances, providing they 
do not change from one state to another, their energy will be inde¬ 
pendent of the temperature of the metal. Now, whether an electron 
gas obeys gas or quantum laws, the energy of the electrons will be 
distributed according to some law, and it is this law and its conse¬ 
quences which it is desired to find. For a gas having a MaxwoUian 
distribution of velocities the energy per molecule is E = and 
from (1-19), (1-20), and (1-34) we may find the number of molecules 
having energies lying within the range E and E + dE. We have 

= 2Elm 

1 . nr. . dc 2 

differentiating, 2c — 

CLJij 7Yl 

dE _ dj^ 

~ V2mE 


and 


• (^12) 
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From (1-26) and (1-34) 


hence 



(4-13) 


Substituting from (4-10) and (4-11) into (1-19), we have 

2n -^fE\^dE 

qj = —-= S • 

^ Vtt 

2n 


\ f ' 

E y dE 
hT) kT 


= —=e-'^wHw 

V 7T 


(4-14) 

(4-16) 


where y is the number of molecules with energies lying between 
E and E + dE and w = EjkT. 

The electron gas caimot conform to this law because, as we 
have already seen, its contribution to the specific heat of a metal is 



Fig. 4-5 


negligible. Furthermore, (4—14) indicates that the energy of a 
molecule can assume any value, whereas in the case of a gas governed 
by quantum conditions only certain energy states are possible. 
On the assumption that the electron gas is quantized, the conditions 
may be indicated by the energy-level diagram of Fig. 4-5, where the 
various horizontal lines represent different energy levels. They 
indicate that the free electrons within the metal possess a groat 
variety of kinetic energies from zero up to the normal maximum 
level and that energies intermediate to these are impossible. 

In considering the quantum state of the free electrons within 
a metal, certain distinctions from previously considered quantum 
states must be noted. For example, in contrast with the linear 
oscillator, a free electron is in a region of practically uniform potential 
and thus its state is not defined by a position vector. Also such 
electrons are not undergoing periodic motion and hence are not 

governed by the phase integral jpdq where this is taken over a 
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period of the system. These conditions are, of course, also true for 
the molecules of a perfect gas, but, in the case of a gas, the molecules 
may possess any energy and momentum values. In the case under 
consideration the state of each electron is solely represented by three 
momentum vectors Py, Pz^ which can be combined to form a 
single vector given by 

P^ = Px^ + Py^ + Pz^ 

This vector will terminate in a volume-element, or cell, in the phase 
space of magnitude dp^pydpdxdydz, or dp.JipydpAv. Prom (1-75) 
we have 

cbpdq = h 

and, as (in the present case) the motion of an electron along each 
of the three co-ordinates must be separately quantized, we may 
write 

dpyjix = h 
dp^y = h 
dpsidz = h 

Multiplying, 

dpaiipydp^xdydz = . . (4-16) 

from which it is evident that the volume of a cell in the phase 
space is equal to li?. 

We shall now consider an electron gas within a metal with n 
electrons per unit volume. Let the momentum vectors of an electron 
b© P'Xi Py^ Pz^ consider the electrons with momenta between 
p and p -\- dp which lie in a spherical shell of volume 4 , 7 TpHp in 
the momentum space. If there be possible states for the electrons 
within this shell, it may be regarded as divided into cells, or 
volumo-olemonts. Now, according to Pauli’s exclusion principle, a 
given combination of (luantum numbers can occur but once in 
each atom. This princij)le may be extended to an electron gas, in 
which case it moans that no two electrons may simultaneously 
possess the same amounts of action along their respective co¬ 
ordinates. Thus, eacli of the A^ cells can contain only one electron 
or none at all. Prom (4-16) the volume of a cell in the momentum 
space is 

d2)^dpydp„ = }i?ldv 


and hence the number of colls in the spherical shell Arrp^dp is 

Arr^Mpdv 

A'3 .... 


(4-17) 
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Of the Ag cells, let AgQ contain no electrons, and Agi one electron, 
so that A a = AgQ + Ag^. Then, from (1-52) the number of different 
micro-states, or complexions, is 

- 4,1 

^ ] A I 

From the approximation formula of Stirling, log n \ = n log n — n, 
we may write 

log w, = log A, 1 — log \Aa ! 

= A, log A,—A, — log A^ + A^— A^ log A^ + A^ 
= A, log A, — A^ log A^ — A^ log 

The energy of an electron within the shell is E, = p^f2m and thus 
the total energy within the shell is A,iE,. The entire volume of 
the ruomentum space may be regarded as divided into concentric 
shells A^, A^, A^, As BO that if io is the total number 

of different micro-states, then 

log «) = S log Ws = log As — Asa log — -^*1 log 


Again SA, = S(Ajo + A,i) = constant 

also ^ = 

and ~ » 

A state of equilibrium is attained when w is a maximum. Hence 
for equilibrium we must have log w a maximum, subject to the 
conditions expressed by the three equations immediately above. 
Regarding As^Es and as quasi-continuous functions of 
position and, applying the Calculus of Variations, we have, after 
■multiplying the last three equations by the undetermined multijiliors 
—a, —j?, and —y, respectively, 

(1 + log Afi + oc + pEs y) = 0 
(1 + log A,o + «) =0 

Hence log A^i = — (1 a -|- ^E, y) 

log = - (1 -f a) 


from which 
and 


log i^JAsi) = y + ^E, 
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The number of electrons in the shell a is given by 


n. = A^ = A,-r-A^ = A. ^ 


'A^ + A^-^’A 

A 


= A. 


1 


+ 1 


From (4-17), 


fiV + 1 


^ Anp^dpdv 

•“» ~ la 


and, therefore, 

4fnp^d/pdv 1 

~ P • fiV + 4. 1 

Writing y = — the number of electrons per unit volume, the 
momenta of which lie between p and p + dp, is 


4nT'p^dp 1 

^ ~W~ ' + 1 • • (^1®) 

So far we have not taken electron spin into consideration. The 
eifect of this is to allow two electrons per cell, instead of one, 
because for every possible momentum value an electron has two 
possible states. Thus we must write (4-18) 

%7Tp^dp 1 

"" ~W~' + 1 • • (^1®) 

The constant ^ may be shown to be equal to kT, where T is the 
absolute temperature and h is Boltzmann’s constant. 

From (4r-17) the number of cells in the spherical shell irnp^p 
is Afjrp^dpdvjh^, and from (4-17) and (4-19) the number of electrons 
per cell is 


2 

^(isP- B^IkT _|_ 1 • • ■ (4r-20) 

When T is very small, or zero, (4r-20) is equal to zero when > E^ 
and equal to 2 when E, < E,,^. This means that, at very low tem¬ 
peratures, each coll of the phase space for which the energy E,, 
or p^l2m, is less than E^ contains two electrons, while cells for 
which the energy is greater than E„ are empty. If we write 
■®m = Pm is the maximum value the momentum may have 

for all the colls to be filled. The volume of a sphere in the momentum- 
space of radius Pm is i 7rp,„,® and the number of cells per cubic centi¬ 
metre within this 


Trpm^/h^ 
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In each of these cells are two electrons, and hence 


n = 2 




where n is the number of electrons per cubic centimetre. Thus 


2m 2m \ Stt / 

which shows that when T = 0 the maximum energy an electron 
can possess is proportional to Expressing in electron-volts 

, (Zny-!^ 

E„ — <f>e— 2m\S-,Tj 

where <f> is the potential difference necessary to give an electron 
energy E^. On giving values to the various terms in (4—22), the 
following results are obtained— 


(4-21) 

(4^22) 


n 


1021 

0-38 

1022 

1-76 

1028 

8-2 

1024 

38 

1026 

176 


The number of free electrons per cubic centimetre in metals is of 
the order of lO®*, so that E^ is relatively large. A result of this is 
that the momentum distribution law expressed by (4-19) varies 
but little with temperature, even up to the melting point of a metal. 

From the momentum distribution law of (4-19), velocity and 
energy distribution laws may be derived. The velocity of an electron 
is given by 

= rm 

also dp = mdc 

Substituting in (4-19) we obtain 

Sirm^c^dc 

n, = 


Again, the kinetic energy of an electron may be written 

E = p®/2to 

from which = 2imE 

and 2pdp ^ 27i%dE 

or dp = indElV2mE 


(4-23) 
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Substituting in (4-19) 

ViEdE 1 

- jjs' s^E,-BjikT I • ( 4 ^ 24 ) 

where nj^ is the number of electrons per cubic centimetre having 
kinetic energies lying between E and E dE. 

For the case when < E^^ T is small, (4-24) becomes 


n 


E — 


87T\/2m^^- 

'~T3 


V'EdE . 


. (4-25) 


from which it will be noted that the energy distribution follows a 
quadratic law. The energy distribution curve for tungsten is plotted 



o E E-m 

Fia. 4~G 


for T = 0 in Fig. 4-6, the abrupt termination of the curve, of course, 
occurring for E = E^^. 

As previously stated, variation of T has little effect on the 
distribution laws, and the energy distribution curve for tungsten 
at 2500° K is shown in Fig. 4-6, the appropriate equation in this 
case being (4-24). When E = E^, in both (4-24) and (4-25) 
have the same value. Hence, for all temperatures all curves must 
have the same ordinate for E = E^, i.e. 

877 V VEdE 
2W 

The areas under the cuiwes are, of course, the number of electrons 
per cubic centimetre of metal. Thus, the areas of all curves are 
the same no matter what the temperature may be. Referring to 
the curve for 2500° K., it will be seen this curve approaches the 
abscissa asymptotically, indicating that a small number of electrons 
possess large energy values. It is thes^ electrons which are involved 
in thermionic omission. 
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Average. Eleotbon Energy 

From (4r-26) the total energy of the electrons per cubic centi¬ 
metre is 


«, 0 • 




SttV 2m®/® 

P 





Jo 

Sfl-V 2m®/® 




The number of electrons per cubic centimetre is 

SirV2m^l^ r 


A® 




2 SttV 2m®/® 
3' P 


■“771 


Hence the average energy per electron is 


2 S7TV2m?f^ 
5’ P 
2 STrVlm®/^ 
3* 







The subject of thermionic emission will now be considered in 
the light of the distribution law of (4-19). For this purpose the 
number of electrons having Z-directed momenta between and 
Px + dpa must be found. Referring to Fig. 4-7, we have 

+ V+ 

r® = p^® -1- p,® 

and the number of electrons having momenta between p^ and 
Px + dpx will lie within an annulus of width dr and height dp^,. 
The volume of this is ^Ttrdrdp^, and as the number of electrons per 
cell in the momentum space is +1), the number of 

electrons in the annular volume is given by 

27Trdrdpj .. 2 
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and the total number of such electrons per cubic centimetre by 

I* 00 


2dpa 2wrdr 


. (4-26) 


^0 

Now the electrons involved in thermionic emission are those the 

X dt 



energies of which are in excess of E„^. Thus, if E, is much larger 
than Em, (4-26) may be written 


2dp, 
■ /i3 


I B)ikT 2^-dr = 


JO 


[* 00 

e“ 2iTrdr 
Jo 


Putting E — this becomes 

f* 00 

g- r'/irnkT 


471 


. gUjkT g- v„'l'imkT 

IV 

Integi'ating [see (1-16)], we have 


^ mm- 

A® 


dpx 


which is the number of electrons per cubic centimetre with momenta 
lying between p^ and 33 * 4 - dp^. The number of electrons per second 
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passing through 1 cm.^ perpendicular to the x direction with 
aj-direoted momentum greater than is, therefore, 


47r£'®»«A’^ 


mkT 


m ^ 




If all these escape from the metal, the thermionic current density is 

r oo 


J = 4ars^ml’‘^ - 


AS 


S~ Pi/Smi-T 


Po 


^Tremk^T^ 


- EJJkT 


(4-27) 


where Eq = p^l2m. It wiU be noted that this result agrees with 
those found from classical theories provided = {Eq — E^), Thus, 
the minimum energy for escape is not <^e but </>e + E^, As we have 
already seen, ^ may have any value up to about 7 volts, and, as 
E^ is about 10 electron-volts, Eq must He between 10 and 17 electron- 
volts. 

Returning to the energy-level diagram of Fig. 4-5, this may 
now be clarified. What was formerly termed the normal maximum 
level is now seen to correspond to the maximum energy which an 
electron can possess at low temperatures. The quantity E^ has 
been termed the ‘‘inner work function” and Eq the “outer” or 
“gross work function.” The difference in the two quantities is 
termed the “net work function,” or, more commonly, the work 
function. The number of electrons per level has been shown to be 
2, and because the number of electrons the energy of which lies 
between E and E dE oc VE, it is evident that the levels must 
lie closer together as E increases. 

Velocity Distribution of Emitted Electrons 

Although the energy and velocity distributions of the electrons 
within a metal follow the Fermi-Dirac Law, electrons emitted 
thermionically follow Maxwell’s Law. In order to study the condi¬ 
tions prevaiUng among the electrons emitted from a hot body, we 
shall consider a heated wire surrounded by a concentric cylinder. 
The wire is assumed to be straight and of small diameter, and the 
number of electrons emitted from it sufficiently small for space- 
charge effects to be negligible. The electrons are emitted with a 
certain velocity which can be resolved into two components, one 
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parallel to the wire and the other radial. As the former contributes 
nothing to the thermionic current it may be neglected. In order 
that an electron may cross the gap from the wire to the cylinder 
it must possess a certain amount of energy. The energy associated 
with the radial velocity component is Now if a voltage is 

applied to wire and cylinder so that the cylinder is negative, this 
v^l constitute a retarding potential which will tend to prevent 
electrons from reaching the cylinder. In order that an electron 
may cross the gap it is evident that 

— eV . . . (4r-28) 

where V is the potential difference between wire and cylinder. 
— eF is, of course, the energy necessary to make the crossing. 

Now the probability of an electron having energy lying between 
E and E + dE is f(E)dE, and hence the number of electrons having 
energies between these limits is 

dn = nf{E)dE 

where n is the number of electrons emitted per second. The satura¬ 
tion current is ne = and hence the current is given by 

«oo 

i = io f{E)dE 
J-eV 


Substituting — eF for E, we have 

^ - W(- eF) 

and if i is found for different values of V, dijdV may be determined, 
and hence f{E). Experiments give i/i^ = e~ ®*'/**' so that 


from which f{E) = g-JS/kT 


Thus the number of electrons with radial-associated energy lying 
between E and E + dE is 

dn = -^e-'^l’‘^^dE . . . (4-29) 

and the fraction of electrons having this energy is 


dn _ I 
T "" kT ® 


dE 


(4-30) 
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Now according to Maxwell’s Velocity Distribution Law the number 
of molecules per cubic centimetre having velocities between u and 
u + dui^ 

n 

—e " du 
aV 'TT 

and the number of these passing through 1 cm.^ perpendicular to 
u per second is 

f vdu .... (4-31) 

aV 77 


The total number passing per second is 



r»oo 

i e udu 
0 


%a 

2\/TT 


and thus the fraction passing per second is 

2 -H! 

-5 e udu . 


(4-32) 

(4-33) 


Putting 


Also 


\mu^ = E, u = 




1 ^ m 
^ "" '2kT • 


Substituting in (4-33), the fraction is 




e-mTdE 


which is identical with the result given by (4-30). Hence the energy 
and velocity distributions of the electrons outside the metal is 
Maxwellian. 


Emission Constants 

It is customary to write (4-7) in the form 
J = ^ . 


(^ 34 ) 
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where A and 6 are constants. Actually, however, b may vary 
slightly with temperature. As . the expression for A contains only 
universal constants, it follows that it should be the same for all 
metals. Substitution of the numerical values gives 

A = 120-4 amp./om.2 per deg.^ K. 

Also b = {Eq— E^)/k = <j>elk = 11,600 <!> deg. K. 

In practice, A is found to have a value about one-half of that 
derived above, i.e. 60 amp./om.^ No satisfactory explanation has 
yet been given of this, but it has been suggested that a reflexion 
coefi&cient of 0-5 would account for the discrepancy. Some values 
of emission constants for pure metals are given by Table 4-1. 

TABLE 4-1 


MbtaIi 

A 

b 


Melting Point “ K. 

Calcium . 

00-2 

20,000 

2*24 

1,083 

Cesium 

16-2 

21,000 

1-81 

299 

Carbon 

00-2 

40,500 

3*82 

3,773 

Molybdenum 

00-2 

61,600 

4*43 

2,893 

Platinum . 

00-2 

69,000 

6-08 

2,028 

•Nickel 

26-8 

32,100 

2-77 

1,726 

Tantalum 

00-2 

47,200 

4-00 

3,123 

Tungsten . 

00-2 

62,400 

4-62 

3,043 

Thorium . 

00-2 

38,900 

3*35 

2,118 


Figures such as those given are obtained with metals of a high 
degree of purity, outgassed, in the best vacuum obtainable. In 
spite of this, however, considerable variations are shown between 
various experiments and experimenters. 


Determination of Emission Constants 

In order to determine emission constants the arrangement of 
Fig. 4-8 may be employed. This consists of a filamentary cathode 
surrounded by a concentric cylindrical anode with guard rings to 
eliminate end effects. This arrangement is placed in a high vacuum 
and the temperature of the filament measured by means of an 
optical pyrometer sighted on the filament through the hole H, 
The anode-cathode potential difference is raised to such a value 
that all the electrons are drawn to the cathode and the saturation 
current results. Honce the value of this current may be measured 
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for various values of cathode temperature T. Dividing (4r-34) by 
T^, and taking the logarithm of both sides 

logic ^ = — 0'4346 ^ + logio A . . (4^36) 

From this it follows that a plot of experimental values should give 
a straight line when arranged as indicated by (4-36). The slope of 
this line is given by — 0-4346, from which 6 may be derived. The 
intercept of this line on the ordinate gives log^^ A and consequently 
A. This value can be obtained only by producing the hne, for 



interception occurs for T = oo. A result obtained with a tungsten 
cathode is shown by Fig. 4^9. 

In practice, considerable difi&culties are experienced in obtaining 
accurate and consistent values of emission constants. As an indica¬ 
tion of the relative importance of the measurements, the ratio of 
the percentage change in current for a given percentage change in 
temperature will be found. Differentiating (4-34) 

^ = As-T(b + 2T) 

Multiplying by TfJ vre have 

dTJT - r 

If a practical value of about 23 is taken for b/T, it is evident that 
the measurement of temperature should be 26 times as accurate as 




BLEOTRONS m METALS 


175 


that of the measurement of current in order that the derived value 
of A shall be as precise as the measurement of J. 

It has already been stated that a high vacuum must be employed 
in the determination of emission constants. In addition, all absorbed 
and occluded gases must be removed, this necessitating baking of 
the glass envelope and outgassing of the electrodes, etc. In practice, 
although the range of temperature over which investigation may 
be made is not large, the thermionic current range is relatively 



enormous. Thus, for txmgsten, if the temperature range is from 
1000° K. to 3000° K., the current ratio corresponding to these limits 
is of the order of 10^^. 

Cathode Temperature 

When the cathode is not visible it is, of course, impossible to 
employ an optical pyrometer for the determination of its tempera¬ 
ture. In such circumstances it is possible to obtain the temperature 
with the aid of the Stefan-Boltzmann Law. When the cathode is in 
a state of temperature equilibrium, the rate at which energy is 
supplied to it is equal to the rate at which it is parting with energy 
in the form of heat. As the cathode is situated in a vacuum, con¬ 
vection losses are negHgible and the bulk of the loss occurs through 
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radiation. A small amount of heat is lost by conduction through 
the cathode supports and a smaller amount by the emission itself. 
The latter is due to electron evaporation and corresponds to the 
cooling effect experienced with an evaporating liquid.* In order 
to form an idea of the heat-loss due to emission, the energy carried 
off from the cathode by the electrons must be found. As we have 
already seen, the energy and velocity distribution of the electrons 
passing through the surface follows the Maxwellian Distribution 
Law, and hence we must fibad the average energy of an electron 
outside the cathode in accordance with this law. If is this energy, 
then the total energy possessed by an electron before escape is 
jSq + Ea, this being reduced to E^ after escape. As before, Eq is 
the outer or gross work function of the metal forming the cathode. 

Now Ea ^1 consist of three parts: the a?-, ?/-, and ^-associated 
energies of an electron. As it is the aj-associated energy which is 
responsible for electron-escape, we shall consider this iBrst. According 
to (4-32) the number of electrons per unit volume which .have 
a;-directed motion and pass through each square centimetre per 
second is 


an 
2 a/tt 


. (4-36) 


the result being for positively directed motion only. Transforming 
(4-31) into an energy expression, as on page 161, we have 

n 

- j=e ^*dE 

maVTT 


which gives the number of electrons having energies lying between 
E and E dE passing through each square centimetre per second. 
The energy carried by these is 

n - — 

- P=e ^o,*EdE 

may^p 


and hence the total energy of all such electrons is 


I* 00 

n ~ 
TnaV'TT 

Jo 


M. 

wa* EdE 


nm^a^ 

4cmaV7T 


* The principle of the wet-bulb thermometer, of course, depends on this 
phenomenon. 
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Dividing by (4-36), the average energy per electron is 

ir 

imaViran 

_ rka^ 

~ ” 2 " 

But a® = 2kTlm, which finally gives the a;-associated energy as kT 
per electron. Now the y- and z-assooiated energies of an electron 
do not contribute to escape and thus these energies are ibhe same 
outside the cathode as inside. They are governed by the Law of 
Equipartition of Energy, accordirg to which each electron has an 
average energy equal to kTJ^. Hence, the total average energy 
with which an electron leaves the cathode surface is 

Ea = AT + fcT/2 + AT/2 
= 2AT 

Of the minimum energy needed for electron-escape, i.e. E^, we 
have already seen that is always present. Thus, the minimum 
energy which must be supplied by the cathode heating source for 
escape is E^ — E^ — As, in addition to this, the electron escapes 
with an average energy 2AJ’, the total energy which must be supplied 
is {<f>e + 2AT). If is the electron-volt equivalent of kT, then the 
power loss due to electron emission is J{<f) + 2^,) watts/cm.® of 
cathode surface. It will be immediately evident that this quantity 
is virtually negligible compared with radiation losses. 

Cathode Temperatubb Determination 

Assuming that there is little heat shielding from neighbouring 
surfaces, the rate of energy radiation from a heated cathode may 
be expressed by the Stefan-Boltzmaim Law 

P = oyT* 

where a has the value given on page 31 and y is the emissivity 
coefficient of the cathode surface. This coefficient is always less 
than unity and is tho ratio of the power radiated from the surface 
to that radiated by a black body at the same temperature. It is 
also the ftaction of incident radiation absorbed by a grey surface. 
Hence we must regard a cathode as a grey-body radiator. In 
practice y is not strictly constant, but varies slightly with tempera¬ 
ture. If P above is expressed in watts, then the right-hand member 
must bo divided by 10’. This gives 

P = 6-76 X watts/cm.® 


. (4r-37) 
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In the event of the cathode being heat-shielded, heat will be reflected 
and the temperature of the surroundings may be appreciable. In 
these circumstances (4-37) must be replaced by 

P = 5*76 X — Tq^) watts/cm.2 

where Tq is the surrounding temperature. However (apart from 
special heat-shielded cathodes described in Chapter IX), is 
usually negligible compared with and hence (4-37) may be 
employed. 

Taking the logs of both sides of (4-37), we have 

logio P = logio (6-75 X + 4 logio T 

which, if y is constant, gives a straight line with a slope equal to 4. 
In practice the line is slightly curved, indicating that y is not con¬ 
stant. Hence y must be experimentally determined for various 
temperatures. For example, for what is known as Davisson’s 
combined-type coated cathode, (4-37) must be written 

P = 5*75 X 10-12 [■0-4 + (2‘5 X lO-^P)]^^ 

where y = [0*4 X (2*5 X 10-^P)] 

If the cathode input watts are measured, then 



where W is the input watts and S the cathode area. The cathode 
temperature is then determined from (4-37) by writing 


or 


JT4 _ 


5-75 X 10-iV 
P^ 

1*55 X 10-y 


(4-38) 


Again, if the thermionic saturation current density is known, T 
may be determined. From (4-35) 

logio logic P = logic ^ - ^‘434 ^ . (4-39) 


Rearranging, there results the transcendental equation 



_0-4346 _ 

logio ^ — logic 


which may be solved by successive approximations. 
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If the value of T given by (4-38) is substituted in (4-39), J 
may be determined for any value of P. Thus, we have 

, r _ -P* 1 . « 6 X 1-65 X 10-y 

logio J 2 logio j.gg ^ lo-y — 0*434 pj 

A further method of determining the cathode temperature is in 
terms of the hot and cold resistances of the cathode. The resistance 
of most conductors may be expressed as 

R=. R^[l + olT + . . (4-40) 

where is the resistance at 0° C., R that at temperature T, and 
a and /? are constants. Solving for T, 


— a +y «• — 




the result, in this instance, being in degrees centigrade. If, as is 
more customary, the initial resistance is taken at some other tem¬ 
perature than 0® C., say, T^, then calling the resistance at T^, 
(4-40) may be written 

R = P,[l -f «i(P- Ti) -f |5,(T - 

which leads to 


T-Ty = 


-°^+A'~4^i(i-|) 


If T and are expressed in ° K., and is taken as 293°, then 


4- 293 




Fig. 4^10 gives RjR^ plotted against T,* the values of oi^ and being 
respectively 4-7 x l()“®andr)-2 x 10“'^ for the case shown (tungsten). 


Emission Eepioibnoy 

The electron-emitting efficiency of a cathode is expressed as 
Thermionic Current Obtainable 

Cathode Heating Power ‘ ’ ' 


(4-41) 


and it is evidently desirable that this should be as high as possible, 
consistent with other requirements. In general, a cathode with a 
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low value of b, i.e. a low work function, provides a relatively large 
emission at a low temperature. However, the value of b is by no 
means the only criterion of the quality of an emitter. As the heating 
power and temperature of an emitter are raised, (4—41) rapidly 
increases, with the result that the most suitable operating tem¬ 
perature of a cathode is the highest possible temperature compatible 
with a rate of evaporation of cathode material that results in a 
reasonable cathode life. Tungsten, for example, because of its 
low vapour pressure and high melting point, can be operated at a 



Fia. 4-10 


sufficiently high temperature to give a greater emission than any 
other pure metal, although, as will be seen from Table 4-1, its 
value of b is higher than that for most other metals. Thus many 
materials, although having a low value of b, are imsuitable as 
emitters, because rapid evaporation prevents their being raised to 
a temperature at which efficient emission occurs. 

This subject will be further discussed in Chapter VIII. 

Contact Potentials 

If two dissimilar metals, i.e. metals with different work functions, 
are placed in contact at one point only, a potential difference may be 
observed at the free ends. (See Fig. 4-11.) This potential difference, 
however, cannot be detected with an ordinary electromagnetic volt¬ 
meter for reasons which will be apparent later. Measurement of this 
potential difference shows that it con*esponds to the difference of the 
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work functions of the two metals. When the two metals are joined it 
may be taken as an experimental fact that the work done in passing 
electrons from one to the other is very small. This means that the 
potential barriers of the metals disappear at the point of contact 
and that electrons flow freely from one metal to the other by virtue 
of their Idnetic energies. Actually, a small amount of work is done 
(should electrons pass from one metal to the other) corresponding 
to a potential difference of the order of millivolts, known as the 
Peltier effect. Ignoring this, however, it may be taken that on 
first connecting two metals at one point only electrons initially flow 
from one to the other until their potential is the same. This means 
that the metal receiving electrons acquires a negative charge which 


A B 



reduces its potential and sets up a field which finally reduces to 
zero the tendency of electrons to flow in its direction. When a 
state of equilibrium is attained, as many electrons flow in one 
direction as in the other during a given time. In the equilibrium 
state, and at low temperatures, it is evident that the £1^ energy 
levels of the two motals are aligned at the point of contact. Now, 
if an electron is taken round the circuit, i.e. through each metal 
and across tlio -air space between the free ends in turn, the work 
done w'ill bo zero, i.e, 

e<j>z—e<l>i + = 0 . . . (4^42) 

whore and <f>i are, respectivoly, the.voltagos corresponding to the 
work fimetions of the two metals and is the contact potential 
difference, i.e. the potential difference between the free faces of the 
metals. Divitling (4-42) by e, wo have 

4>e = i>z — ^1 volts 

It has previously boon stated that when the metals are placed 
in contact, electrons initially flow from one to the other. The direc¬ 
tion of flow is from the metal of lower work function to that of 
higher work function and, consequently, it is the latter which 
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acquires a negative charge. After an equilibrium state is attained, 
as many electrons pass from one side as from the other in a given 
time. Those that pass to the metal of higher work function, i.e. 
the one with a negative charge, must have work done on them to 
urge them towards this charge. Hence, in this respect their potential 
energy increases. However, as previously stated, joining the metals 
aligns their energy levels and thus there is no change in the energy 
of an electron as it passes from one metal to the other. This means 
that as an electron passes across the junction to the metal of higher 
work function, its Idnetic energy falls, and vice versa when it passes 
in the opposite direction. Thus, if Pte\^l2,m is the aj-associated kinetic 
energy of an electron in the metal of lower work junction and 
that of an electron in the other metal, then, 

= i)«2V2m + e<f>' . . . (4r-43) 

where is the difference of the kinetic energies in the two metals. 

Now, from page 169 we have 

^ i]fn]cTe~~ 

^ mkTe- dp^ 

which give the numbers of electrons within ranges and pj.^ + dpg^ 
and also p^^ and p^^^ + dpoes^ ^ metal. The numbers of electrons 
per second passing through unit area of the junction of the two 
metals is, for the ranges given, 

. . (4-44) 

and . . (4-45) 

When a state of equilibrium exists (4-44) and (4^45) are equal, 
also, from (4-43), = p^s^Pxi- Substituting for Pxi!'^ hi 

(4-44), from (4-43), (4-44) and (4-46) can only be equal for 

- e^' = - Pa^y2m 

or • • (4-46) 

Thus an electron, in passing from the metal of lower work function 
to that of higher, experiences a change of kinetic energy equal to 
the difference of the normal maximum energy levels of the two 
metals. Or, we may say that the change is equal to the difference 
in the respective inner work functions of the metals. It is, of course, 
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possible to express (4-46) in terms of the electron densities of the 
two metals. Prom (4-21) we have 

where and are i*es])ectively‘ the numbers of electrons per cm.® 
in tlie two metals. 

Prom the foregoing results it is now possible to draw the potential- 
energy diagram for two metals in contact. Referring to Kg. 4-12, 
it will be noted that the potential barriers have been drawn as 
vertical lines instead of curves as shown by Pig. 4-5. This may be 
taken as permissible, as the distance between the free surfaces is 
large compared with the atomic dimensions over which the curve 



of Fig. 4-5 holds. As the maximum-energy levels are aligned at the 
])oint oF c()!itact of the metals,’ it is evident that the difference in 
the zoi’o-energy levels is as shown. As previously stated, the energy 
(lilfoi’oiico between the free surfaces is equal to the difference of the 
work fimctions of the metals. 

In the event of a third metal being inserted at the junction 0,. 
this has no eifeci on the (jonditions in the space between the metals 
A and />*. On the diagram it is only necessary to insert the energy 
levels of the thii’d metal in such a manner that its normal maximum 
l(^v(^l coincides with tlu^ other two. It follows that if any number 
of dissimilar metals are connected in series, the contact potential 
of the combination corresponds to the difference of the work func¬ 
tions of tlie pair of metals which terminate the combination.' 

Should a pair of metals be connected via a source of potential, 
such as a battery, then the potential difference between the free 
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faoes is equal to the algebraical sum of the potential of the battery 
and that corresponding to the difference of the work functions of 
the metals. 

Field or Auto-Electronic Emission 

Although the previously given equations for the thermionic 
saturation current indicate a definite limiting current corresponding 
to a given cathode temperature, it is found in practice that the 
thermionic current does not truly satui*ate, but continues to increase 
slowly as long as the anode-cathode potential is increased. An 



(a) (W 

Fia. 4r-13 

explanation of this phenomenon was first given by Schottky, the 
phenomenon now being known as the Schottky oftbct. According 
to electrostatic theory, the attraction between a nogativoly-charged 
body and an equipotential surface is duo to the positive charge 
induced by the body on the surface; alternatively, it is said that 
the body is attracted by its image” in the surface, the attractive 
force being termed the image force. According to Schottky, the 
potential barrier, or work function, is solely due to this image force, 
and he calculated the modifying effect on the work function of an 
electrostatic field at a metal surface. 

Assuming the surface of a thermionic emitter to be a perfect 
plane, the conditions due to an electron at a distance x from the 
surface may be represented by Fig. 4-13, whore (a.) shows the actual 
condition and (6) that when the imago hypothesis is employed. 
The force between plane and electron is 

f — - 


(4-47) 
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where K is the specific inductive capacity of the space and may be 
taken as unity. This equation is not applicable at distances very 
close to the surface, the law changing as the crystal lattice is ap¬ 
proached. The actual value of the force for very small values of 
X depends on whether the electron approaches an atom or the space 
between the lattice points. Should an electric field exist at the 
surface of the emitter, the force on the electron will be modified 
from that given by (4-47). Close to the surface the image force will 
predominate, while at large values of x the field force, — eX, will 



Kia. 4-14 


bo the dominating influence. At some distance x^j, the two forces 
arc equal and opposite, and at this position the electron experiences 
no force. IJoyond x.n^ the field force tends to remove the electron 
from the influence of the emitter, and the electron will escape, 
providing it leaves tlie surface with sufficient kinetic energy to 
roach x,n- As it is unlikely that fields can be produced of such 
strength as to render x^n less than that at which (4-47) is applicable, 
wo may write 


= e.X 


_ 1. / A 

•‘'»n ~ 2 y Jf • 


(4-4.S) 


ItoF«i‘(«ico to Pig. 4r-l 4 will show the image Foroo, the field force, 
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the potential energy in the absence of a field, and that in the 
presence of a field, aU as functions of x. The reduction in the energy 
needed to remove the electron to infinity, i.e. JE — corresponds 
to a lowering of the potential energy barrier or work function. This 
reduction may be considered in two parts: that needed to translate 
the electron from the metal to x^^, and that to remove the electron 
from to infinity. The reduction in work, due to the field, for 
the first part is 

eXx„, 

Regarding the second part, when the electron reaches x^i, in the 
presence of an applied field, it is free to escape. Hence the reduction 
in work is equal to that needed to remove the electron from x^^ 
to infinity in the absence of the field. This work is 


and thus we have 

+ 7 ^ 

where E is the work in the absence of a field and that in its 
presence. Substituting for from (4-48) 

= eV eX 

Expressing this in terms of the change in the work function 
dE = E — E^ = ca/ 6X 

and = JE? — eV eX . . . . (4-49) 

where E^ is the work function in the presence of the field. It will 
be noted that the reduction in the work junction is directly ])ropor- 
tional to the square root of the field strength. 

Considering now the effect on the emission current, let Jq bo 
the current density in the absence of a field and J that in its presences 
Then, from (4r-34) 

J„ = ATh~ H' 

J = ATH tr 



and 
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From (4-49) J = ATH s 

or J = J^e 

Substituting for e and h and expressing X in volts per centimetre, 
we have _ 

.... (4-50) 
Multiplying both sides of (4-50) by the cathode area gives the 
emission current, viz. _ 

.... (4_5i) 

Now X is proportional to the anode voltage, with the result that, 
in practice, the relation between I and anode voltage may be shown 



Eiu. 4 -15 Kia. 4-1« 


in the manner indicated by Fig. 4-15. In order to determine the 
true saturation cuiTent as expressed by (4-51), we have 

log I = log lo -h 4-4V'X/2' 

or log I = log /q + 4i-‘^K‘VVIT 

where V is the anode voltage and K is a constant. At some value 
of F, Jq becomes constant and thereafter log / is a straight line 
the slope of which is 4-4A7r. The intercept of this line on the 
ordinate tlien gives log /q manner shown by Fig. 4-16. 

Photo-electricity 

Kcferonce has ali'oady been made to the photo-electric effect 
in Chapter IF and its inilnonco in reducing the statistical time lag 
of a spark-gap. In general it is found tliat the influence of radiation 
on metals is to libei*ato electrons from the latter. That this is so 
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was originally demonstrated by J. J. Thomson, who measured e/m 
for the particles liberated and found it to be that for the electron. 
The kinetic energy of the emitted electrons can be determined by 
the potential difference required to arrest them. 

Suppose a metal plate at a potential V is emitting electrons 
under the influence of radiation. An electron will experience a 
force attracting it back to the plate, and by the time it reaches a 
situation of zero potential it will have lost energy equal to Ve, 
If its original energy at the plate were JS, then the energy is now 
E — Ve, If this quantity is equal to or greater than zero it will 
escape being drawn back to the plate. If v is the initial velocity of 
the electron, then, for escape, 

^ Ve 

and ^ 27 — 

m 

If a plate is enclosed in a highly-evacuated glass vessel with another 
conductor at zero potential, illumination of the plate, with, say, 
ultra-violet radiation, will cause the emission of electrons. The 
plate will slowly acquire a positive potential which will increase 
until it is just sufficient to prevent the escape of the fastest electrons. 
This maximum potential is a measure of the maximum kinetic 
energy of an electron. It is found to be of the order of 1 volt, and 
thus the energy of escape is 

Fe = ^ X 4-774 X lO-^o 
= 1-691 X 10-12 ergs. 

i.e. 1 electron-volt. It is found that the velocity and energy of the 
emitted electrons are independent of the intensity of the incident 
radiation, but depend on the frequency of the latter. 

* Millikak’s Experiments 

There have been many experimenters in the field of photo¬ 
electricity, but probably the best results have been obtained by 
Millikan, whose experiments alone will be described here. It is 
found that alkali metals emit most readily and that oxide films, etc., 
on the metal surface modify and coini)licato results. In view of this, 
Millikan’s experiments were carried out on a block of alkali metal 
supported within a highly-evacuated glass vessel. In order to 
obtain a perfectly clean surface the metal was scraped inside the 
vacuum by a cutter operated from outside by means of an elocjtro- 
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magnet. J?lie clean surface of the alkali was situated in front of 
an oxidized copper-gauze cylinder, the potential difference between 
the two being adjusted until no electrons could escape from the 
former. The purpose of employing copper oxide for one electrode 
is that the photo-electric effect occurs at lower frequencies for the 
alkali metals than for copper oxide. Thus, Millikan was able to 
employ radiation of frequency which would affect the alkali but 
not the copper oxide. 

If F is the positive potential of the alkali metal necessary to 
prevent the escape of electrons, and f the frequency of the incident 
radiation, then it was found that 

F = iT/- Fo ... (4-52) 

where Fo depends on the nature of the substance, but K has the 
same value for all substances. Multiplying by e and transposing, 
we have 

Ve + Foe ^ Kef . . . (4-53) 

Fe is the energy with which the fastest electron escapes and, as 
VqC has also the dimensions of energy, it must be interpreted as 
the work done by the electron in escaping from the metal. Hence, 
VqB should be identical with the thermionic work function ^e, and 
this is found, approximately, to be the case. K was found from 
the slope of the curve given by (4-52), being equal to 4-128 X lO”^® 
when F is measured in volts. The left-hand member of (4-53) is 
the energy with which an electron commences its flight and thus 

= hf 

Where h is constant, independent of the nature of the substance, 
and equal to Ke, 

4-128 y' 

Therefore h = 4-774 x lO-i® X 

5U0 

= 6-66 X 10“*’ erg. sec. 

which is equal to the value of Planck’s constant. 

Einstein’s Theory: Light Quanta 

The quantity 7</has boon termed by Einstein a “light-quamtum,” 
who put forward the theory that radiation travels in bundles of 
this magnitude. Referring to (4-.')3) we see that if / is equal to a 
certain value/o then 

Voe = KefQ . . . (4-54) 

and below this value there will be no omission, /q is known as the 
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critical or threshold frequency, and is evidently proportional to the 
work function of the metal. EVom (4-53) and (4-54) 

Ve + Ze/o = Kef 

or F6 = A(/~/o) 

which is Einstein’s equation. When A = 4000 A, i.e. the shortest 
wavelength of visible light, the threshold condition is ^ = 3 volts. 
It follows that metals with higher work functions than 3 electron- 
volts will respond only to ultra-violet radiation. Hence, common 
metals, which have work functions of about 4 to 5 electron-volts, 
are useless as photo-electric cathodes for visible light. 

According to Einstein’s theory, when radiation falls on a metal 
the electrons receive quanta of value hf so that escape is possible, 
providing hf > <l>e. However, when an explanation of the photo¬ 
electric effect is sought in terms of the classical wave theory, grave 
difficulties arise. For example, a photo-electric effect can be observed 
when the energy falling per second per square centimetre of a 
substance is less than 1 erg, which is equivalent to a standard 
candle at a distance of 2 metres. Under these circumstances tlie 
energy of each electron liberated can be greater than 10”^^ erg. 
On the wave theory an electron cannot absorb more energy than 
falls on the area of the molecule in which it is contained. The area 
of a molecule is of the order of lO”^® cm.^ and thus with 1 erg per 
cm.^ per sec. the energy received by a molecule per second is 10 ■^® org. 
Thus, for an electron to acquire an energy of 10“^^ erg would require 
about 10,000 sec. or 3 hours, and this time should ela])se from the 
moment of applying the radiation until the plioto-electric effect 
commences. Actually, however, the effect appears to occur simul¬ 
taneously with the application of the radiation. Tliis is quite 
possible according to Einstein’s theory, for if radiation travels in 
quanta, and an electron can absorb a whole quantum instantaneously, 
there can be a photo-electric effect, resulting in the emission of a 
single electron as soon as the total energy of the light omitted is 
equal to one quantum. For the source considered, the rate of energy 
emission is 4^7 x 200^ = 5 x 10® ergs per sec. Therefore, only 
2 X lO”^® sec. elapse before a quantum is emitted, which ox])lains 
the almost instantaneous photo-electric effect. 

Photo-electuic Effect m Nok-metals 

The photo-electric effect occurs with non-metals, but hero the 
threshold frequency is much higher than with metals. In thr» case 
of non-conductors there are no free electrons, and hence a quantum 
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has not only to extract an electron through the surface of the 
substance, but also from its parent atom. Now kf^ = VqB, or 
Vo = Mo /^9 Vq must exceed the ionization potential of 

the atom by an amount equal to the work function. Observations 
on non-conductors are difficult, as it is not possible to conduct the 
charge away from the substance by means of a wire. Hence the 
charge collects on a non-conductor until it terminates the electronic 
emission. 

In the case of gases the photo-electric effect takes the form of 
ionization, as the ejection of a photo-electron leaves the gas molecule 
with a positive charge. There being no surface effect, it may be 
anticipated that ionization should commence for A/q = VqB where, 
in this case, Vq is the ionization i)otential. The maximum wave¬ 
length shoxild also be A = hcjVffi. Actually, however, it is found 
that radiation of longer wavelengths than this may cause ionization 
in gases. This it appears that the effect is associated with the 
excitation rather than the ionization potentials of the molecules. 
Possibly two excited molecules may collide and their joint energy 
may be sufficient to produce a photo-electron from one. of them. 

Secondary Emission 

In dealing with gaseous electrical discharges it was shown that 
the discharge is probably maintained by tlie emission of secondary 
electrons from the cathode. In general, electrons tend to be emitted 
from a metal surface whenever it is subjected to bombardment by 
electrons, positive ions, or metastable atoms. The motion of the 
latter does not constitute a current and hence Imowledge of secondary 
omission due to this cause is slight. However, far more important 
are the emission processes duo to the two first-mentioned causes. 

Secondary Emission dx7e to Electrons 

When a stream of electrons strikes a metal surface, reflexion 
of the impinging electrons may occur, due to collisions of electrons 
with atoms. Cumulative reflexion may occui* up to angles of 90°. 
In addition to this, electrons may bo released fi'om the metal, duo 
to energy transfer from the electrons in the primary beam. It is 
electrons omitted in this maimer which constitute secondary emis¬ 
sion, the electrons being termed “secondary” electrons. In practice 
difficulty is experienced in deteimining the ratio of the secondary 
to primary electrons, as there is no ])rocise method of distinguishing 
between electrons belonging to each class. It appears that the ratio 
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is much less when, a metal is freed from gas. Some figures, due to 
Petry, for pure metals are given in Table 4-2.* 

TABLE 4r-2 


MetaJi 

MAXTTVnTM: Batio 

Velocity of Fbimajeiy 
ELBOTRO isr : Vokcs 

Fe 

1-3 

348 

Chi 

1*32 

240 

Mo 

1-30 

366 

Ki 

1-3 

455 

W 

1-46 

700 

Au 

1*14 

330 


The practical importance of secondary emission will appear in 
dealing with valves where metals have been sought witii low secon¬ 
dary emission. In certain apparatus, however, such as the electron 



Era. 4-17 

multiplier, high secondary emission is desirable and may be obtained 
firom materials usually employed as photo-electric cathodes. 

For example, the ratio of secondary to primary electrons is 
greatly increased by the presence of an alkali or electro-positive 
metal on the surface of a pure metal. For such composite surfaces, 
secondary emission ratios as high as 16 have been found. This 
ratio for a surface which may be described as Cs-CsO-Ag (that of 
* P%«. JSet). 26 (1926), p. 346; 28 (1926), p. 362. 
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tlie electron-multiplier shown by Fig. 18-18) is shown as a function 
of the energy of the primary electrons by Kg. 4-17. It is possible 
to give some explanation of the character of this curve. When the 
primary electrons arrive at the surface with low energy, the energy 
which they can transfer to the secondaries is small, with the result 
that few of the latter can overcome the surface potential barrier 
and escape. Increasing the energy of the primaries at this stage 
results in more energetic secondaries and an increase in the secondary 
omission ratio. As the energy of the incident electrons is continually 
increased, however, they penetrate deeper into the metal and the 
secondaries produced must travel further in order to reach the 
surface. In doing so, the number of collisions made by the secon¬ 
daries increases, with the result that their random velocity is 
increased at the expense of their ai-directed velocity. Thus, as the 
energy of the primaries is increased, the secondary emission ratio 
must pass through a maximum as shown. 

The energy of the majority of the secondary electrons is usually 
not more than about 3 electron-volts. This is, perhaps, to be ex¬ 
pected, for a high-energy secondary within the metal should be 
able to act in a similar manner on other electrons as a primary, and 
thus gradually lose its energy. 

ysooNDARY Emission Doe to Positive Ions 

In practice, secondary emission due to positive ion bombardment 
is usually far more important than that due to primary electrons. 
This is because the field at the cathode, where the positive ions 
impinge, is in such a direction as to remove the secondary electrons, 
whereas the field at the anode restricts the escape of electrons. As 
wo have already seen, according to one theory, secondary emission 
at the cathode is essential to a self-maintained discharge. 

A positive ion on airival at the cathode possesses two forms of 
energy: potential energy equal in amount to its ionizing potential, 
and kinetic energy due to its velocity. On neutralization of its 
charge the energy of an ion may be absorbed in various ways. Thus, 
energy is necessary to extract tho neutralizing electron from the 
cathode and if, in addition, secondary emission occurs, energy will 
be needed to extract the secondary electrons. Heat is also produced. 
Suppose the total current at tho cathode is 1 amp. and of this 
a; amp. is due to positive ions and (1 —a;)amp. to . electrons. Let 
V be tho potential diflPeronco between the cathode and its siiiTOund- 
higs, Vi tho ionizing potential of the gas, and ^ the work function 
voltage of the cathode. If the kinetic energy of the ions corresponds 
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to a fall through a potential difference F', then, assuming the 


secondary electrons have negligible initial velocities. 

Potential energy of ions* = xVi 

Kinetic energy of ions = xV' 

Energy for extraction of neutralizing electrons = x<l> 

Energy for extraction of secondary electrons = (1 — x)<l> 
Therefore balance of energy possessed by ions is 
E^x{V' + Vi-<l>)-il-x)cf> 

= x{V' +Vi) — (f> . - . . . (4-55) 


If, after neutralizing, the ion is devoid of energy, then (4-55) is 
the rate of heat production at the pathode in watts per ampere. 
Hence under suitable circumstances x may be determined. In 
some experiments, due to Oliphant,* conditions were arranged so 
that F' was equal to F and <j> and F< were relatively small. In this 
case (4-55) becomes 

E^xV . . . . (4-56) 

X was determined from (4-56) by measuring the additional heat 
needed to maintain the cathode at a constant temperature as F 
was reduced. It was found that x was approximately constant for 
values of F between 40 and 600 volts. Some values of x for various 
gases are given by Table 4-3. 

TABLE 4-3 


Gas 

X 

He 

0-7 

A 

0*8 

No 

0-55 

Ha 

0*7 

Hg 

0-75 


Conduction in Metals, Insulators, and Semi-conductors 

t 

In view of the Fermi-Dirac theory of the metallic state it is 
necessary to reconsider the subject of electrical conductivity. It 
appears that electrons with energies well below the normal maximum 
level cannot take part in electrical conduction. When an electron 
is under the influence of an electric field it tends to change its energy 
state. As the states adjacent to those of electrons having cnoi*gy 
♦ ProG. Roy, Soc. A, 132 (1931), p. 631. 
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less than are full, it is apparent that such electrons cannot take 
part in electrical conduction. However, those relatively few elec¬ 
trons with energy equal to E^ or above may be forced up into an 

unoccupied state or level, such states being _ ELEC TRON FLOW 

laiown as running states or levels. This 
term is employed because it is probable 
that the flow of electrons within a con- 
ductor takes place principally by means 

of the motion of electrons in these levels. " 

If a potential difference is applied to + 
two opposite faces of a conductor, this has 
the effect of tilting all the energy levels 
into an inclined position. Thus, con¬ 
sidering Fig. 4-18, if the right-hand side Fjo. 4-18 

of the conductor is made negative 


Fjtj. 4-18 


relatively to the left, the energy of the electrons to the right will 
be increased. This increase in energy is initially potential, and the 
electrons can now move to the left, passing into higher kinetic- 



energy states at the expense of 
potential energy. Obviously the elec¬ 
trons below E,^^ cannot move because 
the levels immediately above them 
are full. The energy of a conducting 
electron does not remain constant 
because it collides with the lattice 
structure, thus losing energy in the 
form of heat. Such losses constitute 
the resistance of the conductor. 

Insulators and Sbmi-condcjctors 

Within an insulator the electrons 
reside in definite kinetic-energy levels 
exactly as within a conductor. How¬ 
ever, unlike a conductor, the elec¬ 
trons within an insulator are firmly 
attached to their parent atoms and 


T*c hence cannot readily accept addi- 

Kt( 1.4-19 tional energy to force them into 

unoccu])iod levels. Tlius, an applied potential may steeply tilt the 
(iiiei'gy levels without olecti'ons being able to pass from one level to 
another, this resulting in an absence of conduction. 


The terms “conductor” and “insulator” 


are, of course, only 
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relative, for it is doubtful whether a perfect couductor or insulator 
exists. Most insulators have some slight conductivity which tends 
rapidly to increase with an increase in temperature. Reference to 
Fig. 4-19 shows this property for red fibre in a dry state. The 
effect of heat on an insulator is to increase the kinetic energy of its 
electrons and so force some of them into running levels, thus leading 
to an increase in conductivity. 

A semi-conductor may be regarded as a composite of a conductor 
and an insulator. The conditions may be illustrated by Fig. 4-20, 
in which it wlQ be seen that running levels exist above a thm layer 
of filled levels, the latter in turn residing above a no-level band. 
The thin layer is said to consist of “impurity’’ levels, as it is believed 



OCCUPIED OCCUPIED 

LEVELS LEVELS 


(a) CONDUCTOR (h) INSULATOR (C) SEMI -CONDUCTOR 

Fig. 4r-20 

to contain electrons belonging to impurities within the substance. 
Typical important examples of semi-conductors are cuprous oxide 
and selenium. In the former it is believed that the impurity levels 
are associated with an excess of oxygen, i.e. oxygen beyond that 
demanded by the chemical formula of cuprous oxide. Certainly the 
semi-conducting properties are due to oxygen excess, for pure 
cuprous oxide has a specific resistance of the order of 10® ohm per 
cm.®, while that with an excess of oxygen has a specific resistance of 
the order of 10® ohm per cm.® 

The conductivity of a semi-conductor is limited by the com¬ 
paratively few electrons in the running levels. This is probably 
due to the lack of depth of the impurity levels which supply the 
running levels. The conductivity of a semi-conductor is extremely 
susceptible to temperature variations, the explanation of this being 
the same as for an insulator, i.e. an increase in temperature forces 
electrons from both the impurity levels and those below the no-level 
band up into running levels, the first of these two effects having 
much the greater result on the increase in conductivity. 












CHAPTER V 

X-RA.YS 

It has already been stated in Chapter III that if a gas-discharge 
tube is exhausted to the degree that the Crookes dark space fills 
the tube, a radiation, termed X-radiation, is emitted from wherever 
cathode rays (or electrons) strike. The discovery of this form of 
radiation was due to R5ntgen, and the first indication of its exist¬ 
ence may be said to be evidenced by the fluorescence of the glass 
tube when this is sufficiently exhausted. By covering the tube with 
black paper, Rttntgen found that fluorescence could still be excited 
iu a barium platino-cyanide screen placed at some distance from 
the tube. Prom this he concluded that some hitherto unknown 
form of radiation existed, capable of penetrating opaque substances 
and producing effects at distances remote from its point of genera¬ 
tion. The capability of X-rays to penetrate solid bodies is, of 
course, a fact of the greatest importance, and this is further enhanced 
by the fact that they are capable of affecting a photographic plate. 
IVom these two phenomena arise the science of radiography. 

Methods of Production 

The original tube with which ROntgen made his discovery of 
X-rays was not such as is used for their production to-day. This 
was in fact what is usually termed a Crookes tube, the rays from 
such a tube being “soft’’ in character. X-rays are classified into 
“soft” and “hard” according to their capacity for penetrating 
substances, the hard rays being relatively more penetrating than 
the soft. In order to produce harder rays than those obtainable 
from a Crookes tube, early X-ray tubes took the form shown by 
Tig. 5-1. This possessed a concave cathode, the purpose of which 
is to focus the electrons on to a metal target T. The rays arise 
from T in the manner shown. That the rays originate from where 
the electrons (or cathode rays) strike may be demonstrated in the 
manner shown by Pig. 6-2, where B is a photographic plate and A 
a metal plate possessing a number of holes. If an exposure is made, 
B developed and replaced in its initial position, then, producing the 
lines backwards from the images through the holes, it will be found 
that they converge on a common point on the target, thus showing 
that the X-rays arose from this point. 
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Secondary Radiation 

When X-rays fall on any material, further rays are produced, 
termed secondary radiation. This radiation is complex in character, 
consisting mainly of secondary X-rays. These rays may be classified 



imder two headings, namely scattered X-rays and characteristic 
X-rays. The former consist of rays similar to those of the primary 
beam, and may be considered as rays which have been deflected 
by the substance upon which they have fallen. The characteristic 



Fia. 6-2 


X-rays are so termed because they are characteristic of the substance 
on which the primary rays have fallen. 

Origin of X-rays 

Classical Theory 

The first explanation of the origin of X-rays was due to Stokes, 
who suggested that the sudden stoppage of cathode rays (i.e. elec¬ 
trons) when they strike a solid body causes the emission of electro¬ 
magnetic pulses or radiation of very short wavelength. However, 
earlier than this J. J. Thomson had observed that if cathode rays 
were rapidly moving charged particles (as he afterwards proved to 
be the case) then, in accordance with Maxwell’s theory of radiation, 
they should produce radiation if suddenly stopped. 

In order to pursue this idea we shall consider an electron moving 
along ABf Fig. 6-3, with a velocity v, which is small compared with 
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that of light. The magnetic field due to the electron is uniformly 
distributed around it and, of course, accompanies the electron while, 
and only while, it is in motion. It will now be assumed that when 
the electron reaches 0 a force acts upon it which brings it to rest 
in a short time dt, it coming to rest at O'. Considering the field 
distribution at a time t after the electron is at rest, if a sphere of 
radius r = is described about O', a disturbance will have i)assed 
over the field within this sphere, the field originating from (or termin¬ 
ating on) O'. Now, the field distribution outside a sphere of radius 
c(t -1- dt)y described about 0, will be the same as if the electron had 
not been arrested, because the disturbance can only travel outwards 
from 0 with velocity c. If the electron continued to move uniformly, 



the field would have been uniformly distributed about O" where 
00" = v{t + dt). The disturbance due to the stoppage of the 
electron will accordingly be contained between the two spheres. 
The form of the field in this region cannot be predieted, but it is 
evident that it will possess a tangential component, this travelling 
outwards with the velocity of light and constituting the X-rays. 
If vdt is small compared with cdt^ the spheres may be regarded as 
concentric and the disturbance will bo confined between two spheres 
of radii ct and c{t + dt), the thickness of the disturbance being cdL 
Resolving the disturbance into two right-angled components, wo have 
Tangential Electric Displacement _ v t sin 0 
Normal Electric Displacement cdt 

The normal displacement is and, as r = ct, the tangential 

component is 

e vt sin 0 
477 *0^^2 • cdt 

ev sin 0 
or 

whore e is expressed in o.s.u. 


4t7TrcHt 


(5-1) 
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As the latter is moving at right-angles to its direction with 
vdodty 6, it wiU produce a magnetic field H equal to 4aTcJc times 
the tangential displacement,* i.e. 


ew sin fl 

^ ~ rcHt • 


(6-2) 


lYom (6-1) and (6-2) it will be noted that the electric and magnetic 
field strengths vary inversely as the distance from the electron, 
whereas the normal component of the field varies inversely as the 
square of that distance. Hence the intensity in the disturbance, 
except in the vicinity of the electron, will be large compared with 
the intensity outside it. Thus, a pulse of electromagnetic disturbance 
travels outward from the electron, behaving in some respects like 
ordinary li ght . The principal differences are, however, that the 
thinkTiftflg of the pulse is small compared with the wavelength of 
light and lacks that regular periodic character distioguishing a 
train of waves of constant wavelength. 


Energy oe Ra.dl4.tion 

According to Maxwell’s theory, the energy in an electromagnetic 
wave is equally divided between the magnetic and electric fields. 
Hence the energy in the pulse is given by either 

kX^ 

2 X ^^ 5 — or 2 X “ 5 — ergs per umt volume, 

077 077 


where X is the electric field strength and ii and h the permeability 
and specific inductive capacity of the medium in which the radiation 
occurs. Assuming = 1, the energy in the pulse per unit volume is 

1 /ev sin 0\2 
477 \ rcHt ) 


The volume of shell included in radii making angles 0 and 0 + dO 
with the axis AB is cdt . 277^ sin 0 . rdd, and the total energy is 
therefore 


(»7r/2 


2 


277r2 sin Ocdt . 


J 0 



3 ’ c^dt 

* Electricity and Magnetiatn , p. 421, S. 0. Starling (LongmanH, Groon). 
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But this is the energy radiated in time dt, so that the rate of 
radiation is 2 

^ It may he noted that (vfdtY is the average rate of acceleration of 
the electron. Writing this as /^, the rate of radiation is 

2 e2/2 

- . ergs per sec. 

and this is true whether the electron is brought to rest or merely 
undergoes a change of velocity. 

QxjAJSTTxra Theory 

Although the foregoing theory of the origin of X-rays is not 
without merit (as we shall see later when dealing with scattering), 
it is more probable that explanation of X-rays is to be found in the 
quantum theory. According to this theory radiation could be 
produced by a bombarding electron penetrating an atom with a 
consequent displacement of a planetary electron to an orbit more 
remote from the nucleus. Under such circumstances the atom 
would be in an excited state and, on return of the displaced electron 
to the ground state, radiation would occur. 

Absorption of X-rays 

Reference has been made previously to the variation in the 
penetrating power of X-rays and their classification into hard and 
soft rays. The degree of hardness is largely associated with the 
])otential difference through which an electron falls in passing from 
the cathode to the target being gi’eater the larger the potential 
difference. The penetrating power of the rays is obviously of such 
importance that it is necessary to have some means of measuring 
this quality. In practice this is effected by measuring the degree 
to which tho rays are absorbed by a suitable screen. 

Now, if a beam of X-rays of intensity I pass through a length 
dx of any material, the loss in intensity over dx may be written dl. 
Bor a given material the amount of the absorbed intensity may be 
written fj,Idx, where [jl is termed the absorption coefficient, or the 
fraction of the intensity of the beam absorbed per unit length of 

path. Thus -dl^fjddx 



and log 7 = — + X 
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If 7o is the intensity of the incident beam, then when a; == 0, / = i©* 

Hence K == log Jq 

and log I = — + log 

from which I = .... (5-3) 

In order to measure the absorption coefficient the apparatus shown 
by Fig. 6-4 may be employed. This consists of an ionization chamber 
before which is placed a sheet of material, /S, in which absorption 
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is to be produced. The ionization chamber consists of an insulated 
aluminium plate mounted within an aluminium box, this metal 
being relatively easily penetrated by X-rays. A potential difference 
is maintained between the box and plate, sufficient to produce a 
saturation current in the gas when ionization occurs. The magnitude 
of this current is a measure of the ionizing power and thus of the 
intensity of the beam. By measuring the saturation current with 
and without 8 in position, J/Jq, and thus //, may be found. 

Provided the X-rays being absorbed by a given material are 
liomogoncous, the law expressed by (5-3) is found to bo true. Where 
the X-rays are heterogeneous, the law is not obeyed, and plots of 
log ///q against x do not give straight lines. However, the law may 
be ap])T*oximatod to by adopting a series of straight linos, up to four 
in mini her. 

As X-rays are classified by their absorbability in different 
substances, it was found that a bettor measure of the quality of the 
I'ays than the absorption coofticiont is what is termed the mass- 
absorjition coefficient, i.o. the ratio of the absorption coeflicient to 
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1lnf ilcusitv «if 1.1u» subsliuu'o, viz. /(//>. For a Mhoot of absorbing 
inatorinl oCiinNi. .1, volnnio J', mass m, and density p, wo have 



r 

Ad 


in 

Vp 

fnua which 

d 
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Snlislitutiiig rur.r in (."> !$). 


wlifi’t* itlfi is the niass-ai>sor|)tion cooHiciont. Thus, if an absorber 
is di'MTibfd in tonns of ni/A, i.o. grams por oin.^, and /i oc p, tho 
iiui-o alisnri>f ion (•(K>ni(;it'nt will bo ind(»j)ond(mt of tho density of 
I In* sidi>.|im<‘(‘. 

In pruclico il is found that fijp is not oonstant, for fi inoroasos 
with llio itfoiuii*. weight of tho sul>stan(iO more rapidly than propor- 
tiitiiull\ to tin* density. In addition. //. is a function of tho “hard¬ 
ness’ iif the rays (t.h«”< hardmws inoroasos with the voltage at which 
the rays an* geiun-atod), <h*or<»aaing as th(» hanhiess increases. 
Tahh* .■> I indicates th<' manner in which /t decreases as tho X-ray 
lube potential inen*as(ss. 

TA»I-K r, 1 


N’oi/rs 
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Scatteriuj?: Classical and Quantum Theories 

.\s [>r(‘vit)iisly, wluui X-ni.y»s lall on a. ina.tiorial H(jatioriug 

lu'i'urs. AltlnnijL^li radiat'ion conslstK ol X-rayH bo- 

Intii'ini' <o tin* primary lu‘ain, IIk^hci rayw after H(iatt(n*ing arc Homo- 
\Nlial mo<litind, usually sofU^m^d. modilicaitioii n^sults from an 
aliMirptinn ami r(* <anissi(m nf tho rays, lluorcscumt radiation* and 
\Nhat is Ivjujwn as iscailvrvmj boiii^^ produnc^^d. I hus, tho 

mrasunuiuuit uf ahs<u*|)ti<m includes trim absorption (i.o. conversion 
ot \ ray cnrriiy into li(*at) and S(aitt<u*inj^. Dilhuxuit substaiicos do 
ant pnlthicc ilic sain<i of scat.toring, tlios(^ ot high atomic 

weicht prndm'ing a gn'!at<M’ tJuiu thos(^ ol low iitoitiic- wcught. 

♦ Srn <'liapior yil. 
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If an electromagnetic disturbance due to an accelerated electron 
falls on another electron, the latter will be subjected to an electric 
field X and will thus receive an acceleration 

^Xe __ e^f sin 6 
^ m mrc^ 

The electron wiU, therefore, give out radiation, which (since is 
proportional to/) will have the same quality as the radiation exciting 
it. If there are n atoms per cm.^ of a substance on which an X-ray 
beam falls, and there are Z loosely bound electrons per atom, then 
the possibility exists of setting in vibration the Z electrons. The 
latter will then scatter by re-radiation a fraction of the original 
energy in all directions, with maximum intensity in a plane per¬ 
pendicular to the direction of electron oscillation. As the rate of 
radiation of an accelerated electron is | e^jP/c®, then 1 cm.® of a 
substance on which an X-ray beam falls w^OOl radiate energy at a 
rate 

2 

/S = - nZ ergs per sec. 


this being in the form of scattered radiation. The rate at which 
energy is being received per square centimetre from the incident 
X-ray beam is 

P = ergs per sec. 


But X = mfle^ and hence 

47re2 


Thxis 


i 8 8‘jt 6 


Now S/P = fif the absorption coefi&cient. If instead of /t tho inaHs 
absorption coefiScient is employed, then 

A = 

p pP Z pmH^ 

But p = nmjiA, where is the mass of a hydrogen atom and A 
the atomic weight of the scatterer. Hence 

fi Stt _ 877 6^ ^ ^ ^ 

'p ^ Z 3 A A 
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where K has a value of about 0-4. Thus 



Experimental measurements of /i/p for the lighter elements from 
H to A1 give 0-2. Hence 

Z^AI2 

which indicates that the number of electrons within an atom is 
about one-half of its atomic weight. Reference to a table of atomic 
weights shows that this is approximately true.* 

QuAjjTTirM Theory of Soattbring 

According to the classical theory of scattering given above, the 
frequency of a scattering electron should be the same as that of the 



electric field under whose influence it oscillates. However, as 
previously stated, the scattered rays are usually softened, which 
means that they are of longer wavelength than those of the primary 
beam. The change of wavelength was investigated by A. H. Compton, 
who found that it could be explained by an application of the 
quantum tlioory. 

Compton considered X-rays as light quanta or photons which 
collided elastically with electrons within the atom. The photons 
were considered to have momentum, thus setting in motion the 
electrons upon collision. According to (3-24) and (3-26) the momen¬ 
tum and mass of the incident pixoton are respectively hf/c and hf/c^. 
As a result of a collision between a photon and an electron the 
latter omits a quantum hf of scattered rays, making an angle 0 
with the direction of the incident rays, as shown by Pig. 5-6. Also, 
tho electron, known as the recoil electron, is sot in motion with an 
initial velocity v in a direction making an angle ^ with that of the 

* (Hid (Uiamiml Kayo and Liiby (Ijon^tnans, (Jroou), 
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incident rays. Now, according to (3-28), the kinetic energy of the 
electron is 

moC* f , ^ — — 11 

LVl — J 

and from the law of conservation of energy we have 

= + ■ . (»-4) 

Also from the law of conservation of momentum 


¥ 



6 


+ 


m^v cos ^ 

Vl — v^jc^ 


(5-6) 


M' ■ ^ sin A 

0 = -^ sin 0- 

® V1 — v^fc^ 


(5-6) 


these two equations, respectively, referring to the x components 
along the beam and the y components normal to the beam. The 
mass of the electron is given by (3-27). From (6-4), (6-5), and 
(5-6), we have 

A' = I = A + (1 - cos 0) 

/ nhoc'' ’ 


or 


Also 


' A ,, 2h , „0 

A — A = — (1 — cos 0) = — sm® 
m„c ' ' m^c 2 

J 

cot 2 

F 


l^hoso results indicate that A' is greater than X unless 0 = 0. The 
diflibrenoo {X' — X) is evidently a function of the scattering angle 
0 and is independent of X. Thus, the percentage change in wave¬ 
length is large for small wavelengths, but small for largo ones. 
Substituting for A, m,,, and c, we have 

A' — A = 0-0242(1 - cos 0) 


"rhe foregoing results are confirmed by experiment and appear 
to indicate that in some respects X-rays behave as particles of 
energy 7// and momentum hf/c. However, in other respects X-rays 
behave as radiation of extremely small wavelength, this apparent 
inconsistency being as yet unresolved. A similar anomaly has, of 
course, already been found in Chapter 11T in dealing with photo¬ 
electricity. 
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Secondary Corpuscular Radiation 

In addition to recoil electrons, a beam of X-rays incident on a 
substance also liberates photo-electrons. The latter are not emitted 
equally in all directions, but in the case of a thin scatterer, such as 
gold leaf, considerably more electrons (or corpuscular radiation) 
are omitted from the emergence side than from the incident side. 
Thus, the electrons are projected from tho atoms with a component 
velocity in the direction of the primary beam. The electric field 
and force in the primary beam are at right-angles to the direction 
of pro|)agation and hence the electrons tend to be ejected in a 
direction perpendicular to that of the beam. However, because of 
the magnetic field in the beam the electrons after ejection will be 
acted on by this and the resultant motion will then be in the direction 
of the beam. 

If V is the velocity of electron projection and u the component 
velocity along the beam, then, if the electron absorbs a photon hf, 

M 

mu = 

c 

Imv^ = hf 


Yor photo-oloctrons projected by X-rays, v is of the order of 10^® cm. 
per sec. Hence u/v = 1/6, which is approximately the value foxind 
from experiment. 

Characteristic X-rays 

Of the two kinds of secondary X-rays produ(icd when a primary 
beam falls on a scattering substance, one of these, tho characteristic 
or fluorescent radiation, depends on tho nature of the substance 
and not on the quality of the primary beam. However, to produce 
any characteristic X-ray, the primary X-rays must bo at least as 
hal’d as the characteristic X-rays produced. ''Phis means that the 
atomic weight of the anticathodc in tho X-ray tube must excicod 
that of tho scatterer and also tliat the ])otential of tho tube must 
exceed a certain value. These facts indicate tliat the characteristic 
X-rays are due to som<‘. electronic conditions within tho atom. 

Kinploying absorbing screens of aluminium, Barkla measured 
the mass absorption eootticient for tho characteristic X-rays arising 
from a variety of materials when placed in a beam of X-rays. Tlu^ 
characteristic rays tended to fall into two distinct groups, as shown 
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by Fig. 5-6, where log fifp is plotted against the logarithm of the 
atomic weight of the scattering element. These two groups were 

termed the series K and series 
L fluorescent radiations, the 
former being more penetrating 
and less absorbed than the 
latter. 

If an absorbing material is 
irradiated by a beam of homo¬ 
geneous radiation insufficiently 
hard to excite the characteristic 
L radiation of the absorbing 
material, it is found that the 
absorption coefficient dimin¬ 
ishes rapidly with diminishing 
wavelength* of the homo¬ 
geneous radiation, the relation 
being expressible by = KX^. 
This is shown by the branch M 
of the curve of Mg. 5-7. As the 
wavelength is continually decreased, a value is ultimately reached 
at which the absorption suddenly rises to a relatively high value. 
At this wavelength the L 
radiation of the absorbing 
material is excited and the 
energy of this characteristic 
radiation is abstracted from 
that of the primary beam. 

Beyond L, Fig. 5-7, the absorp¬ 
tion again decreases in accord- 
aiice with a third power law ^ 
until the wavelength is such 
that the K radiation is excited. 

For elements of high atomic 
weight an M discontinuity 
exists as well as those of the 
L and K series. The absorp¬ 
tion curve for varying wave¬ 
lengths may be written 

^=(Ax- + iC£ + A'^-l . . .)A« 

* Seep. 210. 
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where Kj,, etc., are constants for a given absorbing 

material, each of which becomes effective when the incident wave¬ 
length is less than that corresponding to the K, L, M, etc., absorption 
limits. 

A similar curve to that of Fig. 6-7 occurs if fi/p is plotted against 
atomic weight for a given quality of radiation. As the atomic 
weight increases the absorption also increases, while the atomic 
weight is such that the K, L, and M radiations can be absorbed. 
Beyond the element of the same material as that responsible for 



O 50 100 ISO 200 250 

ATOMIC WEIGHT 

Fro. 5-8 


the radiation, radiation can no longer be absorbed by the K structure 
of the elements. Hence from this point the K absorption ceases, 
and only the L and M absorptions for the elements of increasing 
atomic weight occur. As the atomic weight increasos, the absorption 
coefficient again increases until the hardness of the L radiation of 
a certain element exceeds that of the incident radiation. At this 
point tlio L absorption will abruptly cease, as shown by Fig. 6-8. 

The foregoing phenomena indicate that each element possesses 
a series of X-ray characteristics designated by the letters K, L, 
Af, N, etc. These characteristics differ in the hardness of the rays 
requii‘ed to excite them, the hai’dnoss diminishing with the advancing 
position of the letter in tlie al})habet. The series can be invoked 
for all elements, but the higher the atomic weight the greater must 
bo the hardness of the jirimary exciting beam. Thus a beam which 
may be adequate to produce the K series in a light olomont may 
only be able to produce the M series in a heavier element. In fact, 
the L and M aeries in some of the lighter elements are not X-rays, 
but far ultra-violet radiation. Contrasting A1 and W, an X-ray 
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tube with electrons having an energy of 1500eF may excite the 
K series for Al, but 60,000ey are required to excite the same series 
for W. 

• It is evident that characteristic X-rays are closely connected 
with atomic weight or number, and hence with atomic structure. 
The K series first appears in elements of low atomic weight. As 
the atomic weight increases, the L series next appears, and later 
the M series, and so on. On page 201 it was briefly suggested that 
the most probable explanation of the ori^ of X-rays was to bo 
found in the quantum theory rather than in the classical theor 3 ^ 
This suggestion is adequately suppoi*ted by the fact that when 
means were found for measuring the frequencies of X-ray spectra, 
the latter were found to be connected with the accelerating potential 
of the X-ray tube by the relation 

Ve = hf 

where F is the accelerating potential and / the frequency of the 
corresponding series produced. 

Let it be assumed that for the most firmly bound electrons within 
the atom (i.e. those with the principal quantum number \) 
is the work necessary to displace one of these from its normal orbit. 
The lowest frequency which incident radiation may have to effect 
this displacement is When an increasing frequency 

reaches this critical value, absorption by the K electrons commences 
with a marked increase in the absorption coefficient. Hence the 
K absorption discontinuity indicates the point at which thc^ K 
shell electrons are capable of abstracting energy from the incident 
beam. From the atomic theory given in Chapter I it should now 
be clear how the various X-ray scries arise. Thus, the K s(UMes 
corresponds to Wr = 1, tlie L series to n ■== 2, and the M mvw,H to 
n — 3. Also tlio comparatively few scries indicate that only a few 
energy levels or electron orbits exist within the atom. 

Let it bo supposed that an electron has been ejected from the 
K shell. The vacancy created will bo filled by another electron, 
generally coming from one of the outer shells. If this electron 
originates from the level, energy will be liberated equal to 

Tluis, / should be tho froquoncy of a lino in the K sorios of tho 
element. For tungsten the vahies of tho K and L diKoontinuitios, 
respectively, occur at wavelengths of 0-178/) A and A. 
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or 


he he he 

A Xfji 

2 — ^K^JA. 

“ A;, 

= 0*2086 A 


Measm*ement shows the lino to have this value. 

It will have boon noted above that subscripts are attached to 
K and L. This is because the X-ray spectral lines of any element 
can bo aiTanged in series or groups of linos, each lino having a 
slightly different wavelength from the others. Tho series having 



the shortest wavelengths is tlio K scries, that with the next shortest, 
tho L series, and so on. The K series usually consists of four linos 
known as a-^d Ky. Table 5-2**' gives tho wavdemgths 

of tho lines of the K series for several olemonts. It will bo noted 
that the higher the atomic number tlui shorter tho wavelengths 
become. The various lines are associated with the diffei'ent electron 


TABLK 5-2 


ElWMI'JNT 

Atomkj 

NuMFtlOR 

iv«a 

Kn\ 

K,t 

Ky 

Na 

11 


11*883 

11*501 

_ 

K 

U) 

3*73S 

3*733 

3*440 

- 


20 

1*032 

1*0324 

1 *754 

1*730 

nr 

35 

J *04(1 

1 *035 

0*020 

0*014 

Kh 

45 

0*(>I0 

0*012 

0*545 

0*534 

Oh 

55 

()*4()2 

0*308 

0*352 


W 

74 

0*2134 

0*2080 

0*1842 

0*170 


* Kor fullor data k(H) rhymval and (ihmimtl Kayo and Laby, p. 1M>, 

(bongtnaiiB, (i|r(K)ik). 
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orbits within the atom and may be represented by the energy level 
diagram of Fig. 5-9. It is found that there is only one K level, but 
there may be three L levels, and seven N levels. From Fig. 5-9 
it appears that the and lines occur when an electron falls 
from the L levels to the K level. Also the and Ky lines occur 
when electrons, respectively, fall from M and N levels. For the 
L level, n ^ 2 and, as shown on page 48, for this number there 
are two possible orbits, one circular and one elliptical. It may be 
prjBsumed, therefore, that the and linos originate from 
electrons which fall from these two orbits into the K orbit, for 
which = 1. 

X-ray DiSraction 

It has been stated that X-rays consist of electromagnetic radia¬ 
tion of extremely short wavelengths and the method of measuring 
such wavelengths must now be considered. The discovery that 
X-rays may be diffracted by crystalline substances is the origin of 
the method employed and hence some attention must bo given to 
crystal structure. Crystals are homogeneous soUd substances which 
are bounded by plane surfaces termed the faces of the crystal. 
Certain angles exist between crystal faces, these angles being of 
constant value and independent of the size of the crystal. A crystal 
^ows by the deposition of tmiform layers upon its faces, and hence 
it may become larger without the angles between the faces changing. 
The regular structure of a crystal is due to regularly spaced geo¬ 
metrical arrangements of atoms or ions which form unit cells from 
which larger crystal aggregates' are developed. The atoms or ions 
lie in regularly spaced planes, the distance between such planes 
being of the order of 10“^ cm. As we have already seen, when X-rays 
fall on a substance the latter ti*ansmits part of the rays and scatters 
or re-radiates tlie remainder. According to the classical theory of 
scattering, re-radiation is duo to electron acceleration within inclivi- 
dual atoms of the scattering substance. If scattering occurs from 
a regular geometrical arrangejuent of atoms, it appears possible 
that at some position beyond such an an*angement the scattered 
radiation should exhibit some orderly pattern. This is so, the 
waves of radiation uniting crest to crest at some places and (‘.rest 
to trough at others. Hence in the first case a point of maximum 
intensity occurs, and in the second case a poini; of zero intensity. 
By directing a fine beam of X-rays into a crystal and placing a 
photographic plate at the back of the latter, the plate, after suitabU^ 
exposure and development, shows a regularly spaced number of 
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spots arranged round a large central spot. The latter is, of course, 
due to the effect of the directly transmitted radiation. The image 
received by the photogi*aphic plate is termed a diffraction pattern. 

Crystal Stjiitctijr,e 

Crystals may have a largo variety of shapes, but for the purpose 
of illustrating their application to X-rays it is convenient to consider 
one of the most simple and important crystals, namely rock salt. 
This substance crystallizes on what is known as the cubic system, a 
tyTpical crystal being represented by Fig. 5-10. Referring to this, 



it will l)(^ notcKl that tlio crystal is made up of a number of unit 
cubes at tlio conu^rs t)f which arc Na' and Cl " ions placed alternately. 
Ilie ions may bo regarded as lying in [)laiios, and one sot of i)lanes 
may bo taken as those lying parallel to the top plane. Thus the 
l)lane 1234 is one of this set. Anotlior mt of parallel pianos may be 
taken through the diagonals of the elementary cubes, as shown by 
AA'B'li, 

The various sets of planes are designated by numbers known as 
Miller indices, the dUrerent faces of the crystal being spocilied by th(^ 
intercepts cut off from three axes by the faces. As axes, lines are 
taken which are parallel to tlie three edges of the cjrystal, and whicdi 
do not lie in one ])lan(^. Except for cubic crystals, the angles between 
the axes, x, ?/, and are dilforont, as are also the unit lengths a, 6, 
and c along the axes. Regarding a givoTi plane within a crystal, 
this piano will have intercepts on each of the axes, a;, y, z, at, say, 
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e, f, g. The lengths of these intercepts from the origin in terms of 
a, b, and c are given by numbers j, k, and 1. Thus, e = ja, f = kb, 
and g = Ic. The values of the numerators of the reciprocals of the 
numbers, g, k, I, when expressed with their least common denom¬ 
inator, are the Miller indices. Thus 

1 

nu 

1 = 1 

k jkl 

I _ jk 

T~ jkl 

and the right-hand members give the Miller indices of the (kl) (Jl) {jk) 
plane. Por example, ii e = 2a, f = 16, and g = 2c, then j — 2, 
k=l, and Z = 2. Hence 

1 _ 1 

II 
1 

1 _ 1 
I ~ 2 

The L.C.M. being 4, wo have 

I _ 2 
i ~ 4 
14 
k~ i 

1 1 

I ^ 4 

and the piano is designated as the 242 plane. 

In the case of cubic crystals, the axes are the rectjuigular co¬ 
ordinates, z, y, z, the unit lengths a, h, c being equal. For a piano 
at e = a and parallel to the yz plane, f = co, g = oo. Hence, 
j = 1, k = CO, I = 00 , and the Miller indices are 1, 0, 0. Honoo 
this plane is designated as the 100 plane. For a diagonal plane, 
similar to that shown by Fig. 6-10, with e = a, f = h = a, and 
g = 00 , the Miller indices are 1, 1,0. Honoo this plane is designated 
as the 110 plane. Again, the piano shown by 567 has intercepts 
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e = f = g = a. The Miller indices are therefore 1, 1, 1, and this 
plane is designated as the 111 plane. 


Grating Space 

The distance between equally spaced parallel planes of atoms 
within a crystal is usually denoted by d, which is termed the crystal 
grating space. The spacings between the various sets of planes are 
simply related. Thus, referring to Fig. 5-10, it is evident that if 
d is the distance between two adjacent 100 planes, 
the distance between two adjacent 110 planes is 
d/'\/2. For the 111 planes the angles at O aro 
reproduced by Fig. 5-11. From this. 


X _ Vidfi _ 1 
d "" ' /3 , “ ^ 



Fju. ry-W 


and X = d/V^ 

Thus the ratio of the grating spaces of the 100, 110, and 111 planes 
are as 

l: 

V 2 


From Fig. 5-10, it will be noted that each atom constitutes the 
junction of eight cubes and that each cube has eight atoms, one 
at eacli corner. Tf this structure is continued indefiiiitely in every 
direction then there will bo one atom per otibo, or half a molecule 
pel* cube. The mass of a cube is Mm,[2 whore M is the molecular 
weight of the salt and m the mass of tlio hydrogen atom. Hence 


Mm 

'2 




, , "iMm 

and d = ^ 

whei-e p is the crystal density. 

Substituting for M, m, and p, d = 2*S1 x 10 ” cm. 

In order to consider the eflbct of a crystal on X-rays, let a 
narrow beam of rays bo incident upon a crystal plane as shown by 


H- (T.2.S«)) 
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Fig. 5-12. As the wavefront AB meets the atoms in the plane, each 
atom may be considered as the origin of a spherical wavc^. Thus, 
when B reaches (7, a spherical wavelet will arise, with G as centre, 



and spread out with the velocity of light. When the wavefront 
reaches Z> the radius of any wavelet will be proportional to tlio 
distance of its atomic centre from D. Hence DE will bo the reflected 



wavefront moving in the direction indicated by the aiTow, the angle 
of reflection being equal to the angle of incidence. 

A crystal, of course, consists of a series of ])lanes, and hence 
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tilio oITcotiS of all pianos must be considered with respect to the 
detraction of an X-ray beam. Let a series of planes, be 

taken, each d cm. apart, as shown by Fig. 6-13. The line 
represents a wavefront approacliing the crystal planes, Ai'A^'A^'A/ 
being a second wavefront one wavelength, 2., behind the first. "V^en 
the wavefront arrives at it is scattered by an atom in the 
plane to C. Similarly, the portion of the wavefront at A^ strikes 
the Pa plane at B^ and is scattered along B^B-fi. It is evident that 
the wavefront at A^ is scattered from JSj earlier than is the wavefront 
at Ai from B^. Also, there is a difference in the path lengths A^BjO 
and A^B^BjO. The difference in these lengths is, of oonrse, the 
difference in the distances A^B^ and A^B^B-^. From the geometry of 
l lio figure the difference of the path lengths is 

A^Bj_ 

= (A^N - + B,B,) - A^B^ 

BJi^- B,,N/2 


/ «x-ZV_ 

\sin 20 


.MJ\ 

tan 20 J 


cos 0 


- '2d cos 0 (■. 

\sm 20 tan 20/ 

- 2d sin 0 . 


(5-7) 


Now, in order that the intensity of radiation along B^C shall be a 
niaxiranm, it is necessary that the rays reflected from the various 
pIano.s shall all bo in phase at Bi. This moans that 2d sin 0 must be 
a multiple of the wavelength 2. Hence for maximum reflexion we 
must have 

n2 -= 2rf sin 0 . . . (6-8) 


1 f the intensity of the reflected radiation is measured by an ioniza¬ 
tion (thambor, then, when a homogeneous beam of X-rays is directed 
on a (uystiil which is slowly rotated, a series of maxima and minima 
will be found for various values of 0 corresponding to n. Thus, if 
•«. • 1, 2, 3, 4, o<,c., maximum intensity of ionization will occur for 

0, - - arc sin 2/'2d 
Og - - arc sin A/d 
0;, - = arc sin lU/2d 
etc. 
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W, H. Bragg’s X-ray Spectrometer 

In order to measure the wavelengths of X-rays and also to 
study crystal structure, the X-ray spectrometer due to Bragg is 

generally employed, the principles 
of this instrument being shown by 
Fig. 5-14. X-rays from a suitable 
source are directed through the 
slits in the metal screens A and 
B on to the face of a crystal at G, 
The crystal is mounted upon a 
rotatable table, the angle of rota¬ 
tion being measured with the 
vernier F. After reflexion the 
X-rays pass through the slit D 
and then through a thin alumin¬ 
ium window into the ionization 
chamber E. The ionization cham¬ 
ber and the slit D can be rotated 
about the crystal axis, the angle 
of rotation being measured by the 
second vernier F^. The chamber 
E consists of a cylindrical lead 
box containing an insulated elec¬ 
trode, the latter being connected 
to a sensitive electrometer. The chamber is raised to a potential 
of about 100 volts by a battery, and the conductivity of the gas 
in the chamber is measured in the manner described on page 50. 


< 

N 

Z 

g 


Fia. 5-15 

In order to operate the spectrometer, X-rays are directed on to 
the crystal through the slits A and B, the angle between the crystal 
and the incident rays being one-half of that between the incident 
rays and the axis of the ionization chamber. The crystal and 
chamber are rotated and the ionization measured for various values 
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of 0. A curve may then be plotted similar to that shown by Fig. 
6—15, the various maxima, Ai, A^, A^, etc., being termed first, 
second, and third order reflexions. For X-rays derived from rhodium 
and reflected from a rock salt crystal A^, A^, and A^, occur at angles 
which are approximately 11-8°, 23*5°, and 36°. Taking the sines 
of those angles we have 

sin 11-8° : sin 23-6° : sin 36° = 0'204 : 0-04 : 0-63 = 1:2:3 

which is in accordance with (5-8). For tho 100 planes in rock salt, 
d = 2-81 X 10-® cm. Hence for 0 = 11-8° 

A = 2 X 2-81 X 10-« X 0-204 
= 1-15 X 10-«cm. 


X-rays and Atomic Number 

Following tho development of the X-ray spectrometer, it was 
found that tho frequencies of the characteristic X-rays of the 
elements are simply related to their atomic numbers. Thus, if the 
square root of the frequency of, say, tho K series is plotted against 
atomic number a straight line is obtained. Henco if / is tho 
frequency, we have 

SKo. = aB{Z-b)^ 

Also = cR{Z — (lY 


whore rt is found to equal 3/4, o, 5/36, and R is equal to tho Rydberg 
constant. 


Now 


3_ 2 _ 1 

4 — la 23 


and 


A — _L_ 1 

36 ~ 23 33 


Substituting, wo have 

A-, = i2(^;-/>)3(I-i) . . (6-9) 

/,, = iJ(Z-d)3(l-i) . . (6-10) 


For tho A'* series, ft is found to bo 1, while for tho L series, d is 7-4. 

Now, according to Rohr’s theory of tho hydrogen spectrum the 
frequoucios aro given by 


/= RZ^ 



1 


) 
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Comparing this with (6-9) and (6-10) it appears that Z in the latter 
two equations is the atomic number of the element concerned, 
h and d occurring due to the presence of other electrons in the K and 
L shells. Thus the effective vajue of the nuclear charge for the 
K series is (-Z— 1) and for the L series (Z — 7*4). This indicates 
that one electron of the two electrons of the K shell is radiating 
while the other neutralizes one of the positive charges of tlie nucleus. 
In the case of the L series, the value {Z — 7*4) indicates that about 
7 to 8 electrons in the K and L shells neutralize the same number of 
positive charges of the nucleus. 

From the foregoing it is evident that the relation between 
frequency and atomic number tends to confirm the theory of atomic 
structure outlined in Chapter I. 

X-ray Tubes 

As stated previously, early X-ray tubes were of the type indicated 
by Fig. 6-1, this being termed a gas tube. This means that gas is 
introduced into the tube in order to produce electrons from the 
cathode by positive ion bombardment. The gas tube has several 
disadvantages, among which are clean-up* and the impossibility of 
varying independently of each other the intensity and wavelength 
of the X-rays. Nevertheless, good results may be obtained with 
gas tubes, as is shown by Figs. 6-17, 6-18, 6-19, and 6-20, which 
were obtained by the author with a tube of this type. 

The majority of tubes now in use produce the electrons ther- 
mionically. The cathode works at saturation and hence variation 
of the anode (or target) voltage will vary tlie wavelength of the 
rays without altering their intensity. Again, variation of the cathode 
heating current (and hence cathode temperature) will vary the 
intensity of the rays without affecting their wavelength. Tubes of 
this type will, of course, act as rectifiers, and hence may be employed 
with a.c. supplies without further rectifying equipment. However, 
in this case only comparatively low target voltages may be employed, 
for otherwise the high temperature of the target focal spot may 
cause the tube to pass current during tlie inverse half-cy(*io. For 
voltages in excess of 100 kV it is usxial to employ a separate I'ectifying 
circuit of the form shown by Fig. 13-14. 

The Tabgbt 

In order to produce X-rays the electron stream is directed at a 
target. The latter consists of a piece of metal of high atomic number 

* See p. 626 . 
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and melting-point embedded in a massive copper member. The 
purpose of tjbe cop])er member is, of course, to cool the target. 
From the medical viewpoint it is desirable that the focus of the 
tube and the time of exposure of a subject shall be as small as 
possible. A fine-focus tube, i.e. one having a small focal spot, results 
in radiographs possessing high definition, wlxile a short exposure 
circumvents the effects of any motion on the part of the subject. 
Unfoi’tunately, these two requirements are in opposition to each 
other. If the tube loading is increased with the object of shortening 
the exposui*e time the increased rate of energy dissipation at a small 


/I 


3 
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focal spot may result in molting and destraction of the target. 
This will bo readily appreciated when it is stated that the efficiency 
of an X-ray tube is only about I to 2 per cent. 

In order to prevent damage to the target, various methods are 
employed for maintaining this at a relatively low temperature. One 
method has already been stated as embedding the target material 
(usually tungsten) in a block of copper. In addition to this, cooling 
fins may be added to an extension of the anode external to the tube. 
A further method is to pass a continuous stream of water up a 
hollow anode stem and across the untler surface of tho target. 

If the area of tlie focal spot is increased in order to increase the 
target life, not only is it necessary to increase tho exposure time, 
but tho radiographs lose definition. These shortcomings have been 
overcome to some extent by tho employment of what are loiown as 
line focus tubes. Such tubes emxfioy a long cylindrical spiral filament 
of very small diameter and produce a focal spot rectangular in foim, 
the length of which is about ton times tho breadth. 

A method of obtaining a focal spot of minimum area in a high- 
energy tube is to employ a target rotating at high speed. The 
target may either bo driven mechanically through vacuum-tight 
joints or by tho rotor of an induction motor enclosed within the 
tube. The motor stator is fitted outside and over the tube, and 
drives tho rotor by virtue of its rotating field. Tho anode consists 
of a disc of tungsten with a lx welled edge as shown by Pig. 5-16, 
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the electron bombardment being concentrated on the bevel. Thus, 
from the heating viewpoint the target length is 2?7r, where r is the 
anode radius. 

Applications of X-rays 

Apart from the evident applications of X-rays to the study of 
the structure of matter, numerous other applications exist. Only 
the shortest account of these can bo given here, and for further 
information the reader is. referred to works dealing specifically with 
this subject.* 

Radiography 

As already stated, the fact that X-rays are capable of penetrating 
solid bodies is.the basis of the science of radiography. The degree 
of penetration depends on the “ ‘ denseness ’ ’ of the body, the ‘ ‘ denser ’ ’ 
the body the less the penetration. Hence, if a substance of varying 
denseness is placed over a photographic plate and then irradiated 
by an X-ray beam, a shadow picture may be obtained of the interior 
of the substance. This arrangement is, of course, analogous to that 
of obtaining records of the structure of small bodies under the 
microscope by transmitted light, or, again, corresponds to the 
practice of obtaining a “skeleton” picture of a leaf by exposing it 
to sunlight while in close contact with a sheet of sonsitizc^d photo- 
gi'aphic paper. The importance of radiography in medical diagnosis 
is, of course, so important and obvious that it is universally known. 
Practically any part of the body where there is sufficient variation 
in denseness may be studied, either by means of photography or a 
fluorescent screen. The tube voltage and current and the exposure 


TABI.R 5-3 


LoCAIiITY 

kV 

Milliamp 

Skconds 

Histanck 

iNdilKS 

Chest—— 





Posterior-anterior 

88 

500 

— 

72 

Lateral 

94 

400 

— 

60 

Gastro-intestinal tract— 





Stomach . 

76 

300 

0-25 

30 

Colon 

75 

300 

0*5 

30 

Spine .... 

20 

100 

2-0 

40 

Hoad .... 

70 

100 

2-0 

25 

Extremities . 

45 

200 

0-05 

40 


* Applied X-rays, G. L. Clarke (McGraw-Hill). Metallurgical and ImlvMrwl 
Radiology^ K. S. Low (Pitman). 
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time naturally depend on the part of tlie body undergoing examina¬ 
tion and, to some extent, on the ago of the patient. Some typical 
values of these quantities are given by Table 5-3. 

Figs. 5-17 and 5-18, respectively, show a male adult’s hand and a 
rat, and were obtained by the author with a gas tube operated by an 
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induction coil. The figures given by Table 5-3, of course, refer to 
hot cathode tubes. 


iNDtrSTRIAt, RaDIOGBAPHY 

In addition to animal bodies, moat objects may bo radiographed 
with the purpose of studying their structure and dottn’inining any 
defect or the presence of unhomogenoity. A particular application 
is the study of metals, i)artioularly casting.s. In this case a variety 
of delects may bo detected without aHcoting or destroying the 
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speoimens. The various defects that may be radiographically 
detected are as follows— 

(а) Blow-holes, or gaseous occlusions. 

(б) Inclusions, such as sand, slag, oxide, etc. 

(c) Porosity. 

(d) Shrinkage cavities. 

(e) Cracks. 

(J^ Segregation. 
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In the ease of blow-holes, porosity, and cracks, regions exist 
within the metal having little or no absorbing power. Honce coiTO- 
sponding to such regions the radiograph will show localities which 
are than the surrounding unaffected parts of the metal. If 

X is the thickness of a sound specimen, then the transmitted intensity 
may be written Por a specimen containing a cavity of 

thickness d, /» = IoS“ Hence 


From this result it is evident that, if d is small, difficulty will be 
experienced in recog ni z in g the presence of blow-holes, cracks, etc. 
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In practice, for aluminium, iron, or copper, the dimension of the 
cavity in the direction of radiation must be not less than 5 per cent 
of the total thickness of the metal in that direction. 

Numerous other industrial applications exist, in addition to the 
examination of metals. Among these may be mentioned the study 
of the position of metal inserts in bakolite and other mouldings. 
Fig. 5-19 reveals the internal structure of two well-known makes 
of fountain pens. This radiograph was obtained by the author 
with the gas tube already mentioned. A further application is tlie 
mspeotion of instrument assemblies, etc., enclosed within some case 
which it would, perhaps, be inconvenient to remove. In this con¬ 
nexion the radiograph of Fig. 5-20 may be considered, which shows 
a D’Arsonval galvanometer enclosed within a wooden box. 

For further applications and appropriate technique the readci* 
is referred to the works already mentioned. 
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CHAPTER VI 

ELECTRON OPTICS 

The ability of electric and magnetic fields to direct the paths of 
electrons and tlie fact that the latter are able to excite luminescence 
or affect a photographic film indicate the possibility of an analogy 
between certain forms of electron behaviour and geometrical optics. 
Thus a field may act upon a beam of electrons in a similar manner 
to a lens on a beam of light and, because of this formal analogy, such 
phenomena are termed (jeometrical electron optics or, more shortly, 
electron optics. Electron optics has important applications in elec¬ 
tronic devices, such as cathode-ray tubes and electron microscopes, 



whore the surface concentration of electrons emitted from one 
plane, such as a cathode, must bo reproduced on a distance plane 
with a magnification cither larger or smaller than unity. In the 
ea-sci of th<^ cathode-ray tube the magnification is usually smaller 
than unity in order that a small brilliant spot may be formed on a 
fluorescent screen or a sharp fine trace on a ])hotographic film. In 
an (dectron microscope the magnification is desired larger than unity 
for exactly the same reason as it is in an ojitical microscope. 

Refraction of Electrons 

In order to illustrate the refracting power of an electric field on 
an el(uitrou beam, Eig. 0-1 may be considered. Hero and 

I 21^2 re])resent two (ujuijiotential suifaces at an infinitely small 
distances apart. The potentials Kj and are assumed to bo positive 
to, and measured from, some point at which electrons subsequently 
j)assing through tlio surfaces have zero velocity. At the point P 
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of the surface FiFi, at which an electron passes thi'ough, tho electron 
velocity may be resolved into two components sin 0^ and cos 0^, 
the former being perpendicular to the normal N, and the latter 
parallel to N. When the electron enters the interspace d it wUl 
tend to follow the direction of the electrostatic field, i.e. along the 
normal N. Thus, the velocity cos will be increased while Vi 
sin 01 will remain unchanged. It is evident that the trajectory within 
the interspace will be bent or refracted towards the normal, taking 
the path PP^ instead of PP^. 


'RmoA.airm Index 

The path of the electron within d is not straight as is a light 
ray in a normal optical system, but curved as shown. This, of 
course, is due to the continually inoreasing velocity of tho normal 
component of the electron. The path of the electron may bo detov- 
mined in the following maimer. The acceleration impai-ted to tho 
electron along the normal between FjFi and FgFg is 

e (Fi- Fa) 
md 


As the normal velocity at Fj is % cos Oj, the velocity at any time t 
after leaving Fj is 

Vx cos 01 + c{F 2 — Fi)</«id 

Hence the distance travelled by an electron along the a; axis in time 
t is 

X = Vi cos 01 * + e(F 2 — Vi)ty'Zrnd 


In a similar manner 
Eliminating t 


X = 


y — Vx sin0i* 
e(F2- Fi) 


■ . - g w® -\- cos 0, y 

2mdv^ sm^ 0i 


which shows tho electron path between Fi and F 2 to bo pa.ral)()lie. 
The Idnetic energy of an electron at Fi is 


and 

Similarly at Fg 


= eFi 

Vx= V 2eFi/m 


(«-l) 


^2 = V 2eVJm . . (6-2) 

Now the velocity component perpendicular to N docs not change. 
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«i sin Gi = «2 sin Og 
and from (<$-l) and ((5-2) 

^ 

“ sin 02 “ vTi • • • 

The angles Sind 02 analogous to the angles of incidence and 
refraction in optics, and if V and are considered as being 
analogous to the refractive indices of two adjoining media traversed 
by a light ray, then (6-3) is equivalent to SneU’s Law. 

For various reasons the analogy between geometrical and 
olo(itron optics is by no means perfect. For example, generally 
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speaking, optical systems are characterized by sudden changes in 
refractive index from one medium to another. Thus, in passing 
from air to glass, the refractive index suddenly changes from 1-0 
to 1-5, and vice versa if the process is reversed. In contrast with this 
the oloctiic fields established by the charges on the electrodes in 
an electron optical system result in potentials which vary continu¬ 
ously and not by discontinuous changes. The result is that such 
systems present a continuously variable refracting medium for 
electrons. Tho corresponding optical system should have the 
refractive index continuously varying in such a manner that oc VF 
where ^ is the refractive index. A further complication which is 
sometimes of importance is the modification of the field distribution 
by tli(» presence of si)aoe changes. The infiuonce of the latter may 
be a|»prociablo in tho vicinity of the cathode, but can usually be 
neglected in other regions. 

A method of concentrating and focusing an electron beam is 
by m<»ana of radial field produced in the manner indicated by Fig. 
(5-2. Hero, tho electrodes take tho form of two concentric cylinders 
of widely dilforing radii between which a potential difference F is 
maintained. A beam of electrons is produced at a point P, and it is 
desired to focus this at a point Q. If and are, respectively, the 
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radii of the outer and inner electrodes, then the field at any point 
T between the electrodes is 



r log — 


Consequently an electron leaving P at an angle a and entering the 
field at a radius r will experience a radial force 


-16 = 



This will result in a radial acceleration 


or 


dV 

Ve 

dt^ ~ 

1 ’'2 
mr log — 

’■i 

dv 

Ve 

dt 

mr log — 


If the variation in r is inappreciable during the passage of the 
electron through the field, the last expression may bo integrated. 
Thus 



or 



Ye. 


mr log 






whore and arc, respectively, the radial velocities of the (‘leetron 
at the entry and exit of the field. Now — l^) is the time of passage 
through the field and, if I is the length of the diM and the axial 
velocity, 


?;«— V, 


Ve 


I 


mr log — 


((>-4) 


Now the initial radial velocity and that produciod by ih(^ lit^ld 
are opposite in direction. Thus if the b(^am is still 

diverging after leaving the field, but loss so tlian when enhn-ing. 
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If ^2 =7 electron after leaving the field will travel parallel to 
the axis. For the radial velocity is reversed and ultimately 

the electron will pass through a point on the axis. From (6-4) it 
will be noted that the change in radial velocity experienced by an 
electron in ])assing through the field varies inversely as the radius 
of the electron within the cyUnder, and, consequently, inversely 
as the initial angle of divergence. Hence, electrons with different 
angles of divergence will experience different changes of radial 
v(^locity and will be brought to a focus at diHerent positions on the 



axis. This is an effect analogous to spherical aberration in geo¬ 
metrical optics. 

In ord(^r to obviate the foregoing defect, it is evident from 
(6-4) that in ordei* to bring all the electrons entering the field at 
different radii to a focus at Q, the change in radial velocity must be 
proportiional to r instead of inversely proportional to this quantity. 
This, of course, moans that the radial force acting on an electron 
should vary dircHJtly as its radial distance from the axis. In practice, 
radial (ields posst^ssing this ])roperty are difficult to produce from 
el(uit»r()do arrangements suitable for electron optical systems. Hence 
syst(uns have l)oen devised possessing both axial and radial com- 
poneut.s, the latter having a field strength which varies directly as 
th(^ distance from the axis. 

As an example of the foregoing, the lens of Fig. 6-3 may be 
c.onsid(U‘od. This c.onsists of spherical surfaces, formed of fine wire 
im^sh, between which a potential difference is maintained. The 
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latter produces a field which is approximately normal to the two 
concentric surfaces. Thus, an electron with an hoitial angle of 
dirergence a will experience a radial force proportional to sin 0 
or rjB. If the curvature of the lens is small, sin 0 = 6, and thus 
the radial force varies as 0. In addition to the radial force is an 
axial force proportional to cos 0. However, if the lens dimensions 
are small compared with B, this force is approximately independent 
of 0 and constant. Moreover, the axial forces are equal and opposite 
fix the two sides of the lens, and hence the net change in the axial 
velocity of an electron is zero. As the radial force varies as the 
distance of any electron ficom the axis, it is evident that the correct 
conditions exist for bringing all electrons to a focus at some point, 
such as Q. 


EooaIj Leegth 


The focal length of the lens of Fig. 6-3 may be found in the 
following manner. The radial force on an electron at any radius 
r is given by 


eXf = e 


(Fa-Fx) 

d 


r dv 


(6-5) 


where X^ is the radial component of the field, and Fj are, 
respectively, the inner and outer potentials of the lens surfaces, 
d is the distance between these surfaces measured along the normal, 
and V is the radial velocity. Integrating (6-5) on the assumption 
that the change in r is inappreciable during the passage of an 
electron, 

-•= . . ( 6 - 0 ) 


Where — t^) is the time for which an electfon is under the influonco 
of and and are, respectively, the radial velocities at the 
moment of entering and leaving the lens. Providing that the lens 
is thin, i.e. B large, the axial distance travelled by an electron wliilo 
under the influence of is approximately equal to 2d, Hence if 
Vq is the axial velocity corresponding to (4 — ^i) - - and 

(6~()) becomes 


2e 

m 



— «2 Vi 


((5-7) 


If an electron is incident upon the left-hand surface of the Jens with 
an axial velocity only, the electron will ultimately pass through 
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the lens focal point, 
and writing 

there results 


Multiplying top and bottom of (6-7) by 
Wj® = 2eVJm, 

% ~ itVi ■" 


But, from Pig. 6-4, v^Ivq = tm<f> = r/f, and thus 


«o 


f ~ ' ■ ■ • 

Prom this expression it will be noted that if Fg > F^ the lens is 
converging, whereas if Fg < the lens is diverging. It is evident 



that the focal length of the lens can be continuously varied over a 
large range of values merely by varying the ratio VJ Kj. Thus, 
electron lenses possess much greater flexibility than those of the 
ordinary optical type. 

In practice, a Ions formed of wire mesh or gauze possesses several 
disadvantages which tend to preclude its use. Such are absorption 
losses, secondary omission, heating effects, obstruction, and electron 
deflexioir by the wires of tho mesh. However, practical electrode 
arrangements may be effected which simulate the equipotential 
curved surfaces of Pig. 6-3, this being the principle of all focusing 
systems. Tho disposition of the electrodes is such as to cause fringe 
fields to exist, which, of course, are accompanied by curved equi- 
potontial surfaces, the latter, when suitably curved, constituting 
an electron lens. 
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The Single-diaphragm Aperture Lens 

Aa aperture lens consists of a plane electrode with a small circular 
hole at its centre, the plane being held at a positive potential. 
Such an arrangement exhibits a focusing property by imparting a 
radial velocity component to electrons passing through the aperture. 
The velocity component is, of course, due to a radial field component, 
the latter being produced by the non-uniformity of the field distri¬ 
bution in the vicinity of the aperture. To investigate the lens it is 
evident that the radial component of the field must first be doter- 
mined. 

As the system is cylindrically S3nnmetrical, the axis of symmetry 
is the a:-axis perpendicular to the plane and passing through tho 



centre of the aperture. Consider a small cylindrical volume con¬ 
centric with the axis, as shown by Fig. 6-6, this volume being close 
to the aperture but not actually within the plane. The field within 
the volume-element is symmetrically directed about the a:-axis, i.e. 
for given values of x and r it does not vary with angular rotation 
about X. Referring to Pig. 6-6, which shows the distribution of tho 
equipotential surfaces, it will be noted that these are similai’ in 
form to the lens surfaces of Fig. 6-3. Thus it is j)ossible to make a 
similar assumption as before, i.e. providing the aperture is atiiall 
compared with the radii of curvature of the equii)otential suifactw, 
it may be assumed that the axial component of tho field is iiuh*- 
pendent of r. 

If Xa is the field strength at the left-hand face of tho volume- 
element, thten the total flux entering this face is ttt^X^ and that 

leaving the right-hand face (x* + dx\7Tr^. Tho ftiix leaving 
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tho okciimferontial face of the element is ^rrrdxXr and hence the 
net flux leaving the element is 

dx'^ 7ry2 + 2mrdxtr — • (6-9) 

which, providing tho space-charge within tho volume-element is 
negligible, is equal to zero. Assuming this to be the case, (6-9) 
reduces to 

r — 

- 2 da; 


It is imraodiatoly apparent that we have tho necessary conditions 
for focusing, i.o. the radial electrostatic force varies directly as the 



TO 
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radius. It is also clear that focusing caimot occur unless dXJdx ^ 0. 
In order that electrons which are parallel to or diverging from x 
may be directed towards tho a.xis, it is necessary that X^ is directed 
away from tho axis because electrons tend to travel in tho opposite 
direction to that of electrostatic linos of force. This means, of 
course, that dX^Jdx must bo negative. 

Lot an electron now pass through the aperture parallel to tho 
axis, and at a distance r from it. If tho lens is thin and the electron 
velocity high, it may bo assumed that tho change in r in passing 
tlmough is negligible. Tho radial force acting on the electron is 

r dZj, dv 

(i’aj — m-j. 

i dx dt 



236 


EIiEOTBONIOS 


where v is the radial velocity. Multiplying both sides by dx we 
may write 

flfl dOS — 6 2 ®-^a5 


nidwa = 6 2 


where w,, is the axial velocity. 


Integrating 


Vrt I'^xt 

1 e dXx 

dv = -x— r - 

2 m Va 

*rl 


( 6 - 10 ) 


where and f'-re, respectively, the radial velocities before and 
after passing through the lens, and Xxa and are the corresponding 
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values of the electric field strength. If Vx is taken, close to tho Ions 
it may be considered as being that corresponding to Ions potontial 
F, i.e. Vxo‘ = 2eF/m. Substituting in (6-10) we have 

^r2 ^rl — (^x2 -^al) 

Referring to Tig. 6-7, if an electron originates at P and after passing 
through tho lens cuts the axis at Q, 

tan a = v^i/Vgro = rja 
tan jS = — = rjb 

and _^_r = ^(X^-Z^) 


a 


4F 
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which is analogous to the woll-known relation in optics 


V u S 


Hence in tho olootron-optical case 


/ = -r 


4F 






whoro and respectively, the axial field intensities at 

a and b. It is evident that if > Xasg tho lens is converging, 
whereas if the lens is diverging. 


The Three-diaphragm Aperture Lens 

A lens somewhat similar to the foregoing one is shown by Pig. 
6-8. It will be seen to consist of three diaphragms with circular 


Vo 



(XMitrally placed apertures, A and B bomg couiuu*.ted and maintained 
at tho same potentitil as tho anode responsible for accelerating tho 
(^locitrons in tho cathode-anode space. Because A is at anode 
])()tential there is no force on electrons between P and A. Between 
.1 and B is a third diapliragm C, maintained at a ])otential such 
that K, Vq, ft* the cliroctious of tho field linos between the 
diapliragms are considered, it will be found that the axial components 
on opposite sides of 0 aro equal and opposite^ while tho radial 
components aro e(|ual and similar. Hence the net change in axial 
velocity of an electron passing through tho lens is zero, while the 
radial components produce a radial force on tho electrons, urging 
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them towards the axis. If a small axial cylindrical volume-element 
is considered, as with the previous lens, it will again be found that 

2 dx 

which indicates that the system will produce point focusing. Again, 
we have 

dVr ^ er dXx 
dt ^ 2 dx 


er dXg, 


dVr = 


2mv^ dx 


2m dx 


er dXoi 


. ( 6 - 11 ) 


where Vg^ is the electron velocity corresponding to V^. But 

'f^rlhxo = a 

= — tan /9 

and substituting in (6-11) 




e 1 dX.jfl 


m 2 v.m dx 




which again is equivalent to tlie law in geometrical optics. Putting 
dx/dt = V.J., 


e I Jl dXg, 

vh 2vg^ V. dx ^ 


( 6 - 12 ) 


If V is the potential at any j)oint within the lens then 

^ eV^~\- eV 


from which 




where 7 is measured relative to 7n- 


=-//2 Vo ; 
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Substituting in (6-12), 
1 _ 1 

Integrating by parts 


1 d?V 
(Fo■+ F)i dx^ 


dx 


I I ■ 

/ ^ 4Fo‘ L 


I 


dVl' 


+ , 


(Fo+ F)4rfa!j_i;8Ko 


(Fo+'F)^' 



As tlio forces acting on an electron duo to V are negligible on either 
side of the lens, dVIdx vanishes at the limits ± cx), the latter only 
indicating the points at which the field is free from distortion. 
Consecjuontly we have 


I 


' 00 

. ..i_ 

(Fo+ 


. (6-13) 


J — 00 


which can only be determined if F can be expressed as a function 
of X and also in a form which can be readily integrated. In practice, 
V is usually deterniinod by an experimental method described on 
page 243 and (0-13) then integrated graphically. 

In considering tlio ])otential distribution of the lens of Fig. 6-8, 
the distribution will tend to differ according to the value of r at 
which it is taken. As dX.jrl(lx may be written — d^Vfdx^ the radial 
force can be expressed as 




rdW 
2 da:^ 


. (6-14) 


"rhus, if r is a linear function of x, d^Vfdx^ — 0 and there is no 
radial fonjo. Again, should V cc — sin 0, d'^Vjdx^ oc sin 0, Certain 
distributions may i)e found, liowever, in which dWfdx^ changes 
sign so that an electron is subjected to e((ual but o])posite forces for 
o(iual distances through the lens. In such cases it might seem that 
no (ionvcirgence would occur. However, when is positive dXa^ldx 
is negative. ’'Fhis means that the axial velocity is slower than when 
Xf. is negative and dXj^jdx positive. Hence electrons pass more 
slowly through (lonvergent sections of the lens than through those 
having a divergent effect, with the not lusult that a converging 
action is always produced. This is true, whether the centre dia¬ 
phragm is positive or negative, and thus the throe-diaphragm lens 
is always (jonverging. These results are actually implicit in (6-13), 
whei*(^ it will b(^ noted that the integral not only depends on the 
ohuitrostatic forc(^ but also upon the axial velocity. 
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Two-diaphragm Lens 

The two-diaphxagm lens is similar to that of Fig. 6-8 and is 
illustrated by Fig. 6-9. Its mathematical treatment is exactly as 
for the three-diaphragm lens, b\at, unlike the latter, the electrons 
midergo a net change in axial velocity which has the effect of 

0 B 


Fia. C-!> 

changing the image size. To understand this the magnification of 
the lens must be considered. 

Referring to Fig. 6-10, let V and V dV be two adjacent 
cqui potential surfaces of an electrostatic lens. Consider an electron 
passing through P^, the tangent to its dhection of flight being tan a 



and the angle between its direction and tlio noi-mal to the oqui- 
potcntials, 0. The force acting on the electron is directed along 
the normal and is equal to eX = edV/dl. The component of this 
force perpendicular to the direction of Hight is 


e 
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tills being lialanced by a coutiifiigal force equal to R being 

the radius of curvature of the patli of the ciocti-on at Pi- Tf I'o is 
the electron velocity before entering the lens, then 

= ImvQ^ -|- eV 

= er 

whore Y — V -\- Fo, Fq, of course, corresponding to and being 
related to tlio latter by — V^eVJni,. Hence wo have 
w?;® 2 p .¥ dV . - 

T“ 


1 dV sin 6 
B ■■ dT 2 F 


(6-16) 


In passing between the oquipotential surfaces the electron is deflected 
through an angle dO, this angle being given by 

do = - P^PJR 


as 0 decreases as V increases. 

Replacing P-iP^ by (Ujem 0 

do = — dlfB cos 0 

and substituting for 1/R, from (6-16) 


do 


dl —ff sin 0 
dl 

2 Y cos 0 


Honco 

dO 

dV dV 

tan 0 

1 

11 

j 


r 

1 r dv 

lntogra.ting 

J tan 0 

r„) 


log, sin 0 •- - i logs (K )• Fo) + log K' 
where K' is a constant, and 

sin 0 -- K' y~ * 


or 0 K' V~ 4 if 0 is small . . . (6-16) 

Consider now a second electron passing through and originating 
at a point P' above the axis so that PP' ?/. Fi’om the sine rule 

?/ ^ V 

sin <f> * sin y> 

yi (trl'l — a,) h — (a, — 0,) 

sin f = oos (oq — flj) 


But 

and 
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Thus 


y = p 


= P 


sin <j) 
sin ‘ip 

sin (0 — 0i) 


cos (oci — 6i) 

Again p/sin = q/ain a, and p = j sin ocj/sin a. 

_ sin ai siu (0 — 6^) 

^ ^ sin a cos (oi — 0^) 

If (0 — Oi) and («! — Oi) are small, then 

sin Oil 


y = q 

” ^ sm a 

Now, according to (6-16) 

0 = Zi'T-i 
0i = Jf2'r-* 


(e-0i) 


Substituting for p 


and, therefore 2/ = 2 KY~ ^ 

where K is constant. As g sin ocj is a constant for all olectroirs 
passing through it follows that for all electrons passing through 
this point 

?/ sin aF^ = constant 

wliich is equivalent to the Abbe’s Sine Law in geometrical optics. 


Linear Magnieioation 

A pair of electrons originating from two points PP' of an object, 
will ultimately form two corresponding points of its imago. Thus, 
if i/q and y<, respectively, represent the heights of tho object and 
imago, and respectively, the potentials at tho 

object and imago planes, then 

?/o sin aFfll = sin /JF,* 
and the magnification is 

l/i _ 

Po sin p Yi 

Referring to Pig. 6-7, if a and /? are small, sin a and sin (i arc, 
respectively, approximately given by rja and — rfb 

lit 

F^ia 

Fft* h 

y-j - (taking absohito values) 




sin oc Fq* 


m = — 


or 
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Considering the three-diaphragm lens of Fig. 6-8, at P Fq == 
Also at Q, Fi = Vq, Hence in this instance 

6 

m = - 
a 

which corresponds to the case in geometrical optics when the 
refractive indices in the object and imago spaces are the same. For 
the two-diaphragm lens Fg = Fg and F^ = (say) F^. Hence 



which is analogous to geometrical optics when the refractive indices 
in the object and imago spaces are different. As > \\ it follows 
that the magnification witli a two-diaphragm lens is less than that 
of a threo-dia])hragm lens for the same values of n. V„ a, and 6. 
It follows that for oscillograph work (whore a small spot is required) 
this is advantageous. 

Determination of Potential Distribution 

It is evident that in order to calculate the focal length of lenses 
such as those of Figs. 6-8 and 6-9, a knowledge of the potential 
distribution along the axis is necessary. Furthermore, if rays 
remote from the axis must be considered, then the potential distri¬ 
bution ill those regions must also be known. As the theoretical 
determination of the distribution is often a difficult or impossible 
problem, an experimental method is usually employed. One method 
consists of the employment of what is known as the ‘‘electrolytic 
trough.” With this method an onlargod inock^l of the lens system 
under consideration is immerscHl in a trough containing an olectro- 
lyt(^ the dimensions of the trough being large compared with those 
of th(^ model. To the various electrodes of the lens, alternating 
potentials are a])|)lie(l which are ])roj)ortional to the d.c. potentials 
wliich would be used in the actual lens system. As the lens possesses 
cylindrical symmetry it is only necessary to construct a model of 
one-half of the system. IMiis is then immersed in the trough so 
that the suifacc of the oioctrolyte is in the jilano of symmetry. 
I^he potential at any point in the li(|ui(l is ascertained by means 
of a jirobe, the probe being connected through some null indicator, 
such as a t(dephono recoiver, to the slider of a iiotontiomoter. One 
ond of the potcmt.iometor is connected to an electrode of the system, 
and all potentials are measured i-elativoly to this. When the 
potential of a j)()sition in the mo<lel system is equal to that of the 
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potentiometer, setting tho indicator will show this by an absence 
of deflexion, if an instrument, or an absence of sound, if a telephone. 

Fig. 6-11 shows the potential distribution between two coaxial 
cylinders when maintained at a potential difference of 100 volts. 


O 100 





Detecmioation of Electron Trajectory 

If it is desired to follow the trajectory of an electron from point 
to point in an electrostatic field of which the potential distribution 
is known, tho following method may be employed. Referring to 



0= INSTANTANEOUS CENTRE 
OF CURVATURE 

Fia. 0-12 

Fig. 6-12, let Fi and be two adjacent oqui potential surfaces 
which have been determined, say, by tho electrolytic trough method. 
An electron passing through tho ])oint Pi will experienccf an electro¬ 
static force directed along the noimal to tho two surfaces. This 
force may bo resolved into two components, one parallel to f lic 
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path of tlio electron and tlie other perpendicular to this. The latter 
force will alter the direction of the electron, causing it to follow a 
curved course, the centre of curvature of which is in tlie direction 
of the perpendicular component. From Fig. 6-12 the value of this 
component is 

X, = X sin e 


and this will be balanced by a centrifugal force, due to the electron, 
of magnitude where R is the radius of curvature of the 

trajectory. It follows that 

^' = eX^ == eX sm 0 

But V V2eVlm 

where V is the instantaneous potential of the electron. Thus 
2eV 


and 


B 
ie = 


== eX sin 0 
2V 


X sin 0 


Replacing X by (1^2““ V-i)/d and sin 0 by djD 




2VD 
Fs- 1^1 


or, if V is takcni as tlu^ moan of and 


R^D 


V^±V, 
V,-V, 


From this result the centre of cuiwaturo may be found corresponding 
to any point such as I\ and the electron trajectory apj)roximated 
to by drawing a <*.ircular arc PiPq with R as radius and 0 as centre. 
Thi\ protuiss is tluui reflated from P^ to the next equipotential, P3, 
and so on. actual trajectory is obtained by the smooth curve 
wliicli coniu^cjts all the olonieiitary^eircular arcs. 


Magnetic Focusing 

An alt(a‘iiativo method to eloctrostatio foesusing is that employing 
a magnetic li<d(l. To int»roduce this method, let an electron bo 
cinit.t(Ml from some source within a uniform inagnotic field II. If 
th(^ (dcudron vchxdty is v, this may be resolved into two components 
r sin 0 and v cos 0^ the Ibrmor being perpendicular to H and the 
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latter parallel to H. As shown on page 124, the coipponent v sin 0 
will cause the electron to describe a circular path of radius 


mv sm 6 

r = —rr cm. 

He 




the time for one revolution being 

27rm 

Because of the axial component, v cos 6, the path of the electron is 
a helix of pitch 

27t mv cos d 

- w— 



Fia. 6-13 


As i is independent of 0, it follows that if a number of electrons 
are emitted from a point with different angles of emergence (0) 
but equal axial velocities, they will all pass througli 
another common point p distant from the first 
after a time L HenCe an image of the point of 
emergence will be formed at a distance p. 
Assuming the source is the anode aperture of a 
cathode-ray tube, it is thus possible to form an 
image of this if the screen is placed at a distance 
np from the source, n being an integer. It is to 
be noted that for image formation to be effective, 
p must be the same for all electrons. This means that all electrons 
must have the same axial velocities, and hence the same values of 
V cos 0. This will be approximately so, providing 0 is sufficiently 
small for cos 0 to be essentially unity.. Fig, 6-13 shows an end view 
of the trajectories of electrons omitted from a point source on the 
axis of a tube immersed in a uniform axial magnetic field. It will 
be noted that the electron paths appear as circles, each passing 
tlirough a common point on the axis. The various poinhs, each 
separated from the other by a distance p, through which an olcujtron 
]iasses, all lie on a straigjfit line at a constant distance from the 
field axis. Hence the magnification is unity. 


SiroRT Solenoid Focusing 

The above method of magnetic focusing necessitates a uniform 
field and, as applied to a cathode-ray tube, would require the field 
to be maintained along the entire length of the tube. Furthermore, 
on account of the lack of magnification, it is obvious that the system 
cannot be employed for an electron microscope. Because of these 
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disadvantages short focusing coils are commonly employed, and 
the theory of this method of focusing will now be considered. 

Considerations will be restricted to the field due to a short 
solenoid at points near the axis, as the electron beam radius is 
normally small compared with that of the solenoid. At any point 
X within the solenoid the radial component of the field will be 
assumed to be independent of r but to vary with x. The value of 
the radial component can be found in an exactly similar manner 
to that previously employed for finding the radial component of 



an electrostatic field. Thus the flux entering the left-hand face of 
a cylindrical volume-element concentric with the axis is 


and tliat leaving the right-hand face 

The flux passing outwards across the peripheiy is 


and bonce 
from wliich 


2771" . (lx . Hr 





Hr 


T (IH, 
2 dx 


dH, 

dx 


dx' 


+ 


277r .dx.Hr 


L(^t it now bo assumed that an electron passing through a point 
J* on the axis moves ol)liquely to the axis in the direction PA, 
as shown by Fig. ()-14. Assuming P to bo outside the field, the 
electron will follow a linear ])ath until it comes within the influence 
of tlie field. Within the field the electron comes under the influence 
of two opi)osing forces; one due to its axial velocity and the radial 
eoTtiponent of the Held, and the other due to its radial velocity 
and the axial component of the field. These conditions are shown 
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by the vector diagrams of Pig. 6-15. Considering the first force, 
this is equal to 

evjlr 

and tends to rotate the electron anti-clockwise. The second force is 

and tends to rotate the electron clockwise. The not force is 

e{vjlr — VyH^) 

and the torque on the electron is 

er{Vj.Hr —. . . (6-17) 


Ht 


DIRECTIONAL 

TENDENCY 






DIRECTIONAL 
■^TENDENCY 


Ficj. (1-15 


Substituting for Hr, (6-17) becomes 


(dx r dll^. , dr „ 

-“■U'2 *,■ ■l-S"* 


dr 

',u"‘ 


_ Jdx ^dH. 

^ \dl 2 dx 

\'2 df. ' dt ') 

d (r^HA 
^ dl \ ,27 




Now, the torque on the oloctron in (uiiial to d(mrhv)ldf; whero v' is 
its angular velocity. Honce 

d(mrhi^ _ _ d (r'^IIA 
"hr '^~^’dt\ 2~) 
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Iiitegi'ating, thero rosults 

mr^w.^ — 7nr^L\ — - ^ "I" ® "J 

where ri, and are, roHpoctively, the initial values of w, r, 
and ffj,. If at the initial position //, is zero, tlien 


' 1£>2 = — 


e. 




. (6-18) 


i.e. the angular velocity of the electron at any position ;r 2 is propor¬ 
tional to the axial component ol the field at that position. Thus, 
when the electron emerges from the field, its angular velocity is 
5ioro. 

As (()-lS) describes the change in the angular velocity of the 
electron, it is evident that the latter is rotated through a certain 
angle by the field. If <f> is this angle, then 


Also 

But 

and 

I nt(igi’afiing 


w = 

(1<I> 


d4 /dx 

dx ~ 

'dlj dJ. 


c //,, 


Vf. 


/2c r„ 


V m 

# _ 

- 

dx 



- ' i 

2V'2IV\ 


I' I 

Hjlr 


P-l.'? 

IV 


.» I ,t. 


11 Ar radians . 


( 6 - 16 ) 


where T,, is expressed in volts. The signifieancif of this result is 
that, as the angle is negative, an electron travelling in the direction 
of //,. will be rotated in a (iloekwise direction (see Fig. 6-14). Also, 
when an image is formed, this is rotat(«l through an angle with 
respe(!t to the objecit. 



260 


BLBOmONIOS 


Foottsinq 

In order to demonstrate the focusing property of the short 
solenoid, the radial forces acting on an electron must be considered. 
Due to the velocity wr, the ra^al force is emrH^. Also the centri¬ 
fugal force is whin. Substituting from (6-18) for w the resultant 
force is 

2m ® ^ 4m * 


Hence 


-I—Ks*-)’- • 


(6-20) 


As the value of is always negative, this result shows that 

electrons are always accelerated towards the axis. 

FooAii Length 

Multiplying (6-20) by da:, we have 


-f.feH.)’ 


Integrating 


8 m Kq 




HMx 


this, of course, again assuming that the transit time of the electron 
through the field is so short that the change in r is negligible. 
Referring to Fig. 6-7, 

— = tan a = - 


_ tan 

0 
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Thus 


r 

a 


re 


8 m 7n 


EMx 


and i + - = 

0 a 

which gives the focal length. 


0 - 0 ^ 

>0 




eo 


(6-21) 


Calculation oe / 

In the case of magnetic focusing, it is often easier to calculate 
the focal length of a magnetic lens than an electrostatic one. The 
field strength produced at any point on the axis of a current-carrying 
coil is proportional to the number of ampere-turns of the coil. Thus 

H^ocN 

Where N is the number of ampere-turns. We may, therefore, write 

/' 00 

HJ^dx = {kN)^ 


Where k is a constant depending on the coil shape. From (6-21) 


or 


f* 00 

Hj?dx == 45*5 Fq 
J— 00 

(*iV)2 = 45-5 Fo 



and 





whore I = a + b = the beam length. 


. ( 6 - 22 ) 


Also 



. (6-23) 


Now, in the case of a thin coil, whore the turns are reasonably 
close together and the depth of winding is small compared with the 
radius of the coil, it is well known that* 

2rrr^N 

* bjkctricity and Magnetlmn, p. ;22H, S. Cl. Starling (Longmans, Clreon). 
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ThllS 


\N ) ~ 


-I-ttV 


100('/-2 + xy 


J— CO 


r^dx 

(r* + x^f 


, 

and ^ = V 

t 

To integrate this expression let x = r tan 0 . Wo then have 

‘7r/2 

coB-^ OdO 

7r/2 


CO 1 

r*dx 1 

f*w/2 (' 

dO _ 1 

(r® -1- a:®)® r 

J — CO 

(l+tan®0) r 

'- 7 r /2 «- 


1 ri . , • 

which givcH - ^ sin 0 cos® 0 r "4 I 2 ’’ ‘ "4 


ill 20X1’^/® 

/J ir/2 


or 


^TT 

s7 


Hence h —^ "7“ 

whore d is the ooil diameter. Substituting in (b- 22 ) 


!() /. 


(5-{)(S 


Maonikioation 

Ah in geoinistrical 0])ticH, the i-utio of imago size to object size 
is bja. Hence if ?/, and ;(/o arc. roHpcctivcIy, tlic imago and object 
diainotors, the magnification is given by 



From this rosnlt it is clear that the size of the imago dependH on 
the position of tlie focusing coil. For example, in the cathode-ray 
oHcillogra])h a small sharply defined image of the anode apertui'c 
is desirod upon a Huoresiiont screen. 'I’his indicates that the coil 
should be near the screen. However, a large' distance of the (!<)il 
from the anode means a large eloi'tron Ix'am diameter at fihe coil. 
This results in the outermost electrons being focused at different 
positions from those with small angles of incidence, this leading to 
an image laitUing in sharpness. This elfect is, of eonme, analogous 
to spherical aberration. 



ELECTRON OPTICS 


253 


In the case of an electron microscope, high magnification is 
desired, and hence the coil should be near the object. This is assisted 
by a lens of short focal 
length. From (6-21) it is 
evident that for a small 
value of /, should bo 
high. This may be achieved 
by the employment of an 
ii’on-shroudod coil with a 
short air-gaj), as shown by _hx 
Fig. 6-16. This gives a 
very short strong field, as 
may bo appreciated by 
com})ariiig the two field 
distribution curves shown. 

With this form of lens, 
focal lengths of a few 
millimetres have been 
achieved, even when the 
anode accelerating voltage is as high as 70 kV. 

A difference that may bo noted between magnetic and electro¬ 
static lenses is that the former cause a rotation of the imago with 

respect to the object, the angle of 
rotation being given by (6-10). 
For cathode-ray tubes this is un¬ 
important, because object and 
image are circular. Where the 
rotation is undesirable a mag¬ 
netic lens of the type shown by 
Fig. 6-17 may be employed. 
This consists of two coils with 
current flowing inopjmsito direc¬ 
tions. Hence the values of 
(6-10), for each of the fields, are 
ecjual and opposite, with the 
result that the net rotation is 
zero, '^riie values of (6-26) are 
both negative, as the scpiare of 
//,. is involved. 

Space-charge Effects 

In discussing the diflerenees between geometrical and electron 
oi )tics on i)age 220 the ])ossiblo effect of space-charges was mentioned. 



Kid. (i 17 
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So far this effect has been neglected, and it is now necessary to 
give some consideration to this matter. Due to electrons possessing 
similar charges, repulsion will take place between them, thus tending 
to cause diffusion of any beam they may form. Hence, whore it is 
desired to form a beam of small cross-section and high density this 
is opposed by the mutual repulsion of the electrons forming the 
beam. An effect of an electron beam is to produce an electrostatic 
and magnetic field. The former is due to the electrons constituting 
the beam, and the latter to the fact that electrons in motion consti¬ 
tute a current. 

Let n be the number of electrons in a beam passing through a 
plane perpendicular to the beam per second. Then if the electron 
velocity is v, the number of electrons per unit length of the beam is 
n/v. The charge per unit length is nejv, and hence the radial 
electrostatic field is 

„ 47me 2ne 
Aaj = r = — e.s.u. 

^rrrv rv 

Thus the radial electrostatic force on an electron at tho surface of 
the beam is 

-e.m.u. .... ((>-24) 

where c is the velocity of light. 

The electrons in motion constitute a linear current, i, tho mag¬ 
netic field due to this being concentric with the beam and of magni¬ 
tude 2i/r, where i is expressed in absolute units. As i “■= nr, the 
field is given by 

__ 2i 2ne 
/i = — = o.m.u. 
r r 

The radial electromagnetic force on an oioctroii at tho surface of 
the beam is 

__ 2nch) 

— Hev = — -— . . . (0-25) 

the negative sign indicating that tho force is directed towards tlu^ 
axis. The total force on a surface electron is, of course, the sum of 
(6-24) and (6-25), and we have 

^ — v^) 

~~ m 

It is evident from tliis result that the force decreases with increasing 
beam velocity, and thus is principally of importamu^ where low 
accelerating voltages are employed when v is small compared with 
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c. It will also be noted that F ccljr and this means that it is 
impossible to produce point-focusing whatever optical system is 
adopted. 

In practice, beam diffusion is generally negligible where the 
accelerating voltage is above 30 kV (high-voltage oscillographs, for 
example), but is important at voltages below 1000 V unless gas- 
focusing (to be shortly discussed) is employed. At these voltages 
the minimum diameter of the beam is limited by the beam current 
rather than the focusing system. In such cases it is apparent that 
the electromagnetic force on a surface electron is negligible compared 
with the electrostatic force, and hence 

F =- 

vr 

After the beam leaves the lens its radial velocity is Vr^ and its 
acceleration, due to F, is 

dV 2ne^c^ 
dfi "" mvr 

Multiplying both sides by Mrfdt 

dr dh ^ dr 
dt dt^ 7nvr dt 


Integrating 


(*Prt 

^ d>r 

0 


dt^ 


dt ==- 

•m,v 




dr 

r 

^min 


the inferior limit of the left-hand member indicating that the radial 
velocity is zero whore the beam radius is a minimum. Continuing 


and 


log 


^min 


^2 

^ min 


mVVj^^ __ m)r2 
4:'n.e^c^ 4ic® 


?/?. 

c 


(6-26) 


which gives the minimum radius to which a beam may bo focussed 
when the other (juantities arc known. If the radius of the beam 
wlierc it leaves the kms and the distance of the imago from the lens 
are known, then 


V h 


which gives From ((i~2()) it will be noted that for a given value 
of ^ 2 , is smaller the larger the values of v and Vr 2 , and smaller 
the lower the value of i. 
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Gas Lenses 

By admitting a small quantity of gas into an eloctron-optically 
focused vacuum tube it is possible to restrict considerably the 
diffusion of electrons from the beam. This is because the beam 
electrons create a positive space-charge which tends to neutralize 
the influence of the negative space-charge of the beam. When a 
sufficient positive space-charge density is produced it is possible 
to dispense entirely with the optical focusing system, focusing then 
being entirely effected by what may be termed a “gas’’ lens. 

The early cathodo-ray tubes were of the gas-focused type, 
focusing being effected in the following manner. The tube is first 
exhausted to a high degree and a small quantity of gas then intro¬ 
duced. The gas pressure to give optimum results depends on the 
gas employed, but is of the order of 10“® mm. As the electrons 
pass up the tube, ionization by collision with gas molecules occurs. 
Because of the relatively large mass and low velocity of the ionized 
molecules, they move more slowly from the electron beam than do 
the secondary electrons which are produced simultaneously with 
them. This results in a positive charge in the path of the beam, 
and the resultant field due to this cliarge tends to cause the electrons 
to move towards the axis. It is evident that this phenomenon can 
occur in any part of the tube and hence sharj) focusing may bo 
retained when deflexion of the beam occurs under working conditions. 

As previously stated, in order to obtain sharp focusing a certain 
gas pressure is necessary. This is because the rate of formation of 
ions, and lienee positive space-charge density, depends ufion the 
gas pressure. In addition to this, the formation rate doponds upon 
the beam current and the probability of ionization of the electrons. 
That tlie spaco-chargo density will depend upon beam current is 
evident because the density of the ionizing electrons is jiroportional 
to the latter. It follows from these statements that the lower the 
ionizing probability of the gas employed, the higher must bo its 
pressure. Thus, while for argon the pressure is about 10“^ mm., for 

TABLE 6--1 

CiAS I la l lo No Na A Kr 

lV(iHHuro 

I0»inm. IIk S I<) 4-(> 0-8 ()•<) 0-S 

1.0 to to 1.0 1.0 to 

10 20 5-4 !•() J-1 0-0 


X 


o-2r) 

to 

0-7 
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helium it is approximately 20 x mm. Table 6-1 shows the 
])ressure ranges of various gases to give satisfactory focusing. 

In order to consider the type of beam formed when a positive 
space-charge is created by ionization, let p represent the space- 
charge density along the beam, p being assumed constant. The 
electron beam is considered as immersed within the positive space- 
charge and symmetrical with respect to the axis. The charge con¬ 
tained within a radius r per unit length of beam is nr^p and the 
flux due to this is 4^ . irr^p. Hence the electrostatic field strength 
at r is 


47tV^P 

277r 


= 27rrp 


Tlio force on an electron at r is 

— 27rrpe 



Fra. 6-18 


the negative sign indicating that the electron is urged towards the 
axis. Kcpiating force to mass times acceleration. 




Ol' 




7)1 


(W 


^'2 -|- 27Trep = 0 


Integrating r = sin 


V 27re.p 
rn 


1. + B cos 


/27re/o 

V 7n 


t 


(6-27) 


whi(^h shows that the beam radius is a sinusoidal function of the 
tiuK'! of flight of the electron along the axis. Now, t = x/vq, where Vq 
is the axial velocity. Substituting 


. l27rep X 

r A sin J _; ■*;; B cos 


m Vr. 


V 27rep X 
m Vq 


and r is a sinusoidal function of x. From this result, it is apparent 
thaii a long beam will consist of a series of nodes and antinodes as 
shown by Fig. 6-IS. From (6-27) it will be noted that the electrons 
p(UModically cross and re-cross the beam axis with a frequency 

given by _ 

V27rc/)/m/7r times per sec. 
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the point of crossing corresponding to a node or situation at which 
the beam has a minimum cross-section. The distance between two 
nodes is 

V ^TTepjm 

= v^vfp 

where V is the anode or accelerating voltage expressed in e.s.u. 

Experimental confirmation of a nodal beam has been obtained. 
At very low gas pressures and accelerating voltages the beam 
becomes diffused after travelling a short distance. As the gas 
pressure is raised, focusing becomes discernible and a node-hke 
section is formed, this being visible by virtue of the glow emitted 
by the excited gas molecules. For oscillograph work the gas pressure, 
and hence p, are usually arranged so that the first node is formed 
at the fluorescent screen. 
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CHAPTER VII 

LUMINESCENCE 

Under suitable circumstances it is possible to produce light by 
means other than the age-old method of raising the temperature of 
a body. When light is produced by means other than heat the 
result is termed luminescence, whereas light produced by virtue 
of heat is known as temperature radiation. Hence substances raised 
to some temperature for the purpose of producing light are termed 
temperature radiators. Luminescence exists in a variety of forms 
and may be excited in a number of different ways. Among the 
earliest examples of luminescence may be mentioned the firefly 
and glow-worm, fungi on decaying wood, phosphorus on the sea, 
etc. With the exception of the last example, luminescence of this 
typo is termed bio-luminescence. Other forms of luminescence are 
chemi-luminescence, photo-luminescence, and cathedo-luminescence. 
The first-mentioned is produced by chemical action, the second by 
radiation, and the third by the impact of electrons and ions. For 
our present purpose the two last-mentioned methods are important, 
for to applications of these we owe electric discharge lighting, the 
screens of cathode-ray tubes, television tubes, and the electron 
microscope and X-ray screens. 

I^oto-luinmescence 

When radiation of suitable wavelength falls on certain substances 
the latter may convert the former into radiation of different wave¬ 
lengths. In particular, ultra-violet radiation may cauvse certain 
materials to emit radiation within the visible spectrum. This 
])henomonon is known as fluorescence. In some cases fluorescent 
materials may continue to emit visible radiation after the source 
of ultra-violet has been extinguished. This is known as phos¬ 
phorescence, the term luminescence denoting both the phenomena 
of fluorescence and phosphorescence. Although, as explained below, 
fluorescence and phosphorescence are fundamentally the same, the 
first-termed is usually api)liod to a light emission which docs not 
exist for a measurable time after the extinction of the excitation 
process. As explained above, ])ho8phorescence denotes a light 
emission which exists for a definitely measurable time after excitation 
ceases. This time may be anything from 10sec. to sovoral days. 

The cause of luminescence is explainable by Rohr’s ciuantum 

251) 
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theory of the atom; i.e. a quantum of energy may be absorbed by 
an atom, raising an electron from the ground state to a higher 
energy level, from which it ultimately returns with an emission of 
radiation. The method of receiving the quantum, of course, differs 
according to the form of luminescence. In the case of electro¬ 
luminescence (such as the glow discharge) the energy is due to the 
impact of an electron on a gas molecule. With photo-luminescence 
the energy is acquired from photons produced by the source of 
radiation, while with oathedo-luminescence the energy is due to 
the impact of an electron on some solid substance. 

The time for which a fluorescent state persists is equal to the 
time of transition of the electron from an excited state to a lower 
energy level. This time is of the order of 10~® sec. and is practically 
independent of temperature. In the case of phosphorescence the 
return of the electron to a lower energy level or the ground state 
suffers a delay. Hence considering a number of excited atoms 
having phosphorescent characteristics, a fraction of the electrons 
of these will have various times of return to the ground state, and, 
thus, light will be emitted for a relatively long period after the 
soxirce of excitation has been extinguished. After excitation some 
electrons of a phosphorescent substance pass into a metastable or 
quasistable state of lower energy than that of the initial state to 
which they were raised. However, in the metastable state their 
energy is still higher than that of the ground state, and they ulti¬ 
mately return to the latter with the assistance of the thermal enci’gy 
of the surrounding medium. It is during this latter process that the 
phenomenon of phosphorescence occurs. 

The duration of the metastable state, and hence the persistence 
of phosphorescence, largely depends on the nature of the medium 
in which it occurs and the temperature. For example, in gaseous 
states phosphorescence does not occur. In denser media, such as 
liquids, short after-glows may be observed, increasing in duration 
and intensity with the viscosity of the liquid. With regard to the 
influence of temperature, phosphorescence tends to be short-lived 
at high temperatures, while at veiy low temperatures it may bo 
‘'frozen in.” This moans that the electrons remain in the metastablo 
state until, by a rise of temperature, the trapped energy is released 
as radiation. 

In the majority of oases the decay of phosphorescence follows 
an exponential law, and in simple instances the intensity of emission 
may be represented by 


( 7 - 1 ) 
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where Iq is the initial intensity, t is time, and a is a constant. The 
validity of this law for a single crystal of KCl(Tl) is shown by 
Fig. 7-1, where both the intensity and its logarithm are plotted 
as functions of time. If a luminescent material is not homogeneous 
(which is usually the case with fluorescent discharge lamps) but 
consists of a mixture of materials having different absorption and 
emission characteristics, then the total intensity of omission is 
generally given by a sum of exponential functions, each function 



being ai)propriate to a particular constituent of the mixture. The 
effect of temperature is to modify the value of a in (7-1), a increasing 
with a rise in tomf)ei*aturo. Thus, the phosphorescence of calcium 
sulphide is observable for about thirty days at room temperature, 
but only for 2*S hours at 155” C. 

An ox])onential rate of decay is not ai)|)licablo to all luminescent 
substances, as laws of the forms I = and / ~ I* bl^t) 

have boon observed. 

Summarizing the foregoing, it may be said that fluorescence 
only occurs if the nuHliuin does not inlluenoo the (unission i)rocesH. 
This moans that the process occurs within the atom or molecule in 
a si)here of 10 ” cm. diameter. If the surrounding striicturo is in¬ 
volved and is modilied as a result of the absorption process, time 
imist elai)so before the configuration returns to its original state. 
Tn this case phosphorescence results. It must be noted, however, 
that both fluoroscence and phosphoreseonee are due to the same 
cause, i.o. electron transitions produced by the absorption of light 
(jiianta or photons. 
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Store’s Law 

An important empirical law was enunciated by Stokes in 1852 
which states that fluorescent radiation is always of longer wave¬ 
length than that of the radiation causing it. This law may be 
explained with the assistance of those of the conservation of energy 
and the quantum theory. From the first of these laws the energy 
of the emitted radiation must either be equal to or less than that 
of the incident radiation. In liquid and solid systems it may be 
said that the excited molecules will transfer part of their absorbed 
energy to neighbouring molecules in the form of heat motion before 
emission occurs. If E-^ and E^ are, respectively, the energies of the 
incident and emitted radiations, then 

E^ = hcjX^ 

E^ = hclX^ 

where and are the wavelengths of the incident and emitted 
radiations. Also 

E-y > Ez 

and hcjXy > hcj?^ 

or A 2 > Xy 

which is Stoke’s Law. It may be mentioned that it is the operation 
of this law which makes possible the conversion of ultra-violet 
radiation in discharge lamps into radiation within the visible s])ec- 
trum. Small departures from Stoke’s Law are possible at certain 
temperatures if heat energy is transferred from neighbouring mole¬ 
cules to the fluorescing molecule while it is in the excited state. 

Excitation of Luminbsobncb 

Substances perfectly transparent cannot be excited to lumines¬ 
cence by light, i.e. by visible radiation. They may, however, be 
excited by ultra-violet radiation should they be capable of absorbing 
this. Generally speaking, every photo-luminescent substance has 
an absorption band in the spectral region immediately adjoining 
the short-wave limit of the luminescent emission band. Thus, red 
fluorescence is excited by orange light, yellow by green, green by 
blue, and violet by ultra-violet. 

Efficiency of Luminescence 

The efficiency of luminescence is defined in three different ways: 
the luminous efficiency, the energy efficiency, and the quantum 
efficiency. The luminous efficiency is the ratio of the total light 
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output to the total energy input and is generally expressed in 
lumens per watt. (See Chapter XIX.) The energy efficiency is 
the ratio of the energy of the luminescent light (in ergs or watt- 
seconds) to the energy absorbed by the luminescent material. The 
quantum efficiency is the ratio of the number of light quanta, or 
photons, emitted to the number absorbed. If tijq is the energy 
efficiency, then 


n[E 


wlioro n, and are, respectively, the numbers of photons absorbed 
and emittcnl and and Eq are the respective energies of the absorbed 
and emitted photons. Hence 


and 


E^ 

where 7jQ is the ciuantum efficiency. In order that the energy effi¬ 
ciency shall be high, it is evident that as ^2 is independent of Aj, 
shoxdd not be too small, i.e. the frequency of the exciting radiation 
should not bo too far down the ultra-violet part of the spectrum. 
Some values of r/^ for various solid luminescent materials are given 
by Table 7-1. 

TABUK 7 -1 


MaTKKIAIj 

OoTiOUH OK FlUORKKOMNOW 

V<i% 

KTUn 

Ultra-violet and blue 

80 

ZnS((Ui) or (Ajjf) 

(Ireen 

100 

ZnaSi(),(Mii) 


70 

ZnnoSi(),(Mii) 

Orange 

2r)-r)r) 

(MSiOa 

Pink-yellew 

55 

(WO., 

Blue ‘ 

70 

(MBaO, 

Pink 

m 


Cathedo-lunmxescence 

As indicated by (7-2), the energy of the primary radiation is 
nu^asured by the number of photons per square centimetre and 
their energy, or frecpioncy. In the case of cathedo-luminescence the 
e.xoiting source consists of ions or electrons (usually the latter), 
and the energy is, therefore, moasurod by current density and the 
voltage through which the ions or electrons have fallen. Tlie current 
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density is, of course, proportional to the number of electrons passing 
through a square centimetre per second and thus corresponds to 
the number of photons, in photo-luminescence. With photo- 
luminescence a photon can only excite a single molecule. However, 
an electron with sufficient energy can lose this energy stepwise 
and thus excite a number of molecules. Hence with cathedo- 
luminescence the quantum efficiency has no significance. 

The minimum energy necessary for the excitation of cathodo- 
luminescenoe is much higher than might be anticipated. For 
luminescence within the visible spectrum the energy corresponding 
to limits of 7000 A and 4000 A is 1-6 and 2-8 electron-volts respec¬ 
tively. Thus, it might appear that the energy needed to excite 
light would be but slightly greater than the figures quoted, 
particularly as this is the case with photo-luminescence. Early 
investigations showed, however, that for the majority of solids 
the necessary energy is not less than about 300 electron-volts, 
although the energy of the emitted radiation is only a few volts. 

The cause of this apparent peculiarity is of an electrical nature, 
rather than being an example of gross inefficiency. Where the 
primary electrons strike the luminescent substance secondary 
emission occurs. If the number of secondary electrons is less than 
that of primary electrons, evidently the surface of the substance 
must acquire a negative charge which will subsequently repel the 
primary electrons. Hence the latter will lose kinetic energy and 
arrive at the substance with far less energy than that originally 
possessed. Thus, the initial energy must be far larger than the 
few electron-volts actually necessary to cause excitation. If the 
secondary electron emitting properties of the substance ai‘o in¬ 
creased, for example, by depositing thoria on its surface, the mini¬ 
mum, or threshold, voltage to excite luminescence may be very 
much reduced. 

The luminous or fluorescent intensity excited by electron inii)act 
may be written as 

L^AN{V^V^) . . . (7-3) 

where N is the number of electrons received per unit area per 
second, V the accelerating voltage of the electrons, the threshold 
voltage, i.e. the lowest voltage capable of producing omission, and 
A is an empirical constant. The formula above is not the only one 
employed, other empirical formulae being 

i = . . . (7-4) 

and L = A^{J)V^ .... (7-5) 
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where J is the electron current density. J is, of course, proportional 
to N in (7-3). For small current densities, i.e. less than 5 microamps, 
per cm.2 and accelerating voltages less than 1000 volts, the appro¬ 
priate formula for Willemite screens is (7-5), with /(J) replaced by 
J. In the general formula of (7-4) the value of Fq varies for different 
phosphors from 0 to several hundred volts, f{J) is independent of 



KiO. 7 -2 

F, and n varies from 1 to 3. Reference to Fig. 7-2 shows the vari¬ 
ation of L with V for a typical cathodo-ray tube screen and illustrates 
the (juadratic nature of the law relating L and F. Foi* low current 
densities, L is proportional to J but tends to reacli a saturation 
value as J is continually increased. This is shown by Fig. 7-3, 
which concerns three different screen materials. The reason for 
current saturation is that there are only a limited number of centres 
or molecules under the inliuonce of the electron beam and, when 
these are all o.vcited, evidently further increasing J results in no 
further increase in L. Causes of saturation at low current doiisitic^s 
arc: the existence of relatively few luminescent (Huitn^s, high 
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excitation probabilities, and a long mean life of the excited state. 
Saturation does not occur with increasing voltage, because the 
higher the voltage the higher the energy of the impinging electrons 
and the greater their depth of penetration into the luminescent 
material. Thus, as the voltage is raised, the electrons penetrate 
deeper and thus excite a greater number of molecules. It is for 
this reason that the voltage, rather than the current density, is 
raised in cathode-ray tubes when greater spot intensity is desired. 

Because of heating and secondary emission, the efficiency of 
cathedo-luminescence is very low. The energy efficiency depends 

on the miaterial and voltage, 
but is seldom more than a few 
per cent. Luminous efficiencies 
vary from 0*25 lumen per watt 
for CaWO^ to 3*5 lumens per 
watt for ZnS. 

The excitation of lumin¬ 
escence by X-rays is considered 
as an example of cathedo- 
luminescence rather than 
photo-luminescence. This is 
because it appears that the 
luminescence is excited by 
200 secondary electrons released by 
jiA PER SQ.CM the X-rays rather than by the 

X-rays themselves. The ex¬ 
citation of luminescence by 
X-rays is chiefly employed with screens for fluoroscopy. The effici¬ 
ency of such screens is of the same order as that with direct cathedo- 
luminescence, and in one case was found to be 3 per cent. The 
wavelength of the light emitted from the screen was 5260 A and 
this wavelength, with an energy efficiency of 3 per cent, gives a 
luminous efficiency of 14*6 lumens per watt.* 



Permanence of Luminescence 

In some cases luminescent substances deteriorate under the action 
of the exciting source, the deterioration being marked by a change in 
colour of the substance. This effect may occur whether the source 
of excitation is radiation or an electron beam. The cause of deterio¬ 
ration is a chemical change in the luminescent substance. When the 
substance is in an excited state it is highly reactive and is likitly 

♦ Soo p. ()20. 
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to combine with any suitable material in its immediate vicinity. 
For example, oxidation may occur before the molecules can return 
to the ground state. Unless the products of combination are 
luminescent, the reacting molecules are lost as luminescent sources 
and the luminescing power of the substance declines. A further 
cause of loss of luminescence occurs when the exciting source is of 
such high energy as to dissociate the molecules. 

In the case of cathedo-luminescenco, electrons are ejected from 
the crystal lattice, and thus results in a partial destruction of the 
latter. At high current densities, of the order of lO""® amp. per cm.^, 
screens of CaW 04 , ZnS, and Zn 2 Si 04 may be blackened after no 
more than thirty minutes of constant electron bombardment of a 
stationary position. On cessation of the bombardment, the screen 
tends to recover its luminosity and colour, but nevertheless there 
is some deterioration. Even under normal conditions cathode-ray 
tube screens deteriorate and it is common to find the track swept 
by the spot when operating under the time-base potential only less 
luminous than other parts of the screen. 

Luminescent Materials 

A large number of substances exist which are more or less 
luminescent, but hero we are only concerned with those of a solid 
nature. In the solid state no pure elements and very few simple 
compounds are luminescent. Solid luminescent substances may 
consist of cither organic compounds, pure inorganic compounds, or 
inorganic crystals activated by inorganic impurities. For the present 
purpose, only the last two are of interest, ])articularly the latter. 

in many cases pxire inorganic compounds are not luminescent 
unless activated. In those cases luminescence depends entirely on 
carefully controlled small quantities of metallic impurities in the 
crystal lattice. Such impurities are known as phosphorogens or 
activators. To give some idea of the amount of activator reqiurcd 
it may bo stated that for I gm. of calcium sulphide about 0-00()24 gm. 
of bismuth is necessary. Among the inorganic compounds which 
luminesce without activation may be mentioned zinc sulphide, ZnS, 
cadmium sxilphide, OIS, calcium tungstate, CaWO^, cadmium 
tungstate, (!(lW().i, and calcium inoIybdat(^ C)aM().i. However, 
substances such as ZnS, (^dS, CaWO.^, etc., may also bo activated 
by a foreign impurity, in which case the colour of himinescence may 
b(^ modified from that of the {)iiro state, ''['’hus, ZnS, which has a 
light-blue luminoscemee when unactivatod, gives green lumiucseonco 
when activated by copper and orange when activated by maugauoso. 
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In the case of CaW 04 the luminescence does not vary with regard 
to colour when the activator is varied. Table 7-2 gives a list of 
synthetic inorganic phosphors, their various activators, colour of 
luminescence, etc. 

TABLE 7-2 


Matexual 

Activator 

Colour 

Peak op 
Luminescence 
Curve, A. 

CaS 

Mn 

Orange 

6000 


Ni 

Deep Rod 

7800 


On 

Green 

5100 


Bi 

Blue 

4750 

SrS 

Mn 

Green-yellow 

5550 


Ag 

Violet 

4200 


Bi 

Blue-green 

6200 

ZnS 

Ga 

Blue-gre^n 

5350 

— 

Light blue 

4650 


Ag 

Bine 

4460 


Cu 

Green 

5200 

(Zii-hOd)S 

Mn 

Orange 

6850 

Mn 

Orange 

6900 

ZiiaSiO^ 

Mn 

Green 

5250 

ZnBeSiO .1 

Mn 

Yellow-white 

5960 

CaWO^ 

— 

Blue 

4400 ' 

CdWO, 

— 

Wliitish-blue 

4600 

MgWO^ 


- 

4600 


Excitation 

Speotbum 

Near U.V. to 4200 




4300 

4500 

4600 


Activation and Quenching 

That the number of activators for phosphors is fairly numerous 
is evident from Table 7-2. Also, as previously stated, the concen¬ 
tration of the activator is important. For example, in sulphide 
phosphors an increase in the activating substance increases the 
intensity of fluorescence relatively to the intensity of phosphores¬ 
cence. Thus, to obtain phosphors with a long afterglow the activator 
concentration must bo low. This results in weak fluorescence but 
strong phosphorescence. The optimum concentration of an activator 
for a given luminescent substance must be determined empirically, 
as it depends on the relative degrees of fluorescence and phos- 
phoresconco desired, whether the exciting source is photo-1 umines- 
conco 07‘ cathedo-luminesccncc, and, in 6omo cases, on the wavelength 
of the excitation. With reference to the latter consideration, in 
the case of Zn 2 Si 04 (Mn) for excitation at 3650 A the concentration 
of Mu is about 4 per cent; for 2637 A it is of the order of 2 per cent, 
while for 760 A it is less than 0*5 per cent. 
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Where a phosphor admits different activators, the optimum 
concentrations of the various activators are very different. Also the 
concentration of the same activator employed in different materials 
differs. For example, the luminescence of CaW 04 is quenched if 
the concentration of Pb exceeds 1 per cent. However, LiWO* may 
contain as much as 40 per cent of Pb and still be strongly lumines¬ 
cent. In some materials the optimum activator concentration is 
extremely small. As an extreme instance it may be stated that iron 
of the order of one part in a million will activate CaS. If the con¬ 
centration is increased beyond this, the iron will quench not only 
the luminescence it produces but also that due to any other activator 
that may be present. When substances are deliberately included 
to have a quenching effect they are known as “killers.” Phos¬ 
phorescence is far more readily quenched than fluorescence and 
for various technical purposes killers are sometimes employed to 
suppress the former. Thus, where moving images are required on 
X-ray and cathode-ray tube screens, it is essential that there shall 
be a negligible afterglow. For an X-ray screen of ZnS(Cu), two 
parts of nickel to a million of ZnS are suflBcient to destroy the 
phosphorescence completely while leaving the fluorescence relatively 
unaffected. 

If the concentration of killer is too high it will tend to quench 
the fluorescence as well as the phosphorescence. This is shown by 
Table 7-3, which gives the percentage fluorescence of various 
phosphors for different concentrations of killers. It is assumed that 
the intensity of fluorescence in the absence of a killer is 100 per cent. 
The positive sign denotes where the impurity behaves as an activator 
and not as a killer. 


TAHLB 7-S 


Mat K RIAL 

% 

Fo 

Ktlltsr 

Ni 

Ou 

Mil 

ZnaSi().,(Mn) 

(M)l 

78 

78 

88 

+ 

0*1 

30 

]« 

23 


dll WO, 

0-01 

«5 

— 

— 

79 


0-1 

37 

— 

— 

47 

M^;W(), 

(H)1 

93 

100 

99 

—. 

i>‘l 

83 

100 

87 

— 

OiiS((^u) 

(K)l 

30 

40 

+ 
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Electronic Applications of Luminescence 

As previously stated, the most important applications of lumines¬ 
cence in electronics are screens and discharge lighting. For these 
purposes inorganic materials are exclusively used because of their 
superior stability. For the preparation of luminescent screens two 
methods are in general use. In the first method, the material is 
finely powdered and suspended in some liquid such as benzene or 
alcohol. The mixture is then evenly poured on the screen supporting 
plate and, when the liquid has evaporated, the sediment is left as 
a deposit. In the second method, the luminescent material is dusted 
through a sieve on to the screen support, the latter having previously 
been coated with a binder such as sodium silicate. 

X-RAY Screens 

The early X-ray screens consisted of barium platinocyanide, 
which has a strong green fluorescence. Such screens are no longer 
in use, partly on account of their high cost. Where stationary 
images only are required, suitable screen materials are the sulphide 
phosphors. If it is desired to show moving images, then either 
CaW 04 or CdW 04 may be employed. A disadvantage associated 
with these two materials is the comparatively low luminous efficiency. 

The employment of tungstates instead of sulphide phosphors is, 
of course, due to the long afterglow of the latter. However, due to 
the quenching action of nickel on the afterglow of ZnS phosphors, 
ZnCdS activated by silver is now used almost oxclusivoly for X-ray 
screens. This material gives a yellow-green fluorescence which 
occurs approximately at the peak of the relative visibility curve.* 
Hence for visual observation screens of this material are about 
ten times as bright as those of CaW 04 . A typical ZnOdS screen 
has the front protected by a varnish transparent to X-rays, while 
the support is formed of lead-glass, which transmits the flxiorescencc 
but protects the observer from the X-rays tliemselves. 

OsOILLOGRAPH SCREENS 

The material employed for oscillograph screens de})onds on the 
purpose for which the oscillograph is to bo employed. For visual 
observation of standing figures a fluoresconco is desirable whi(ih 
occurs somewhere near the peak of the relative visibility curve. 
In this case, Zn 2 Si 04 is usually employed. For photograpliic work 
a more actinic colour is desirable and in this case CaW 04 is freciuently 

* See page 620. 
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used. For high-speed photography of transients a long afterglow is 
desirable, as this permits a relatively long exposure to be made. 
A long afterglow is also of value in recording slow transients such 
as cardiac impulses. Table 7-4 givevS the approximate duration of 
afterglow of various materials. 

TABLE 7-4 

Calcium 

(^admiuin tuupjst.ato 

Willomitci, ZiirtSU).! 

Zinc 

Zinc Hulphidc with ni(tk(»l killer 

Television Screens 

For tolovisioiv reproduction the image is generally required in 
black and white, and this rocjuires the screen to give a white fluores¬ 
cence under electron bombardment. As shown by Table 7-2, no 
material does this, and hence to obtain the desired result mixed 
phosphors must bo employed. Satisfactory results may bo obtained 
with a mixture of ZiuS aiul Zn(ldS phosphoi's. It is hardly necessary 
to state thafi thei'o must bo no afterglow with cathode-ray screens 
employed for t(^levision. This is onsui'od by the inclusion of a 
nickel ''killer.'’ 

The Electron Microscope 

1’h<^ electron mi(n’()S(‘.()p(‘. is a further application of cathodo- 
lumin(^s(^(Micc, and in this cas(^ a magnified image is produced either 
on a s(M’e(m or photographic plate. For visual olisorvation ZnS 
activated by is customary, while either ZnK(Ag) or CaWO^ is 
employed for photography. 

Fluorescent Lamps 

The fluores(UMit lani|) is an application of plioto-luminesccnoo. 
As (explained in d(d.ail in (!hapter XIX, the electric discharge within 
the lamp prodiKu^s radia-tion outsidt^ the visible sjiectrum, and this 
may Ix^ convcu’Uul into visible ludiaf.ion if caused to act on some 
lumiiies(i(Mit substaiux^ In low-pressure m<u*(*.ury lamps the ultra- 
violcf. radiation priiuupally occairs at. 2/)in A, while in high-pn^ssun^ 
lamps it (xumrs at A. With neon lamps radiation ocuairs in 
the far ultra viohd. at. 7.‘>() and 740 A. 

'’.file lumiiHvscent matiu'ials employcxl with fluorescent lamps 


8 800 . 
8" /< ROC*. 

2-8 m. 800 . 
0-25 Roo. 
Nngligiblo 
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should, as far as possible, bo selected so that their maximum absorp¬ 
tion coincides with the maximum emission of the ultra-violet 
radiation. For mercury-vapour lamps inorganic phosphors arc 
employed, principally CaW 04 , MgW 04 , borates and phosphates of 
Cd, and Mn activated silicates of Zn and (Zn + Be + Cd). Those 
phosphors have strong absorption and excitation bands below 
about 3000 A. 

Apaii: from advertising and purely decorative work, fluorescent 
lamps are generally desired to give either a daylight or sunlight 
effect. As with television screens, this necessitates blending of the 
luminescent powders. With mercury lamps, daylight effects may 
bo produced by a mixture of 2S per cent white and 25 ])er cent 
pinkish-white ZnBeSi 04 with 47 pov cent MgW 04 . What is known 
as ‘'warm white” may be i)roduced with the same constituents, but 
with only 14 per cent of MgW 04 . 

With neon discharge tubes the lines in the far ultra-violet are 
found to excite strongly zinc orthosilicate, Zn 2 Si 04 , and calcium 
tungstate, the activator for the first material being Mn. The ZuaSiO., 
gives a brilhant green fluorescence, and this combined with the 
normal neon discharge produces a bright yellow colour. Also the 
blue of calcium tungstate combined with noon gives a pink. 

Further details of fluorescent lamps are given in Chapter XIX. 

liTJ^blOdHAPHY 
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CHAPTER VIIT 
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Ik (loaliiif^ with tho subject of thormioiiic omisHiou in Chapter IV 
tlu^ value of the (uirreiit derived was tho maxiinuiu obtainable from 
the cathode corresponding to a ])articular tomi)eraturo T, This 
cui‘i’ent is teniK^d the mtumlion cuiTont, but in practical arrange¬ 
ments is st'ildoin attained, as the curixmt is generally Limited by what 
are known as spaee-ciharge conditions. Hence, in practice, tho 
curremts in valves are considerably less than saturation values and 
are tei'ined spaee-charge-limited currents. 

One of tlie immediate and most important a))plications of 
thermionic emission is tho high-vacuum diode. Fundamentally, 
this is similar to tlie arrangement of Fig. 4-2, the cathode consisting 
of any oiut of a number of materials to 
be preseni.ly described. As the anode is 
thermionically ''cold,"’ it is evident that 
current can only pass in one direction 
through a diode. Hence it consi.itutes a 
vtilv(^ and may be employed as a recti- 
iier of a.lt(M*nating (uirrents, this, in- 
(adentially, being one of the most ® 
importa.nt applications of the diode. 

In t.he abs(mce of a suniciently higli 
voh.a.ge t.o prodiK^e saturation, the entire cathodt^ (unission does not 
pass to tlu^ anode. Only a fraction of the total electrons is drawn to 
tlu^ a.no(l(^ th(‘ rc^st Ixang directly returned to the cathode. Tliis is 
l)(x^aus(‘ a lu^gative spa(u^-cha.rge exists in front of the cathode, the 
r(^|i(^lling (^llect of this on the electrons leaving the cathode liaving a 
limiting elhxd on the current. From the foregoing it follows that 
ther(^ is a m^gative potential gradient and potential minimum near 
th(^ (*.athod(^ for only und<u* such conditions can ])art of the emitted 
elect-rons be returned to th(^ cathode, lienees the potential dis¬ 
tribution curve betwe(m cathode and anode has the form shown 
by Kig. S I. In practic<^ how(wer, the value of in Fig. S-d 
is genera.lly sinall compaixul with the cathode-anode potential, /(?, 
and Inmce may l»e n(^gl<H*.t(xl. Making th(^ assumption that is 
n(^gligil)l(' tho (uiriHuit-voltage relation for a non-saturates I diodes will 
now d(d.(u*niin<xl. 
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Space-chaxge Equations 


The case will first be considered in which the cathode and anode 
consist of two parallel planes situated at a distance d cm. apart, 
the anode being maintained at a potential + E with respect to 
the cathode. If p is the negative space-charge at a distance x cm. 
measured perpendicularly from the cathode, then from Poisson’s 
equation 



(8-1) 


Also the current density is 

J = — pv . . . . (8-2) 


where v is the velocity of the space-charge in centimetres per 
second. J, of course, is constant across the space between cathode 
and anode. As v = V2eEJm, from (8-1) and (8-2) we have 




Multiplying both sides by dEj^/dx, 

dE^ d^^ ^ dEx A T I 
dx * 'd^ ^ dx ‘ ^ 


Integrating (8-3) 



(8-3) 

(8-4) 


where C is a constant. Now at the surface of the cathode, E^. and 
dEJdx both equal zero. Hence (7 = 0, and, from (8-4) 


Integrating 



or 


f _ Vi je. m 
^ Utt V m 


(s-r,) 


(S-5) gives the law relating current density and anode voltage and 
is of great imi^ortance in value design. It will be noted that J cc 
and hence (8-5) is often referred to as the trhree-halves power law. 
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Alternatively, it is sometimes termed the space-charge equation. 
If (8-5) is expressed in practical units we have 

JS3/2 

J = 2-33 X 10~® ^ amp. per cni.^ of cathode area. 


It will be observed that the current depends on the anode potential 
and electrode geometry and is independent of the cathode tempera¬ 
ture and work function. 

From the foregoing equations the values of Eg., p, and v may be 
derived in terms of x. Thus . ^ 


Ej. oc 
p oc 

V oc x^f’^ 


In practice, a more important case than the 
foregoing is wliere the emitter takes the form of a 
filamentary cathode surrounded by a concentric 
cylindrical anode. Considering Fig. 8-2, let this be 
represented as shown whore the anode and cathode 
are assumed to be of unit length. If is the radial 
field strength at r, then the difference in the total 
flux lines entering the’leaving the annulus is 


or 


d{27TrX.t) = 27Trdr . p 
= d(rXr) = 4:7rprdr 
I d{:rX.r) . 
r ,lr-=^P 


477 



-2R-► 

Kia. 8-2 


which is Poisson’s ecpiation in cylindrical co-ordinatos. 
As Xr =■- dErjdr, we liave 


or 


2 d! / dEA 

r d r V dr J 
dViJr , 1 dE, 


^rrp 


dr'^ ' r dr ’ ’ 

Now f/j ^irrpv 

whore is the current per unit length of cathode. Also 


(8-0) 


M m 

»/i / m 

^ ~ 27rr V 2eEr 


and, therefore, 
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Substituting in (8-6) 

I dE, _ /2m" 

dr'^ r 'rir " r V e^,. ' " ■ ‘t 

A particular solution of (8-7) is Then E^ A>^, 

dEyldr = d^E^Jdr^ = a{a—l)Kr^~^ where K and a are 

constants. Substituting in (8-7) and simplifying 


K^a^e 


Putting a = 2/3 


and hence 


~(We 
= AV/* = 


jj] 3/2 _ ! .. 

V (2/3)4e 


■(2/T})4e 


jij Y 

== 


?>i J? 


It will 1)0 noted that both in this case and in that for parallel 
pianos the three-halves power law is obeyed. It is found that tliis 
law is approximately true no matter what the shapes of emitter 
and anode may bo. 

The solution of (8-7) was obtained by assuming that tlie ri^lation 
between and r is of the same form as that found for parallel 
planes. A general solution of this ocpiation is 

2 V 2 

^ ” 9 V m 

whore [i is a function of rj/7i. However, for most cases found in 
|)raotice // *== 1. Fig. 8-3 sliows plotted against 
If (8-8) is expressed in. practical units there results 


J 14-65 X 10-« 


E^l- 

am]), per cm. length of cathodci. 


Effect of Cathode-potential Drop 

The foregoing space-charge equations have been derived on the 
assumption that the catliocle is an equipotontial surface. This 
assumption, while true for indirectly-heatcul cathodes, is iiujorrect 

TliiH \h Horm^timos toniiod Ijiin^nmir''rt E((iuiU<)n. 
t '/'i in t'lui lilamoiit. nuliuH. 
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when the cathode is directly heated for, in the latter case, the 
potential continuously changes from one end of the cathode to the 
other. Thus, if a battery is employed for heating the cathode, the 
potential difference between the ends of the latter is, of course, 
equal to the battery voltage. An effect of the cathode potential 



O (O 20 30 40 50 

y/r 

Fi<«. 8-3 

drop is a modification of the throe-halves ]>owei* law and this modi¬ 
fication must now be considered. 

(Vmsider a filamentary cathode, concentric with a cylindrical 
anode, and a steady potential difference maintained Ix^tweou the 
cathode c^xireniities, as shown by Fig. 8-4. If the negative end of 
the (tathode is taken to be at earth j)otontial, then the potential at 
a point ;r along the cathode is Assuming the spac(^-chargo 

e(|uation to apply to every elementary length of thc^ cathod(^ the 
contribution to tlie anode (uirrent from the element dx is 

dd . . . ( 8 - 0 ) 

where K is (X)nstant depending on the geometry of the electrode 
system. As is proiiortional to x 

K / 
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ajad substituting in (8-9) 

dl = kIE-jEA dx 

’* (*l 

f X 

Integrating dl = K\E — jE^\ dx 

or . . (8-10) 

Now E^ is usually small compared with E. Hence, we may expand 


Integrating 


. \3/2 

■E.) dx 


dI = \KiE 



•r 

P’tq. 8'-4 


tho term in parentheses in (8~10) by the binomial theorem, retaining 
only the first three terms, with the result 

= . . . ( 8 - 11 ) 

which, of course, reduces to (8-5) or (8-8) if is negligible. Whei'o 
Ec is comparable with jB, tho expression (8-10) must be om})loyod. 

In Fig. S-4, tho anode current enters the catliodo at its lu^gativo 
extremity. Should it be returned to the positive end tluui, with 
the same approximation as in (8-11), 

J = + . . . (8-12) 

It is evident from (8-11) and (8-12) that, for a given value of E, the 
magnitude of the anode current will depend on whether it is returned 
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to the negative or positive end of the cathode, being greater in 
the latter case. In the first case the current is less than that obtain¬ 
able from an equipotential cathode, and in the second case, greater. 

In order to simulate the effect of an equipotential cathode, the 
arrangement of Fig. 8-5 may be employed where two equal resis¬ 
tances B are shunted across the cathode, as shown. Under these 
circumstances, providing the cathode heating current is large com¬ 
pared with the anode current, the centre of the cathode and the 
junction of the resistances will be at the same potential, i.e. -E/c/2. 
Hence the emission from the left-hand half of the cathode occurs at 



a lower potential than that from the right-hand. Taking the origin 
as the centre of the cathode in Pig. 8-5, the current due to the 
left-hand side is 


dl, 


:{E-jE}jdx 


and that duo to the right-hand side 
2 
5 


Houeo 




Rx])an(ling by the binomial theorem, all the odd terms disappear, 
and wo have 

A (§)%...] 

From this n^siilt it is evident that with the aiTangement of Fig. 

10 (I'.jHo) 
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8-5, the anode current is slightly higher than with an equipotential 
cathode. However, because of the rapid convergency of the series 
and the fact that, in practice, is usually small compared with 
the arrangement of Kg. 8-5 may be considered to be almost exactly 
equivalent to an equipotential cathode. 

A.C. Directly-heated Cathodes 

In the majority of instances cathodes are heated by alternating 
current and in such instances the anode current can be returned 
via a centre tap on the cathode-heating transformer winding. 
Whether the anode current is returned in this manner or to one 
end of the cathode, the foregoing equations for the d.c. examples 
are valid, provided for E^ we write sin pt, where E^.^^ is the 
maximum value of the cathode voltage. Thus, for the centre-tapped 
case 

= KE^!^ ^ + • • •] • • • 

while for a connexion to the cathode extremity 

•A = KE^!^ [l - I sin or KE^!^ [ 1 + |sin y>/.] (8-14) 

Either of the right-hand members in (8-14) is applicable, for changing 
the connexion from one end of the cathode to the other merely 
causes a phase reversal. 

Considering (8-13) and (8-14), it will be noted that in both cases 
an alternating component is superposed on the anode current, the 
value of this component being much smaller when the centre-tapped 
arrangement is employed. AsBin^ i (1 — cos 2^;/) the frecpiency 
of the superposed component in (8-13) is twice that of the funda¬ 
mental. 

In Chapter X it is shown that a triode is equivalent to a dioch^ 
provided that E is replaced by jB + f.iEg, where is the ainpUKcatioii 
factor and Eg the cathode-grid i)otontial. Hence the foregoing 
equations are applicable to triodes if E is replaced by E f ///?„. 
As iiEg may be of the same order as E, it will bo seen that substi¬ 
tution of E + piEg in (8-14) indicates the possibility of a relatively 
large a.c. component in Jy with the likelihood of an audible hum 
in an audio-frequency amplifier operated with valves having a.c. 
directly-heated cathodes. Hence in these circumstances a centn^- 
tap])od heater winding should be employed, when (8-13) will be 
applicable. 
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Kid. H-li 


Modiiying Factors of the Space-charge Equation 

If a gradually iucroasiug anode voltage is applied to a diode, 
it appe^ars that the anode current should increase in accordance 
with the three-halves power law until limited by saturation. Thus 
wIkui the emission reaches the saturation value cori‘osponding to 
tlu^ ])ai*tieular (cathode temperature, the 
eui*ve should abruptly cease to rise and 
then lie parallel to tlie axis in the 
mannm* shown by Fig. S-6. In practice, 
tlie discontinuity in the curve of Fig. 

<l(u\s not (^xist for sevoi’al reasons. For 
example, the cathode temperature is 
not const.ant, l)eing higher at the cathode 
centre than at the ends. Tims satura¬ 
tion occurs earlier for the ends of the 

cathode than for the centre, this causing the curve to have the 
af)i)earanco shown by Fig. 8-7. The variation in temperature along 
the <^atho(l(^ of course, causes the resistance of the latter to bo 
non-uniform and lienee does not in fact vary strictly as x/l, 

__ __ _ For this reason the eciuations 

^ (^-11) fco (8-14) arc only ap¬ 

proximately correct. 

A further factor influencing 
the cathode temperature is the 
omission occurring therefrom. 
As shown on page 177, the 
])ower loss clue to electron 
omission is J{cl> | 2</>^) per cm.® 
of cathode surface and this has 
a cooling cdfcct on the cathode. 
Thus, as tlu^ anode current is 
increased, the cathode tompera- 
turo tends to fall, causing 
sat.urat.ion to ocunir c^ai'lier than if the cathode temimraturci remained 
constant. 
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Vacuum Valve Design and Constraction 

‘ In onhu' that va.cmim diodes shall he suitable for the various 
purpose's for which t.h(\v are cnnployed, a higli degree of vacuum 
jtiust. 1)(' att.aiiu^l. 1'his is essential to limit the prochudrion of gaseous 
ions whic.h would be (hd-rimcmtal to the diode’s characdoristics and 
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life. The number of gas molecxiles per cubic centimetre at normal 
temperature and density is 2*7 x 10^®, and at any other density p 
the number is given by 

2*7 X IQ^^p/pq per cm.® 

where p^ is the gas density under normal conditions. During the 
passage of the electrons across the inter-electrode space, these may 
collide with residual gas molecules, thereby producing ions by 
collision. As the diameter of a gas molecule is of the order of 
10"”® cm., the area which it presents to an oncoming electron is of 
the order of 10""^® cm.® If each collision results in a positive ion, 
then, if d is the distance between cathode and anode, the number 
of ions per electron is 

2-7 X 1019 L X 10-18 X d 
Po 

= 2-7 X 108 - d 
Po 

Now, the velocity of the electrons is greater than that of the ions 
. in the ratio of V1839Jf : 1, where M is the molecular weight of 
the gas. Hence the ratio of positive ion density to electron density 
may he taken as 

= 2-7 X 108 dVlSSOM 
Po 

and taking an upper limit for this of 10”® 

^dVM= 10 -’ 

Po 

For the case of air M = 40, and if d = 1 cm., then p = 10"® mm. 
Hg. In practice this is the order of vacuum attained. Even at this 
pressure the number of molecules per cubic centimetre is about 
4 X 10^^, the mean free path being about 10® cm. 

Cathode Idateiials 

The subject of cathode materials has been lightly touched upon 
in Chapter IV, and it is now necessary to amplify what has already 
been said on this subject. Although a great number of materials 
emit electrons when heated, few are suitable as practical cathodes, 
and, in practice, three materials are principally employed. These 
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are tungsten, thoriated tungsten, and certain oxides. As stated in 
Chapter IV, the eificiency of a cathode is expressed by 

Thermionic Current Obtainable 
Cathode Heating Power 

and this ratio is usually given in milliamperes per watt. Evidently 
it is desirable that this ratio shall be as high as possible consistent 
with other requirements, such as long cathode life, etc. 

Tungsten Cathodes 

In addition to high-emission efficiency other desirable character¬ 
istics for a cathode are long life, a maximum emission which is 
considerably above the normal working emission, and immunity 
from damage by positive ion bombardment. Among the earliest 
materials employed for thermionic cathodes was tungsten, a material 
which is still almost exclusively employed in high-voltage tubes. 
The reason for this employment is that tungsten more readily 
withstands positive ion bombardment than do the other two mate¬ 
rials mentioned above. In high-vacuum valves the volt drop is 
relatively high because of the presence of the negative space-charge. 
Because of this high drop, the few positive ions which are formed 
acquire high velocities and thus may bombard the cathode with 
considerable energy. The coatings of the coated-cathodes, to be 
shortly described, would be rapidly destroyed by this bombardment 
and for this reason it is necessary to employ tungsten. 

The melting-point of tungsten being 3650° K. enables it to be 
operated at a relatively high temperature, about 2400° K. By 
working at such temperatures a higher total emission is, of course, 
realizable than if a lower temperature were employed. However, 
the emission efficiency of tungsten is low, about 2 mA per watt at 
2400° K., the total omission per watt at this temperature being 
about 120 mA per cm.^ Those figures relate to cathodes of fila¬ 
mentary form of 0-1 mm. diameter approximately. For cathodes of 
greater diameter hotter figures are obtainable because larger 
cliameters may bo run at higher temperatures. 

Thoktated-tungsten Cathod bs 

From Table 4^-1, Chapter IV, the values of A and for tungsten 
are ()0*2 and 4-52, respectively. Compared with various other 
metals in the table it is evident that the work function of tungsten 
is high. Hence in order to obtain a high-emission efficiency, it is 
necessary to employ a cathodo material of low-work function. If 
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a material of lower work function than tiuigwten were aubstitutod 
for the latter in a vacuum diode, all other conditions remaining the 
same, there would be no increase in anode current for, as we saw 
on page 27/5, tliis is governed by the space-charge equation. How¬ 
ever, the same current could be obtained with a lower expenditure 
of catliode-heatiiig power, and, moreover, the total emission would 
be greater. 

The low-work function metals are in general unsuitable for 
direct employment as cathodes, for they possess low melting-points 
and high vapour pressures. In practice these difficulties are over¬ 
come by depositing a layer of low-work function material on some 
base metal, such as tungsten, nickel, etc., in which case the material 
is absorbed by the base metal. Thus, the absorbed material may 
be held within the base metal at a temperature at which it would 
normally rapidly evaporate. 

An example of the foregoing process is thoriated-tungsten. 
To prepare cathodes of this material between 1 and 2 per cent of 
tlioria, i.e. thorium oxide (ThOg), is added to the tungsten powder 
before it is sintered and drawn into wire. After the filament has 
been formed and assembled into the valve it must bo activated in 
order to obtain high emission. The activation process is effected 
in the following manner: The filament is raised to a temperature 
of 2800*^ K, for several minutes, during which time some of the 
thorium oxide is reduced to metallic thorium. At this temperature 
the thoriuni diffuses to the surface of the filament, whore it rapidly 
tends to evaporate. The temperature is now reduced to 2100^^ K., 
at which value the thorium still diffuses to the filament surface, but 
with a reduced rate of evaporation. Because of the latter, the 
thorium tends to accumulate at the surface, where it forms an 
absorbed layer. The activation process is now complete, and the 
filament so formed has an emission apinoximately a thousand times 
as groat as a pure tungsten filament operating at the same tenipor*a- 
turo. The normal opcu'ating tompoi-atiiro of a thoriatod-tiingston 
cathode is about U)00" Iv., at which tempcu*atiire the rates of dilfusion 
and evaporation are such that the absorbed layer remains fairly 
stable. 

With use and the progress of time the layer of thorium atoms 
slowly evaporates and this is accompanied by a loss of emission. 
In order to reduce tlic rate at whicli this occurs and thus iuen^ase^ 
the longevity of the valve, i.hoiiated-tungston cathodes are usually 
carbonized. In this ])rocess the cathode is heated to a toinp(M*alure 
of about 1800'" K. in the presence of naphtlialone or benzol, and. 
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as a rosult, some of the carbon diffuses into the tungsten. The 
effect of this is to reduce the rate of evaporation of thorium to 
aboiit one-sixth of that occurring with a non-carbonized cathode. 

The principal effect of the layer of thorium on the surface of a 
thoriated-tungston cathode is a lowering of the potential barrier 
and work function. The value of the latter is lower than for either 
pure tungsten or thorium, although it is difficult to give a precise 
value for this quantity as this depends on the fraction of the surface 
area covered by thorium. The same difficulty exists regarding the 
value of A, for which values ranging from 3 to 59 amp./(cm.2) 
(deg.^ K.) have been given by various experimenters. At a tempera¬ 
ture of 1900*^ K. the emission efficiency is about 40 mA per watt 
and the total emission about 1*2 amp. per cm.^ Thus, the emission 
efficiency is some twenty times greater than that of pure tungsten, 
while the total emission is about ten times as groat. 

Oxide-coated Cathodes 

An oven higher emission efficiency than that of thoriated- 
tungsten is obtained from oxide-coated cathodes. In order to form 
those cathodes certain oxides, such as those of barium and strontium, 
ai*e deposited on a metal core. This core may consist of an alloy 
of platinum and nickel, nickel and cobalt, or nickel, cobalt, iron, 
ami titanium. In the case of indirectly-heated valves the metallic 
core is in the form of a sleeve. The oxide coating is applied to the 
core either by dipping or spraying, an organic binder being mixed 
with the oxide to make it adhere to the core. Thus, one method is 
to dip the core in a mixture of barium and strontium carbonates 
and I'esin, the core being subsequently momentarily heated to 
1000" K. to burn off the binder. After an adherent coating has 
been applied, the cathode is heated to about 1300° K. for several 
hours, (luring which time the carbonates are reduced to oxides. 

Following the formation of the oxido coating, the cathode must 
be activated beffore appreciable omission can be obtained. This 
procc^ss (sonsists of maintaining the cathode tcmperatui*e at between 
1000" and 1500" K., with a positive anode potential to collect the 
emission. During the process the emission increases and oxygen is 
evolved, the latter being removed by the {)umi) employed for 
evacuating the glass envelope. 

• The a(*,tion of the oxide-coated cathode is somewhat obscure. 
It is thought that a thin layer of barium is formed, but it is not 
certain whether this formation occurs on the core or on the surface 
of the oxide. IMio view is generally held that it is the barium which 
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is responsible for relative high emission, and not the oxides, this 
idea being supported by the evolution of oxygen during the activa¬ 
tion process. However, whatever may be the exact action of such 
cathodes, the composite structure results in a low potential barrier 
and work function. For similar reasons, as with thoriated-tungstcn, 
it is difficult to give precise values for A and ^ with oxide-coated 
cathodes. Despite this, however, figures frequently quoted are 
A = 0-01 amp./(cm.2) (deg.^K.) and ^ = 1-0 volt, the value for A 
being derived from the fact that, at 1000° K., the emission density 
is usually of the order of 1 mA per mm.^ The emission efficiency 
is of the order of 100 mA per watt, the normal operating temperature 
being 1000° K. 

As with thoriated-tungsten cathodes, oxide-coated cathodes 
become de-activated with use. Similarly, de-activation occurs with 
positive ion bombardment, and for this reason oxide-cathodes are 
only employed in valves having relatively low anode voltages. 
Because the oxides tend to evolve gas, valves with such cathodes 
possess a relatively large number of positive ions and are not used 
where the anode potential exceeds 1000 volts. 

Indieeotly-hbatbd Cathodes 

The various cathodes so far described are of the diroctly-hoatod 
type, i.e. the heating current passes directly through the cathode. 
As we have already’ seen, this results in a non-oquipotential cathode 
surface which, in certain applications, is detrimental. To avoid this, 
indirectly-heated cathodes are now widely employed. With this 
form of cathode the active coating is deposited on a nickel or nickel- 
alloy sleeve, the heater wire being contained in an insulator which 
is enclosed by the sleeve. Some typical arrangements are shown by 
Fig. 8-8, The entire structure is of such mass that temperature 
fluctuations are negligible at normal supply frequencies. The heater 
wire is usually formed of tungsten and being insulated from the 
metal sleeve results in the latter having an oquipotential suiface. 

The insulator is usually formed of beryllium or aluminitnn oxide, 
such materials having relatively high thermal conductivity. For 
example, the thermal conductivity of the latter material is five 
times as high as that of porcelain and its thermal expansion is 
relatively close to that of nickel. The heater wire is coated with 
the oxide as a fluid mixture, an organic binder being present in tlie 
latter. The coated heater is then dried and is afterwards heated to 
about 1800° K. in a vacuum. Following this the coated heater is 
inserted and fixed within the metal sleeve. 
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A further advantage of the indirectly-heated cathode is that, 
because of its rigid structure, smaller clearances may be employed, 
this leading to a higher mutual conductance in a triode than when 
directly-heated valves are used.* Thus, comparing similar valves, 
a directly-heated general-purpose triode might have a mutual 
conductance of 1-5 mA per volt, while its equivalent indirectly- 
heated type would have a figure double this value. A disadvantage 
of the indirectly-heated cathode is its low-emission efficiency. Thus, 
the cathode consumption of the first of the two valves mentioned is 
only 0*2 watt, while the second consumes 4 watts. This, however. 
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is of no great consequence unless the cathodes are to be supplied 
by batteries. 

As the cathode is insulated from the heater, it follows that three 
leads will be brought out from the cathode structure. The heater 
is not, of course, regarded as an electrode, but, because of the 
insulating coating, several heaters may be supplied from a common 
source, although their respective cathodes may be at different 
potentials. However, it must be borne in mind that the insulating 
layer is thin and that the heater and cathode shoiild not be subjected 
to a potential diflfbrenco of more than 500 volts under normal 
operating conditions. 

H KAT-SHIKLDKD CaTHODKS 

Another extremely important form of cathode is the heat- 
shielded type. However, as this type eannot be employed in vacuum 
valves, a discussion of its characteristics is reserved for Cha])ter IX, 
page 300. 


* 8oo i>ago 317. 
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The Anode 

During the passage of the anode current in a diode heat, is gener¬ 
ated at the anode surface. The rate of production of heat is equal 
to ie, where % and e are, respectively, the instantaneous values of 
the anode current and voltage. This heat is, of course, due to the 
loss of kinetic energy by the electrons when they strike the anode. 
The resultant temperature of the anode is not only due to the cause 
just mentioned, but also due to the fact that some of the heat 
radiated from the cathode is intercepted by the anode. Thus, the 
latter must radiate energy at a rate equal to 

P = ie + 

where and 7^ are, respectively, the cathode voltage and current 
and is a number less than unity. The final temperature of the 
anode will, of course, be such that it radiates energy at the same 
rate as that at which it receives energy. As the anode is situated 
in a vacuum, the final temperature will be governed by the Stefan- 
Boltzmann Law,* i.e. 

ie + = ayT^ 

From this equation it is evident that the final temperature will 
depend on the value of y, the emissivity coefficient, this quantity 
in turn depending on the nature of the anode material. Materials 
suitable for anodes must be such as to withstand the heat generated 
both in the process of manufacture and in use. Furthermore, they 
must not emit gases which will reduce the degree of vacuum of the 
valve. 

The anode materials in general use are nickel, iron, tantalum, 
molybdenum, tungsten, and graphite. The first two are employed 
for valves of small capacity and the latter four for large power valves. 
Frequently nickel anodes are roughened and blackened with carbon 
in order to increase their emissivity. In high-power valves the 
anode is sometimes operated at a red heat. Where a diode is em¬ 
ployed as a rectifier, the potential of the anode periodically reverses. 
Hence it is iin|)ortant that the anode temperature should not be 
such as to permit thermionic emission to occur, for should this take 
place the rectifying proijcrties of the valve, would be impaired. 
The maximum permissible rates of energy dissipation of nickel, 
molybdenum, and tungsten have been given as 5, and 8 watts 
per cm.‘^, res])ectively. 

As the power rating of a valve increases, so also do the losses, 
and, in consequence, it becomes increasingly difficult to dissipate 

* 8oo imge 177. 
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the latter without making the valve of excessive size. To overcome 
this difficulty, valves having external anodes have been developed. 
Such valves have walls formed partly of glass and partly of metal, 
this construction necessitating a metal-to-glass seal. The anodu 
is cooled either by water or an air-blast. 

Electrode Leads 

Apart from the necessity of employing leads with a thermal 
expansion similar to that of glass, no special difficulty exists re¬ 
garding the electrode connexions of low-voltage valves. However, 
with high-voltage valves the possibility of a flash-over exists, either 
within the glass pinch or outside, if the anode and cathode leads 
are both brought out from tho same end of the valvo. A further 
point is that with a high-potential gradient conduction of an electro¬ 
lytic nature may occur within the glass, particularly when this is 
hot. Where the voltage of a valve exceeds about 1000 volts, it is 
customary to bring the cathode and anode leads out from opposite ' 
ends of the valve.* The high voltage, of course, does not exist 
between the electrode leads while conduction through the valve is 
occurring. However, with valves employed for rectification, it is 
shown in Chapter XIII that during the reverse half-cycle a voltage 
as high as twice the peak voltage of the a.c. su^^ply may be impressed 
on the valvo electrodes. As high-vacuum diodes are employed in 
X-ray work to provide d.c. voltages up to 250,000 volts, it will be 
appreciated that a diode may have to withstand an inverse peak 
voltage of tho order of half a million volts. In extreme circumstances 
sxich valves are immersed in oil to increase their resistance to flash- 
over. 

* Soo Fig. 13 -13. 



CHAPTER IX 

GAS-FILLED DIODES AND TRIODBS 


The introduction of gas into a thermionic valve may have a pro¬ 
foundly modifying effect on its characteristics. It can be stated 
at once that the principal effect is a reduction- in potential for a 
given current. In the absence of gas or vapour in any appreciable 
quantity, the voltage-current characteristic is, of course, similar to 
that shown by Pig. 8-7, and is governed by Langmuir’s and 
Richardson’s equations. If, now, a small quantity of gas or vapour 
is introduced (but much smaller than is customarily employed), the 
characteristic will be altered from Curve 1 to Curve 2 in Pig. 9-1, 

Curve 1 being merely a reproduc¬ 
tion of that in Pig. 8-7. Increas¬ 
ing the gas pressure still further 
will produce the characteristic 
3, while, if the pressure is con¬ 
tinually increased, the voltage 
may even fall with increasing 
current. 

From Pig. 9-1 it is evident that 
the effect of the gas is to modify 
that part of the characteristic lying between A and B. The portion 
BC is scarcely affected, for the current in this region is mainly limited 
by the maximum emission of the cathode, which is the same whether 
gas is present or not. The region OA, where the voltage is less than 
the ionizing potential of the gas, is also but slightly affected. The 
modification of AS is, of course, due to ionization occurring within 
the gas. As soon as the cathode electrons have acquired sufficient 
velocity and energy they ionize the gas, producing positive ions 
and further electrons in equal numbers. The effect of this is twofold: 
first, because of their motion, the ions and electrons increase the 
current; and second, because of their charge, the ions tend to 
-neutralize the negative space-charge. The first effect is of consider¬ 
ably less importance than the second, as the number of positive 
ions produced is only a small percentage of the number of electrons, 
which is shown by the inappreciable increase in saturation current 
when the gas is present. 

Although the effect of the gas is relatively unimportant in tlie 
region OA, nevertheless it may have a modifying effect on this 

290 




GAS-FILLED DIODES AND TBIODES 


291 


part of the characteristic. Below the ionizing potential, the gas 
may retard the motion of the electrons, thus ten^ng to reduce the 
current for a given voltage. Where a gas has a metastable state, 
this and the initial velocity of the electrons may cause the current 
in the region OA to be greater than for the case of a vacuum. How¬ 
ever, in general, it may be said that the effect of the gas becomes 
appreciable only at voltages of the order of the ionizing potential. 

In a similar manner to the glow discharge, described in Chapter 
II, the positive ions tend to concentrate the tube voltage drop 
into a cathode fall close to the cathode. With a thermionic cathode, 
however, there is a copious supply of electrons and, unlike the glow 
discharge, the minimum cathode fall is not limited by Townsend 
conditions. For the maintenance of the discharge all that is necessary 
is that the electrons shall fall through a sufficient potential difference 
to acquire the energy necessary to ionize the gas. Hence, gas-filled 
thermionic diodes are characterized by a potential drop of about 
5 to 20 volts and this is roughly independent of current and tube 
geometry. 

Conduction Conditions in Gas-filled Thermionic Diodes 

An attempt will now be made to present a somewhat more 
quantitative representation of the operating conditions during 
conduction in the gas-filled diode. As the potential difference across 
the electrodes is gradually increased from zero, the current is initially 
carried entirely by electrons and the conditions are governed by 
the laws of a vacuum diode until the ionization potential of the 
gas is reached. Beyond this, the current increases more rapidly 
until its value is such that a voltage maximum is reached. From 
this point the current increases with great rapidity to a value limited 
only by the external circuit resistance or the total emission of the 
cathode. The tube is said to breakdown, ntrike, or fire, and its 
ai)poarancc is characterized by a visible glow the colour of which is 
api)ropriate to tlie particular gas or vapour filling. The volume of 
the glow constitutes a plasma similar in character to that of the 
glow discharge described on page 90. Between the plasma and 
the electrodes and walls of the tube are sheaths. 

The distribution of ])otential over the cathode-anode space after 
striking has occurred is shown by Fig. 9-2. The region OA is known 
as the j)ositivo-ion or cathode sheath and the region AB the plasma. 
An explanation of this distribution may bo obtained as follows. 
Consider the relatively sim])le case whore anode and cathode consist 
of two parallel pianos situated d cm. apart. Provided the voltage 
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of the anode relative to the cathode is slightly above the ionization 
potential of the gas, positive ions will form at the anode, thence 
moving towards the cathode. If each electron produces a ions 
then, provided there is no recombination, the electron current 
density is J_ and the positive ion current density = aJ_. If 
Eoc is the potential at a point x cm. from the cathode, then 

JmiV = • • • • (9-1) 

== . . (9-2) 

where m^, and m^, are, respectively, the masses and velocities 



Pig. 9-2 

of the electrons and ions, E is the anode potential, and e the electronic 
charge. Now 

• • • • (9-3) 

= P 2 V 2 .... (9-4) 

where pj and pg respectively, the electronic and ionic densities. 
Also we have 

d^E.^. 

dx^ ^(/^i - P 2 ) • • • (9-5) 

From (9-1), (9-2), (9-3), and (9-4), (9-6) may be written 

■2'=^ [•/- Vs Vs 

= W-V^[ft-‘-JC(^--E.)-*)] ■ ■ (»-0) 

where K = — J— 

J_ 'V 

Multiplying both sides of (9-6) by dE^fclx and integrating, 

k Vi')=‘-J'- V v* ' 

whore c is a constant. 
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At the cathode surface x, E^,, and dEJdx = 0, and therefore 
C == KE- 

and 

At the anode A* = E and in those circumstances 

As dEJdx must be real and positive, it is evident that A ^ 1. 

Now, if K — 0, (9-7) reduces to (8-4) and the cuiTent is given 
bj' (8-5). Tliis is, of course, the condition until strilcing occurs. 
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After striking has occurred a plasma is formed and within tliis 
Pi — Pa and K = 1 mthin the plasma. As the potential fall within 
the plasma may be taken as negligible, the edge of the plasma 
forming a boundary of the cathode sheath is apjiroximately at the 
same potential as the anode. Hence the })la8ma may be regarded 
as an e.Ktension of the anode towards the cathode suiface. Within 
the cathode sluiatii, (9-7) is api)ro])riato with K # 0 . However, if 
we regard the contribution to the curient of the electrons and ions 
formed by collision as negligible, i.c. K = 0, then 

Vi e 

J = ■ - . . • (9-8 

9ir m d^ ' 


Reftfrring to Fig. 9-3 it will be not<id that o.\oept for small currents 
the volt dro|.) across a gas-filled valve is almost independent of the 
value of the current. Hence if K is small then J oc E^l-jd^. As E 
is independent of./_ then the latter must increase by virtue of a 
decrease in d. In practice, as ./ increases, the plasma, which is 
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practically at the same potential as the anode, moves nearer to 
the cathode, thus reducing d and making possible a current increase. 


Valve Volt Drop 


From previous statements and Pig. 9-3 it is evident that gas- 
filled valves only conduct inappreciable currents while the anode 
voltage is initially below the ionization potential of the gas filling. 
At a voltage approximately equal to the ionization potential, 
relatively large currents commence to fiow, this potential being 
generally referred to as the ignition or striking potential. From 
Fig. 9-3, however, it will be noted that once this potential has been 


SPACE CHARGE 



X 

Fig. 9-4 


attained the drop across the 
valve falls to some lower figure, 
at which it tends to remain as 
the current is increased. It is 
found that the volt drop across 
a gas-filled valve is frequently 
lower than the ionization poten¬ 
tial and may even be lower 
than the lowest excitation poten¬ 
tial. As some electrons may be 
emitted from the cathode with 
velocities corresponding to a few 
electron-volts, it is only , neces¬ 
sary for such electrons to fall 
through a voltage equal to 


the difference in the ionization 


potential and that corresponding to the emission velocity for 
ionization to occur. If excitation to metastable states occurs, then 


cumulative ionization is possible, and in this case the volt drop 
across the valve may be very little higher than the lowest excitation 
potential of the gas. 

In some oases the volt drop may be even lower than the lowest 
excitation potential. This is due to a positive space-charge forming 
between anode and cathode of such magnitude as to reverse the 
potential difference between itself and the anode. This condition 
is illustrated by Fig. 9-4, from which it will be noted that between 
the cathode and space-charge a potential difference exists sufficient 
to produce ionization. Although the field beyond the space-charge 
is reversed, electrons pass through this by virtue of the kinetic 
energy they have acquired in the accelerating field between the 
cathode and space-charge. 
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Ineldbnoe of Gas Pressure 

We have already seen that the quantity of gas has an important 
influence on the behaviour of a gas-filled diode and we shall here 
pursue this aspect of the valve still further. Assuming that the 
gas density is such as to secure a low cathode-anode potential drop, 
variations in the gas density about this point have an important 
effect on the four following characteristics: (1) the maximum 
inverse voltage that may be withstood, (2) the maximum current 
that may be carried, (3) the cathode-anode drop, and (4) the rate 
of evaporation of the cathode. With regard to (4), if the gas density 
is sufficiently increased, it reduces the rate of evaporation of the 
cathode and thus permits the operation of the cathode at a higher 
temperature and emission efficiency. This is a practice which is, 
of course, followed with the so-called ^-watt gas-filled lamp. In 
the case of the original Tungar rectifier, this employed a thoriated 
tungsten filament operating in argon at a pressure of approximately 
5 cm. of Hg. One disadvantage of a high gas pressure is that it 
tends to cause the discharge to concentrate on a small area of the 
cathode, resulting in a bum-out. In fact, if once the discharge is 
started it will be found to continue if the cathode-heating current 
is cut off. In Chapter XIX it will be found that this arc-heating of 
the cathode is employed to advantage in certain luminous discharge 
lamps. 

Apart from the desirability of a high gas density to reduce 
filament evaporation, it is undesirable in that it reduces the inverse 
peak voltage that a tube will withstand. The gas pressures employed 
in i)ractice are such that the inverse breakdown potential lies to 
the left of the minimum of a curve such as that of Fig. 2-6, and 
also follows Paschen’s Law. Hence if the gas density and pressure 
arc increased, the breakdown potential and inverse peak voltage 
decrease. It follows that if the gas pressure is too high, the tube 
may break down during the inverse half-cycle and a glow or arc 
occur. Under these circumstances the tube fails to rectify and may 
be destroyed. 

Apart from its detrimental effect on cathode evaporation, an 
attempt to increase the inverse peak voltage by reducing the gas 
])ressure may bo accompanied by a further detrimental effect, 
yiiould the gas pressure be too low, there may bo insufficient gas 
moloculos present to provide a sufficiency of positive ions to neutralize 
the negative space-charge when the tube is carrying its rated current, 
This leads to an oxcc^ssivo volt drop and disintegration of the cathode 
by positive ion bombardment. It is, of course, practicable to avoid 
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this effect by de-rating the current of the tube as the gas pressure 
is reduced. 

As the density of mercury vapour in the presence of its liquid 
depends upon temperature, it is evident that the foregoing charac¬ 
teristics when referred to a mercury-vapour tube largely depend 
upon the temperature of the tube. Htoce, as the temperature of 
the tube increases, the maximum inverse voltage and tube drop 
decrease while the maximum anode current increases. The relation 



DEGREES CENTIGRADE 

Fig. 9-6 

between mercury-vapour pressure and temperature is shown by 
Fig. 9-5, the effect of temperature on the characteristics of a mercury- 
filled diode being shown by Fig. 9-6. It is evident from the latter 
that such tubes must be operated between fairly close limits of 
temperature, for at high temperatures low inverse voltages and 
cathode vaporization occur, while at low temperatures high volt 
drop and low current ratings result. Thus, desirable operating 
limits are about 20° C. to 60 °C. The temperature of a valve is, 
of course, related to the ambient temperature and the valve losses. 
The latter comprise those of the cathode and the valve drop. The 
cathode heating losses are such that, generally speaking, even at 
under no-load conditions, the valve temperature is well above the 
low limit already quoted. For example, the temperature rises of 
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the valves shown by Figs. 13-6 and 13-7 are, respectively, 70° C. 
and 14° C. due to cathode losses alone. 

In tubes in which the gas filling is one of the inert gases, such 
as noon, argon, etc., there is no variation of gas density with tem¬ 
perature, and variations in tube characteristics, such as those which 
take place with mercury-filled tubes, do not occur. However, the 
gas gradually disappears, due to clean-up, with a modification in 
the performance of the tube due to this cause. In high-voltage tubes 



the gas pressure must bo maintauied between narrow limits and 
hence in such tubes mercury va])our only is employed. In low- 
voltage tubes, gas iiressnro is not of such importance and sufliciont 
gas may be initially admitted to compensate for such eloan-up as 
occurs (luring the useful life of the tube. 

From what has ])reviously boon said, it is evident that whore 
high inverse voltages must bo withstood it is necessary to woi-k at 
low gas pressures and, generally, do-rato the current output. How¬ 
ever, in addition to this, further steps may bo takcui which have a 
benolicial effect. 
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At the moment the inverse half-cycle commences there are in 
the vicinity of the anode the positive ions of the plasma. As the 
anode becomes negative, some of these are swept out of the j)lasma 
to the anode and thus may forfn a glow discharge which, if circum¬ 
stances are unfavourable, can develop into an arc. Now the glow 
current is proportional to the area of its cathode, ..and hence the 
area of the anode in the gas-filled diode is not made larger than is 
absolutely necessary. In considering the glow discharge wo saw 
that it is probably the increasing density of the 
glow current which leads to an arc discharge. 
This density varies as the square of the gas den¬ 
sity and hence a low gas density leads to low 
glow current density. A further method of in¬ 
creasing the maximum inverse voltage is to 
enclose the anode in an arm attached to the side 
of the tube. This encourages a loss of electrons 
and ions to the wall of the tube, thus increasing 
the resistance to the initiation of a glow dis¬ 
charge. The placing of anodes in arms is, of 
course, a very common one with glass-bulb 
mercury-arc rectifiers and is partly done for the 
same purpose. 

Where very high inverse voltages must bo 
withstood, up to 100 kV, mercury vapour is 
always employed, maintained at a low tempera¬ 
ture. Naturally, the filament vaporizes rapidly, 
Fia. 9-7 to obtain a useful life it must be heavily 

constructed. This means what would normally 
be an excessive filament consumption for a given current 
through the tube. The gas lost due to vaporization is, of course, 
continually replaced by the liquid mercury. A form of tube 
employed for high inverse voltages is shown by Fig. 9-7. It 
will be noted that the anode and cathode are placed in separate 
spaces with a condensing chamber between them. This leads to 
different gas pressures round the anode and cathode. The cathode 
space contains liquid mercury which continually vaporizes because 
of tho heating in this sj)ace produced by the cathode and cathode 
sheath losses. After condensation, the mercury flows back to tho 
cathode space under the influence of gravity. With this arrange¬ 
ment, tho gas pressure round the cathode is relatively high, resulting 
in a relatively low degree of cathode vaporization, while, due to tho 
condenser, tho pressure in the anode space is relatively low. Thus, 
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a high inverse voltage may be sustained without undue cathode 
vaporization. 

Cathodes in Gas-filled Valves 

Because of the low voltage drop of the gas-filled diode, the 
current-carrying capacity of these tubes is not limited by anode 
heating. Hence the total emission of the cathode is of greater 
importance than with a vacuum tube. However, due to the presence 
of positive ions, a possibility exists of cathode disintegration, or 
atomization, as it is sometimes termed, caused by positive ion 
bombardment. As practically the whole tube drop is concentrated 
immediately in front of the cathode, it follows that practically every 
ion which strikes the cathode does so with an energy wliich corre¬ 
sponds to approximately the entire anode-cathode potential differ¬ 
ence. It therefore appears possible that this bombardment may 
result in the destruction of the cathode, particularly if this is of the 
coated type, as it usually is in gas-filled valves. Experiment has 
shown, however, that the cathode is but slightly affected provided 
the ionic energy (and hence anode voltage) and instantaneous 
current do not exceed certain limits. As the anode voltage is in¬ 
creased, due, say, to a reduction in gas density, the energy of the 
bombarding ions increases, but is ineffective until what is known as 
the disintegrating voltage is reached. The value of this is 22 volts 
for mercury vapour, 25 volts for argon, and 27 volts for neon. 
Hence the gas density must bo such that those voltages are not 
exceeded if a reasonable cathode life is to be realized. 

With regard to current limitations, disintegration will occur if 
the peak current through the tube exceeds the total thermionic 
omission of the cathode. Should the peak current exceed the total 
emission, then the difforenco must be produced by ionic bombard¬ 
ment of the cathodo, i.o, the virtual formation of a cathode spot. 
This results in an increased temperature of the cathode and its rapid 
vaporization and destruction. In view of the foregoing, a gas-filled 
valve is often given two current ratings: (1) an average rating 
based on tomporature rise, and (2) a maximum instantaneous rating 
based on (iathode life. For example, the average rating of the 
B.T.H. BI)12 valve is .‘12 amp. and the maximum instantaneous 
current, 100 ainj). 

In tul)es employing dirc-uitly-heated cathodes it is obvious that 
one end of the filanumt is at a higher potential than the other. 
Thus tlie anodes to cathode potential dilferonce is greater for the 
negative end of the filament than for the positive. This is of no 
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consequence provided the potential difference is less than the dis¬ 
integration voltage. Hence if the arc drop in a mercury tube is 
10 volts the filament voltage should not exceed 12 volts. If the 
filament voltage is alternating, then its r.m.s. value should not 
exceed 121V2 = 8-5 volts. The value adopted in practice is fre¬ 
quently 2 volts and seldom exceeds 5 volts. Incidentally, the latter 
figure is that for the BD12 valve referred to above. A further 
possibility with directly-heated valves is the striliing of an arc from 
one end of the filament to the other and this again limits the filament¬ 
heating voltage that may be employed. With indirectly-heated 
cathodes the foregoing restrictions are not 
applicable and filament voltages of 110 volts 
are sometimes used. 

Cathode Emission Efeioienoy* 

In the case of gas-filled valves, the exten¬ 
sion of the plasma down to within a fraction 
of a millimetre of the cathode surface permits 
a profound modification in cathode design, re¬ 
sulting in an enormous increase in cathode 
efficiency compared with that obtainable with 
vacuum tubes. In the latter the filament or 
El a. 9-8 cathode must be directly exposed to the anode 

and the distance between them kept to a 
low figure. With a gas-filled valve, the filament may be placed in 
a cavity at a considerable distance from the anode, and the plasma 
will penetrate this cavity, giving a virtual anode at a minute distance 
from tho cathode surface. Thus, the cathode may be so shielded 
that heating losses are greatly reduced without electrons experiencing 
any difficulty in reaching the anode in spite of the shielding. For 
exami)lo, by corrugating the cathode, as shown by Fig. 0-8, tho 
oloctron-oinittiiig surface remains unaffected, but the heat-radiating 
surface is greatly reduced because of heat reflexion between adjacent 
{)arts. Thus, a given temperature may be attained for a smaller 
current than is necessary with the same cathode uncorriigatod, 
with a conse(iueut gain in efficiency. A tyjncal heat-shieldod cathode 
is shown by Fig. 0-0. In this, heat-shielding cylinders are placed 
round tho cathode, the emitting surface of which is increased by 
tho vane or fin-like structure as shown. The cylinders reflect the 
heat internally, while the vanes add greatly to tho electron-omitting 
ai*ca but little to the heat-radiating surface. Cathodes of this form 
can give an omission efficiency as great as 1*5 amp. per watt at 
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1000° K. compared with only 100 mA per watt for a plain oxide- 
coated cathode employed in a gas-filled tube. 

A precaution which must be observed with gas-filled tubes is 
that the cathode be allowed to attain its normal operating tempera¬ 
ture before passing current in the anode circuit. If this is not 
observed, the tube drop will ex- shields 

coed the disintegration voltage in 
order to produce by ionic bom- / 

bardment of the cathode the [ ] ] 

difference between the total y i 

emission of this and the current cathode \ ?)([ I nfr 
demanded. Thus the heating M/i i ( 

time of the BD12 is five minutes. I / \ / 

Anode Temperature / (( s M \ 

Although the output of a heater- 11—\\ , 

gas-fillcd tube is not limited by / i Uill \\ 

anode heating, the anode tern- \l J \|j ) 

poraturo must not be too high. \\[( Jn \ 

In due course the anode (and hI a 

any other electrodes) become ^ jx 

coated with a layer of material 

(deposited from the cathode) of 

low-work function. In order that 

any emission from the anode be 

kept to an inappreciable amount ^ ^ 

it is necessary that the anode 

temi)orature Hhould not exceed about 400° C. for metal and 200° 0. 
for gra])hite. 


The Gas-filled Thermionic Triode: Thyratrons 

By adding a grid to a gas-filled diode a valve is produced, termed 
a thyratrou or gas-discharge triode. A thyratron functions in the 
following manner. Providing the valve has not struck, the field 
produced by a negative grid potential can so affect that due to a 
positive anode ])otcntial that the striking potential is dependent 
upon both grid and anode voltages. As the grid potential is slowly 
clianged from negative towards positive, a critical grid voltage is 
reached, dependent on the anode potential, at which the tube 
strikes and a plasma is formed. From this point the grid exerts 
no furihor appreciable effect, the valve potential falls to between 
10 to 20 volts, and tlie anode current must be limited by an external 
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resistance to avoid destruction of the tube. It will be appreciated 
that once ignition has occurred, the behaviour of a th 3 n*atron is 
practically identical with that of the thermionic gas-filled diode 
previously discussed. After a plasma has formed, no matter how 
negative the grid may be made, the discharge cannot be terminated 
except by reducing the anode voltage below the arc value or reversing 
it. Should the arc be extinguished, then after a short period, termed 



Fia. 9-10 

the de-ionization time, the grid, if sufficiently negative, regains 
control until cither the anode voltage is sufficiently increased or the 
grid negative potential sufficiently reduced for restriking to occur. 

Theory of Striking; Grid Current 

A characteristic curve for a thyratron, Cossor GT4B is showm 
by Fig. 9-10. This, obviously, shows the relationship between 
anode and grid potentials for striking, the relationship depending 
on the geometrical arrangement of the electrodes. The ratio of the 
anode to grid potential at any point of the characteristic is known 
as the control ratio and for the case shown is approximately 50 to 1 
for points removed from the origin. Before the tube strikes, the 
electron current which escapes from the cathode is very small, 
duo to the negative grid charge returning most of the emitted 
electrons to the cathode. Thus, only those electrons omitted from 
the cathode with exceptionally high velocities will succood in passing 
through the grid to the anode. From the few positive ions which 
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are formed some will be collected by the grid forming a positive-ion 
current to this, the current being conventionally termed a negative 
grid current. In addition to this, because of the initial velocities 
of the electrons and the cathode-grid contact potential difference, 
the grid may also collect electrons giving rise to a positive grid 
current. In practice the resultant grid cun'ent will be the sum of 
these two components. Although these two components pre- 
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COMPONENT 


Fl«. 

dominate, othoi* possible components wliich may bo mentioned are— 

(1) (kirront duo to secondary emission from the grid. 

(2) (Jurront due to photo-electric omission from the grid. 

(3) Ourrent due to thermionic emission from the grid. 

(4) (Current du() to leakage along insulation-resistance j)aths. 

Because of the Maxwellian distribution of velocities amongst the 
electrons, it follows that the pro-striking grid ciiiTont will gradually 
diminish as the negative potential of the grid is ineroasod. 

The various cui'ronts in a thyratron prior* to striking are shown 
by Fig. i)-l 1. The abscissa is the gi*id potential and the ordinate, 
to two diH’ei*ent scales, the anode and grid cuiTonts. Two scales 
are neciessaiy as the anode current may be of the order of milli- 
amper*os aiul the grid current microam])oi*es. i,, and i,, are, respec¬ 
tively, the anode and grid currents, the positive and negative 
comi)on(mts of the latter being shown. The j)OHitivo-ion current is 
a function of the rate of iojiization in the valve and is proportional 
to the anode current and the gas density. It follows that the 
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positivG-ion current (negative grid current) must bo zero wlion the 
anode current is zero, and that the former must bo an image oi the 
latter. 

Grid Action Before Striking 

In cases where the anode voltage of a thyratron is low it may 
be necessary to api)ly a positive potential to the grid before striking 
will occur. With a low anode potential, a, i.e. the number of elec¬ 
trons and ions foiined per primary electron ])or centimetre of ])atli, 
is small because of the low field strength X. Thus, a relatively 
high current is necessary to form a plasma and this means that 
to attain such a current the grid must bo made positive. In these 

circumstances the grid current 
will be positive at the moment 
of striking, thence changing 
rapidly to negative. This condi¬ 
tion is shown by Curve 1, Fig. 
9-12. For higher anode voltages 
a is higher, less current is neces¬ 
sary to form a plasma, and the 
tube inay strike for negative 
grid voltages and relatively low 
grid currents. Such conditions 
are shown by Curve 2, Fig. 9-12, 
where negative grid current is 
flowing at the moment of striking 
wliich, however, rapidly increases after the tube has struck. In th('» 
majority of instances the pre-striking grid current can be neglected 
and a thyratron regarded as a purely voltage-operated device. 
Nevertheless, in certain cases it may be necessary to include a re¬ 
sistance in tlie gi*id circuit whore it is desired to limit grid current, 
for, with some grid-controlled apparatus, the grid current may 
amount to as much as 500 inA. 

(hill) Action After Striking 

It has })reviously been stated that once st.riking has occurred 
the grid exerts no further control in a thyratron, no matter how 
negative it may be made. Wo must now examine this statement 
and the reason for it in greater detail. After the disehargi^ has 
occurred, a positive-ion sheath forms at the cathode, t.Iie remainder 
of the discharge path consisting of a plasma in which the conc.en- 
trations of positive ions and electrons are aj)j)roximatoly ocpial. 



Fin. 9-12 
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Beoaane of tlie low field strength within the )>lasma the potential 
of the latter is, appiDxiniately, the same as that of the anode. In 
fact, the })lasma may be regarded as an extension of the anode 
down to almost the cathode surface. When the grid is made negative 
it repels electrons and attracts positive ions, and thus a positive-ion 
sheath is formed round the grid. When conditions become stable, 
the positive-ion space-charge surrounding tlie grid is equal to the 
negative grid charge produced by the applied grid-cathode voltage. 
Hence the net charge within the boiindary of the positive-ion sheath 
is zero and the i)lasnia is unaffected by the presence of the negative 
grid. In consequence, conduction occurs through the grid spaces 
unaffected by the grid potential. The various conditions within 


the tliyi’atron after striking are indicated 
by Fig. 9-1 li. 

The foregoing discussion is dependent 
on the assumption that the thickness of 
the sheaths surrounding the grid wires 
is small compared with the distance 
between the wires. Actually the sheaths 
may be considered as increasing the 
virtual diameter of the grid wires and 
under some circumstances this effect is of 
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importance. As the current through the sheath to the grid is carried 
by positive ions only, this current may bo regarded as a positive-ion 
space-charge-liinited current similar to tlio electron current in a 
vacuum valve. If the sheath thickness is small compared with the 
diameter of the grid wire, the s])ace-cluirgo cupiation for parallel 
planes may bo applied with approj)riato modification. Thus, in the 
])rosont case, (8-5) becomes 


X 10 «icf 

\/lS39M 


(9-9) 


whore is the ])ositive ion ciuTont pen* square (ieniimetre of grid 
surface, AI the atomic w(ught of positive ions, the |)oteutial 
dilfercnce between grid and anodes, and d is the thickness of the 
positive-ion sheath. Actually lil,,,,. should b(^ the voltage across the 
sheath, i.e. the potential diffbronco between grid and plasma. As, 
however, the potential of tlici latter is practically the same as tlxat 
of the anode, Jiy,^ may ho taken as stated. 

An important difference between the spac(^-charge-limitcd elec¬ 
tron current in a vacuum valve and the similar positive-ion current 
in the thyratron grid sluuitli must now be noted. In tho former the 
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current, of course, varies with the cathode-anode potential difference, 
whereas in the latter, providing the grid is more than a volt or 
two negative, the current tends to be constant and independent 
of the magnitude of the grid voltage. This is because the positive-ion 
current to the grid is due to the random motion of the ions in the 
plasma rather than to a directed motion. In fact, after striking has 
occurred, the behaviour of a thyratron grid is exactly similar to a 
negative probe. Hence as the grid voltage is varied remains 
constant, from which it follows that the thickness, d, of the positive- 
ion sheath must vary. Thus, from (9-9) 


d = 


2-33 X 10-« Fg'a 


(9-10) 


As the positive-ion density in the plasma is proportional to the 
anode current, will vary directly as the latter quantity. Thus the 
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greater the anode current the greater will be the grid current and 
the smaller the thickness of the grid sheath. 

In order to gain some idea of sheath thickness we may select 
typical values for the various terms in (9-10) and calculate d. 
Assume a mercury-vapour tube to be under consideration, with a 
cathodo-anodo drop of 10 volts, and a negative cathode-grid drop 
of 5 volts. The random positive-ion current density is taken to bo 
10-3 amp. per cm.^ and M, 200-6. Thus = 15 andrf = 0*015 cm. 
or 0*15 mm. Now, although it has boon previously stated that onco 
a thyratron has struck the grid is without further control, there is, 
nevertheless, a special case where the grid may exert an influenco on 
tlie anode current and even extinguish it. Referring to (9-10) we 
see that by making large and i.^ small, relatively thick sheaths 
may be produced, and thus the effective diameter of the grid wires, 
or grid dimensions, considerably increased. If this process is carried 
sufficiently far, it is possible to cause the grid sheaths to ovorlaj) 
in the manner shown by Fig, 9-14. As this condition is approaohocl, 
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the anode current will be reduced and, at overlap, extinguished. 
Now is proportional to anode cuiTent and, therefore, grid con¬ 
trol, after strildng, can only be effected for low plasma densities 
as well as high grid potentials. 

Considering now the effect of reducing the negative potential 
of a thyi*atron operating under normal conditions, as a positive 
potential is approached some of the electrons within the plasma, 
because of their random 
motion, find their way to the 
grid, thus constituting a 
positive-grid current. The 
negative-grid current, while 
the grid is still negative, re¬ 
mains unchanged, and the 
resultant grid current is now 
that due to the ions and 
electrons. Hence as the grid 
approaches a positive poten¬ 
tial the grid current at first 
decreases. As the random 
current density of electrons in 
the plasma is in excess of that 
of positive ions, the grid cur¬ 
rent generally becomes zero 
while the grid is still negative. 

As the grid potential changes 
from negative to positive the 
electron current increases 
while the positive-ion current 
decreases. When the positive 
grid potential becomes that of the plasma, the positive-ion sheath 
disappears, and a pure, saturation, electron current results with tho 
])lasma extending to the grid surface. If tho positive grid potential 
is continually increased the grid begins to usurp the function of the 
anode. 

The manner in which tho grid current varies with changes in 
grid ])otontial at different anode currents is shown by Fig. 9-16. 
It will be noted that an approximately linear relationship exists 
betwoo!) grid and anode ciu-rents when tho gi’id voltage is held 
constant. In the vicinity of zero grid voltage tlie rate of change of 
grid current is very high and, in practice, it is freciuontly necessary 
to include a currcuit-limiting impedance in the grid circuit. This 



GRID CURRENT-MICROAMPS. 




308 


ELECTRONICS 


is particularly so when only an inappreciable load must be imposed on 
the gi'id voltage source, or when the grid potential is alternating in 
character and thus may become largel^y i-)ositive at every half-cycle. 

Thyratron Grids 

The grids employed in thyratrons are markedly different from 
tlioso in vacuum tubes. Striking occurs when the current density 
reaches a certain critical value and this may occur at 
various places in the cathode-anode space. Further, 
it is i)ossible for the critical cun*ont density to bo 
reached at a position outside rather than through the 
grid spaces. In view of this it is necessary to restrict 
the anode current to paths wliich must ])ass through 
the giid, and this means that, in gas tubes, the grid 
must more completely surround either the anode oi’ 
cathode than is necessary with vacuum tubes. Where 
tlie grid surrounds either the anode or cathode alone, 
the space between the grid and the unshielded elec¬ 
trode will be subjected to the influence of fields pro¬ 
duced by charges on the glass walls of tlie tube. Sxich 
charges and their accompanying fields are variable 
from time to time and result in erratic starting char¬ 
acteristics. Hence it is frecjuently necessary to extend 
tlie grid function to include screening the anode and 
cathode from the walls of the tube. This, of course, 
refers to a non-conducting wall, such as glass. When 
the wall is metal, as with grid-cjontrolled mercury-arc 
Fkk rectifiers, the potential of the wall remains constant 

and screening of the electrodes from the walls is un- 
nec^essary. A typical grid enclosing both electrodes is shown by the 
thyratron of Fig. fl~l(). 

Referring to Fig. it will be noted the grid spaces consist 

of circular perforations. The visible part of the grid forms tlu^ 
shield necessary to neutralize the influence of the tube walls, while 
the gi*i(l propoi' consists of a perforated horizontal disc mounted 
within the shield between cathode and anode. As striking occurs 
dtie to the pi*o-striking «anodo current attaining the critical density 
at some ])oint, it follows that if the grid possesses a mini her of 
perforations, only one of tlioso will be utilized at sti'iking. Thus, sm^h 
grids fre(|uontly possess one ojiening only, as shown by Kig. 0-17. 
]n this cnise it will be noted that a shield is employerl without 
perforations, the jilasma being thus confined within the shield. 
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A disadvantage of the shielded grid is that its relatively large 
dimensions load to large grid currents and a high inter-electrode 
capacitance. In order to minimize this, tliyratrons with two grids 
are sometimes em})loyed. These grids are, respectively, termed the 
shield and control grids, the function of the first being largely to 
absorb the grid-starting current. This is effected by connecting the 
grid to a source of fixed potential, when it will tend to intercept 
most of the positive-ion current. The control grid, which may be 
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a short cylinder, is mountod botwoen the shield grid baffles, as 
shown by Jfig. 9-lS, and becniuse of its small area has a low capaci¬ 
tance and only rcKpiires a small starting current. 


Ionization and Dk-lonization Tjmws* 

In many thyratroii applications the speed with which striking 
may Ix^ effected and also the rapidity with which regain of grid 
control is possible are of great importance. The fii'st case is eon- 
cei’ned witli the time necessary for formation of the plasma, and 
the establishment of the anode current to its final value, after the 
anode or grid potentials are suddenly adjusted to values at which 
striking occurs. In general this time is exceedingly short, seldom 
exceeding a few; microseconds, and de])on(ls on the tube geometry, 
the electrodes voltages, i.Ius gas pressure and tins circuit in wliich the 
thyratron is connoctesd. Kvidontly the circuit, particularly if in- 
diKitive, may have a greater effect than the previously-mentioned 

* “Noloon tlio lonizulion nnd Do-ioui'/tiiion Tim('H of (Inw-Iilhul TliymiroiiH,” 
»r. (L II. (’tUKM', »/. Hri. JumL, Mar. I94U, p. 50. 
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factors. The de-ionization time depends on the same factors as 
the ionization time, but is generally longer, and may be of the order 
of several hundred microseconds. De-ionization depends on the 
removal of ions and electrons from the discharge path. This may 
occur by two methods: (1) re-combination within the plasma, 
(2) diffusion to the electrodes and walls of the tube. The first of 
these may be neglected, as it is known that the possibility of re¬ 
combination rapidly decreases with an increase in the relative 
speed of the ions, being practically non-existent at energies greater 
than 0-1 volt. Thus, de-ionization depends on the diffusion of the 
ions to the electrodes and walls of the tube, where those of opposite 
sign will neutralize each other. In the case of insulated surfaces, 
these acquire such a potential that equal numbers of electrons and 
ions arrive at unit area in unit time, this, of course, being the most 
effective condition for promoting re-combination and de-ionization. 
Because of the higher velocity of electrons within the plasma," an in¬ 
sulated surface acquires a potential a few volts negative to the plasma. 

Referring to (9-10), we may note that as the positivo-ion con¬ 
centration decreases the grid sheath thickness increases. When the 
concentration is such that overlapping occurs the grid regains 
control and re-applic.ation of a positive anode potential may be 
made without conduction recuning. 

Influence of Gas Pressure on Thyratron Characteristics 

The operating characteristics of a thyi*atron after striking has 
occurred are effected by variations in gas pressure in an exactly 
similar manner as the characteristics of a diode. In. addition, the 
starting characteristics are also affected by gas ])rossuro in the 
manner indicated by Fig. 9-19, which concerns a mercury-vapour 
thyratron. As the temperature is raised the gas density and collision 
frequency increase. This results in an increase in the efficiency of 
ionization, which means more ions per primary electron. Thus, 
the critical current required for plasma formation may be attained 
at a lower anode voltage, and hence for a given negative grid potential 
the anode voltage necessary for striking the tube becomes lower as 
the temperature and gas density are raised. In the case of tubes 
filled with an inert gas, such as that of Pig. 9-10, variation of the 
striking characteristics with temperature change does not occur. 
However, due to clean-up, the gas pressure ])rogi*oSvSively decreases 
during the life of the tube and, for a given anode voltage, the negative 
grid voltage necessary for striking must be rcducetl as the age of 
the tube increases. 
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A further limiting effect of gas pressure in thyratrons is the 
permissible grid-anode potential difference. It is evident that, if 
this exceeds a certain value, depending on the gas density, a glow 
discharge may develop between grid and anode. Should this occur, 
a positive-ion sheath may form round the giid, causing this to lose 
control and permitting the main discharge to start. Thus, the grid- 
anode potential difference is definitely limited and a maximum 



rating is generally specified for tubes dependent on their tempera¬ 
ture. As the grid-cathode potential difference is usually relatively 
small, it is customary to specify the maximum forward cathode- 
anode voltage which a thyratron will withstand without a breakdown 
occuT-riitg between anode and grid. This voltage is governed in a 
similar manner to that of the curve of Fig. 0-(), an increase in 
temperature and gas density resulting in a reduction in the maximum 
permissible voltage. Accordingly, the upper limit of tlio operating 
temperature of a mercury-vapour thyratron is governed either by 
the maximum forward anode voltage or the maximum inverse 
voltage which the tube must withstaiul. In the case of tubes filled 
with an inert gas the maximum forwai-d voltage is unaffected by 
toini)oraturo and for the tube of Fig. 0--10 is fixed at 350 volts. Such 
tubes generally withhold a lower voltage than mercury-vapour 
tubes, as an excess of gas must be initially admitted to allow for 
clean-up. 

u—(T.28 (j) 




CHAPTER X 


HIGH-VAOTJTJM THBRMIONIO TRIODBS AND MULTI-BLEOTRODB 

VALVES 

The introduotion of one or more additional electrodes into a ther¬ 
mionic vacuum diode may profoundly modify its characteristics 
and certainly vastly increase its field of application. In the case 
of a diode, for a given filament temperature, the properties of the 
tube may be expressed by a single characteristic relation 
where and Va are^ respectively, the anode current and voltage. 
In the case of a multi-electrode tube, the current to any particular 
electrode generally depends on the potentials of all the electrodes 
relatively to the cathode. In the case of a triode, a third electrode 
of grid-like structure is interposed between the cathode and anode. 
If the cathode is a straight filament surrounded by a concentric 
cylindrical anode, the grid usually takes the foim of a widely-spaced 
wire spiral, concentric with the cathode, occupying a position in 
the cathode-anode inter-electrode space. With the grid at zero 
potential the cathode electrons pass through the meshes of the 
grid and are collected by the anode in a similar manner as with a 
diode. 

Mutual Characteristics 

As the anode and grid currents in a triodo arc, respectively, 
functions of both the grid and anode potentials, they may be 
expressed as 

ia=fl(Va,V,) . . . . ( 10 - 1 ) 

i,=MVa,V,). . . . ( 10 - 2 ) 

where and are, respectively, the grid potential and current. 
The principal function of the grid, however, is not so much to 
collect cuixent as to control the anode current, and, in practice, 
means are usually adopted to prevent grid current flowing. Hon<?o 
wo are usually more concerned with than /g. Because of the 
closer proximity of the grid to the cathode than the plate to the 
cathode, the controlling effect of the grid on the anode current is 
generally far greater than that of the anode. A result of this is 
that grid-cathode potentials are usually much smaller than are 
anode-cathode potentials. As the relation of the anode current to 
the grid and anode potentials can only bo expressed by simpler 
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functions over a limited range, it is customary to express (and f^) 
by a family of curves. A particularly important set of curves is 
that showing the relation between the anode current and grid 
potential for various constant values of the anode potential. Such 



curves arc shown by Fig. 10-1 and aio known as mutual character- 
islics. It is found that (10-1) may be replaced by 

ia = -I-. . . (10-3) 

where k, and n are constants. It is evident that ^ expresses the 
relative influemoe of tlie gi*id poteixtial on tlie anode current as 

---ANODE 

+ + + + + + + + + + 

+ ++ + + + + S--1- + 
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Kid. 10 -2 

compared with the anode potential. Hence /« is known as tlie 
am/pliJiraPi<m factor, n is approximately eciual to 3/2 and this 
indicates that (10-3) is an expression of the three-halves powej‘ 
law. We shall now attem])t to justify (10-3) and det.ei*niine the 
factors on which //, dc^pends. 

Referring to the triode structure of Fig. 10-2, assume that ])oth 
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grid and anode potentials are positive with respect to the cathode. 
Then the combined positive charges on grid and anode will be equal 
to the negative space-charge. Thus, the grid and anode combined 
are equivalent to the anode of a diode and it is possible to replace 
any triode by an equivalent diode, the anode potential of which 
simulates the combined effects of the grid and anode of the triode. 
The anode of the equivalent diode may be considered as situated 
at the same position as the grid of the triode it represents, these 
conditions being indicated by Fig. 10-3. 

It is now desired to find a potential v at which the anode of 
the diode must be maintained in order that it may simulate the 
triode when the grid and anode potentials of the latter are, respec¬ 
tively, equal to Vg and Va- This means that v must be such as to 
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make the charge on the diode anode equal to the combined charges 
on the grid and anode of the triode. Each of the systems of Fig. 
10-3 may be regarded as a capacitance and, in the case of the triode, 
the grid and anode may be considered as a single electrode. 
capacity of the diode will be denoted by and those of the triode^ 
by G^ and G^^. The charges on the two systems will be ecpial wIkmi 

^12^(7 "f" ^13^a = Gli^V 

from which v = 

this giving the anode voltage of the equivalent diode which w^ill 
simulate the combined effects of the grid and anodes of the triode. 
In practice, G^^ frequently differs but slightly from Gy^^ and in this 
case we may write 

^ Vg + Va 
Oi2 

Thus, the diode anode potential necessary to simulate tlio triodi’* 
is equal to the grid potential of the latter plus a fraction of its 
anode potential. The quantity G 1 JG 12 is known as the i)oneti‘atioii 
factor (denoted by V) and may be regarded as a measure of the 
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extent to which the field from the amode penetrates through the 
grid to the cathode. The reciprocal of D is termed the amplification 
factor and is denoted by fjL. It is evident that if Cja and can be 
determined from the geometry of the electrode system, then D and 
fi may be evaluated. 

If the value of v is substituted in the diode formula of (8-6) 
there results 

i = ia + ig = 2'33 X 10~* — amp./cm. (10-4) 


or 2-33 X 10-« ^ amp./cm. . . (10-5) 

whore i is the total cathode current. From these formulae the 
importance of D and /n is at once apparent, for it is seen that control 
by the grid of the current leaving the cathode is times as effective 
as control by the anode. The expressions given by (10-4) and 
(10-6) justify (10-3), for it is evident that (10-6) may be written 


. . , . 2-33 X 10-« , , 

» = *a + - (®a + 


We have so far considered the potentials of both the grid and 
anode to be positive with respect to the cathode. However, pro¬ 
viding {Vg -\- rhta) is positive, current will flow in the equivalent 
diode oven if one of the electrode potentials is negative. If one 
olocti-ode is negative, tlven the entire cathode current passes to the 
l)o,sitive electrode. In this case (10-4) may be written 

. . 2-33 X .10-® , , 

' 

on tho assumption that Vg is negative. In practice the usual function 
of tho grid is to control the current to other electrodes rather than 
collect it, and hence it follows that the absolute value of Vg is gener¬ 
ally small compared with Vg. When both grid and anode are positive, 
both collect current. However, the electrons acquire high velocities 
in tho intor-olectrodo space and tho majority of these pass through 
tho meshes of tho grid and are collected by the anode. Those which 
aro collected by the grid consist, principally, of electrons which 
leave tho cathode from positions immediately opposite grid wires. 
Thus, appro.\iniately, tho ratio of ig to ig is tho same as tho ratio 
of tli(! projections of tho grid and anodo as viewed from tho cathode. 

From tho foregoing study of the triode it is evident that grid 
control of tho anode current is greater than that of tho anode because 
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of tho proximity of the grid to the cathode. The grid is greatly 
inferior to the anode as a collector of current because of the high 
velocities of the electrons and its small projected area. Thus the 
main function of the grid is to control the current, while that of the 
anode is to collect it. 


Tkiode Characteristics 


In practice the three-halves power law has little application to 
triodes and multi-electrode valves, partly because of the small range 
over which it is applicable, and partly because of difficulties of 

employing it for quantitative pur- 
poses. Referring to Fig. 10-1, as 
'^a 2 saturation is approached it will bo 

_noted that these characteristics tend 

—linear over an appreciable part 
/ / of their length and, in practice, con- 

/ f ditions are usually arranged so that 

Pj /_tho linear portion is the effective 

y J 9 _ worldng part of the characteristic. 

_ Hence it is evident that here tho 

y, three-halves power law is inapplic- 

“3' ? able and that the characteristics of 

I’lQ. the tube must be represented by a 

series of curves as shown by Fig. lO-l. 
With tho assistance of Fig. 10-4, throe important triodo constants 
will now be defined. 


Lot a triode condition bo such that its operating ])oiut is P, 
Fig. 10-4. The anode potential is now increased by an amount 
dVfii while the grid potential is simultaneously decreased by an 
amount dVg, so that the operating x)oint is moved to 1\, the anode 
cuiTont remaining mi changed. Then, when and dv„ become 
indefinitely small, the fraction dvJdVf, is tlie amplijicalion faclor of 
the triode denoted by /«. Now with tlio initial ])oint again at 
lot the anode voltage be increased, while v„ remains constant, so 
that tho operating jioint moves to 1\ and tho anode current increases 
by a small amount Again, when dv„, and are indefinitely 
small, tho fraction is termed tlu^ amxlp. nwpedamo or do 2 )e 

residancp of the triode. It must bo empliasi/xKl tliat this resistance 
is different from that obtained by the application of Ohm’s J^aw. 
In the latter caso the l•esistanco is, of course, whereas tlu^ 

slope resistance is the resistance offered by tbe triod(^ to a change 
in current. This latter resistaiuic^ is denoted by th(^ symbol p. There 
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remains one constant to be defined. Commencing from the point 
P with the anode voltage maintained constant, let the grid voltage 
be increased so that the anode current increases from P to Pg. If 
the respective increases are bVg and dig, then, when these are 
indefinitely small, the fraction dijdvg is termed the mutual con¬ 
ductance of the triode and is denoted by g^. Collecting results we 
have 





from which it is evident that = /ifp. 


The foregoing results may now be applied to the consideration 
of the variation of the anode current with variations in the grid 
and anode potentials. Thus 


dig 


c , , <5»a V 

•jj 0V(^ -4- Q— ov 

dVg ^ dVg 


0 


1 

r 

= ^ i^a -I- 

r 

Now, if conditions arc h\ic1i tliat only the straight portions of tho 
oharactoristics of Fig. 10-4 arc emj)loyod, then fx and p are constant 
and we may write 

= \ K + • • - (10-6) 

r 

where Va, and Vg are understood to refer to variations of these 
quantities from their initial steady values. Comparing this result 
with that of (10-4), it will bo soon that although tho total current 
follows the three-halves power law, tho law relating changes of i^ 
with changes in Va and v„ is linear. 

Th(^ initial steady values of i,,, and Vg are produced by steady 
d.c. ])otentials, tlie latter originating either from batteries or 
smoothed rectified a.c. sources. Hie effect of grid cun*ont has been 
ignored in tlie study of tho triode characteristics because, generally 
speaking, conditions are so arranged that its magnitude is negligible. 
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The Triode as a Oircuit Element 

In considering the applications of a triode as a circnit element 
it may be regarded as a three-terminal network, the terminals being 
the anode, the cathode, and the grid. Conventionally the cathode 
terminal is considered as being at zero potential and the potentials 
of the other two terminals are measured relatively to this. Some 
circuit properties of the triode will now be considered. 

The fundamental circuit of a triode employed as an amplifier 
or rectifier is shown by Mg. 10-5 (a). The steady potentials and 



P 

I—WVWW—I 


+6 


2a 




fb) 


anode current axe produced by Eg and E, while in the anode circuit 
is an impedance. Now, from (10-6) 

pia —Va = pVg 

or, as is constant, Vg -\- Vg = 0 and 

pia + Vg = pvg 

Thus, the sum of the instantaneous voltage changes on tho anode 
and Za is equal to tho change in grid voltage multiplied by the 
amplification factor //.. Prom this I'osult it follows that tho circuit 
shown at (a) may bo replaced by the ccpiivalent one at (/>); i.o. 
tho actual circuit may bo considered as one consisting of p and Zg 
in series with an o.in.f. ft. Vg impressed u])on it. Hence if /e Vg is ot 
sine form wo have, employing symbolical notation, 

japjI-e-I- jX) 

where j = V— 1 and Z — ‘V 

It will bo noted that although we are dealing with alternating 
quantities, iwlaritios have boon marked in the (liagrani of (6). 
Those polajities aro instantaneous ones and indicate tho phase- 
reversing action of tho triode. Tlius, when the gild potential is 





THBBMIONIO TBIODBS AND MUIiTI-EtBOTEODB VAIiVBS 319 

increasing, so also is the anode current. It follows that in these 
circumstances the anode potential must be decreasing and hence the 
grid and anode alternating potentials are 180° out of phase. 

.^though the results just derived may be considered correct at 
au<ho-frequencies, they are not necessarily so at radio-frequencies. 
This is because account has not been tahen of the various inter- 
electrode capacities of the triode. These are three in number, 
namely, G^, the grid-cathode capacity, C^, the anode-grid capacity, 
and C^, the anode-cathode capacity. Hence the actual circuit should 



bo shown as that of Fig. 10-6 (a), where an input impedance 
has been included to represent a condition frequently met in prac¬ 
tice. In drawing the equivalent circuit the capacitances Gj^ <73 
will be assumed as inchided in and Z^, respectively, while it is 
evident that G^ will connect 0 and A in Fig. 10-6 ( 6 ). Hence the 
equivalent circuit when the inter-electrode capacities are considered 
is given by Fig. 10-6 ( 6 ). 

Tbiodb Input Impbdanob 

Consideration of Fig. 10—6 shows that, unlike the circuit of 
Fig. 10 - 6 , where the input im})odance is infinite, the input impedance 
of a triode is finite because, not only is an impedance Z„* directly 
connected to its terminals, but the grid circuit is coupled to the 

* Bold faco typo ih hero omployod to denote complex quantities. 
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anodo circuit by C/a- Denoting tho impedance of tlie circuit to the 
right of BB by Zi we have 

Zi = FJii . . . (10-7) 

and if is d.otermined Z< may be found. 

From the network of Fig. 10-6 (6) we have, employing Kirchhoff’s 
Laws, 

Ii — 1^— li=^0. . . . ( 10 - 8 ) 

-/ij/2)(72 + /3p= . . (10-9) 

— ^‘ij/pCa + JaZa = F„ . . . (10-10) 

where p = 27r/,/ being the frequency of V„. 


From (10-8) 


Lft — It — In 


ajid substituting in (10-9) 

- + ih - h)p = F, f pV, 

or 7i(p — jIpCi) — Jap = (I -f- //.) F„ 

From (10-10) 


/,= 




z„ 


and putting in (10-11) we have 


( 10 - 11 ) 

( 10 - 12 ) 


— (F„ -1- lij/pOii) = (1 1- /t)Fff 


from which Ii = 

Thus, from (10-7), 
Z,= 


_(1-I /* I A) 

\p-Jfpo,:{i+ piZa)i 

[p-jM4 • (> -I- p/z„)l 

(1 -I /« H- plZn) . 


(10-13) 

(10-14) 


Wo shall first conRid(»r the value of Z/ at audio-frtKjucncios. 
Eioplacing Z„ by lia -|- jX,„ it is evident, if Z„ is zero, 

Z,jlpC\ 

and the input impedance coims|)ond.s to a capacitance 

(h -I- 


If Za tends to bo extremely largo then 



P-H'P<'i 
I -I- P 
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or, as IIPG 2 is invariably large compared with p, 

~ (1 +^iu)pC^ =jp{l + 

Hence, in this case, the input impedance corresponds to a capacitance 

Cl + (1 + 

Of coTirse, in the latter case the input impedance actually consists 
of a resistance in series mth a capacitance. 

Triodb IisrpuT Impedance at Radio-ereqttenoies 

Considering now the value of Z< at radio-frequencies, three cases 
of practical interest may be distinguished: (1) when the anode 
impedance is a pure resistance (JTo = 0), a pure inductance = 0, 
Xa positive), or a pure capacitance {JRa = 0, X^ negative). For 
case (1) 

„ Ip — j/pGz • (1 + P/Xg)] 

(1 + A + p/iJJ 

_ ^oP _ 0 \ ^a + P ~| 

■Bo(l + ^) + /> pGz L-®a(l + /«) + />J * 

From which it is evident that consists of a resistance in series 
with a capacitance. If Ba is very high then the effective resistance 
is p/{l + p) = l/j 7 „*, approximately. Also the input capacitance is 
approximately equal to (72(1 + p). At very high frequencies, the 
reactance of tends to zero and in this case the input impedance 
of the triode consists of a resistance, Bap/[Ba{l + p) + pi, in 
parallel with a capacitance G^. 

When the anode impedance consists of a pure inductanco, 

„ lp-j/pC^{l-\- p /jX„)] 

- (1 -f- ^ -t- p'ljX,) 

whore Xu is i)Ositive. 

Writing a = (1 -1- p), and rationalizing, 

„ _ [p-3/pO,{l + p/iZ,.)l(a- p fjX„) 

. "a^+'ipTX,,)^' 

_ ap-3jlpC^. (1 H- pljX,)-pyjX„ H- p/pO^X,, . (1 p/jX „) 

a^ + {plX„r 

_ ap—jalpOz — aplpO^,,— P^/jXa pIpC^X,, + 

a^+XpIXlf .. . 
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Collecting real and unreal terms 

(a p- aplpO^^ + PIPCM P^l^a + P^IpCIM 

+ (p/Z,a) 

,2 / 1 


xXpG^Kg Q] 


(1 + + (p/X,)^ 


(10-16) 


From this result it will be noted that it is possible for the input 
resistance to be negative. This means that, under certain conditions, 
it is possible for the circuit to generate and thus behave as an 
oscillator. In most oases this is undesirable, and steps must be 
taken to neutralize the grid-anode capacity to which the possibility 


ia 



Fio. 10-7 


of spontaneous oscillation is due. The usual method is to place an 
internal screen between grid and anode of the valve, in which case 
the valve is termed a tetrode. This valve is dealt with towards the 
end of the present chapter. The efifeot of the screen is to reduce 
Cq to a very low value in which event, although Bi may bo still 
negative, the absolute value of the input impedance may be so high 
as to prevent oscillation occurring. 

Referring to (10-16), if the anode impedance is a pure capacitance, 
Xa is negative. In these circumstances it will be noted that the 
input resistance is always positive and oscillation cannot occur. 

The Rectifying Properties of Triodes 

Because the grid voltage/anode current and grid voltago/grid 
current characteristics of a triode are not strictly linear, it is possible 
to employ triodes as rectifiers. Considering Fig. 10-7, let the anode 
voltage be such that the operating point A occurs on the cjurved 
portion of the characteristic. If an alternating potential, whoso 
mean value is zero, is now applied to the grid the increase in anode 
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current during the positive half-cycles will be greater than the 
decrease during the negative half-cycles, with the result that an 
increase in the mean anode current will occur. If the operating 

point were at then, of course, a decrease in anode current would 
occur. 

To deal with this matter quantitatively, let the relation between 
grid voltage and anode current be given by 

ia = iQ+ ctVg + . . . (10-17) 

If now a sinusoidal e.m.f., 7^ sin pt, is applied between grid and 
cathode, we have 

= io + sin pt -f sin pt 
and the mean value of this taken over a period is 

la = iQ + bVJl2 

Hence it is evident that an increase in mean current of value bV^n!^ 
occurs. 


Reotifioation of Modttlatbi) Voltages 

An important application of the rectifying properties of the 
triode is the rectification of a modulated voltage wave. Such waves 
usually consist of a radio-frequency oscillation of constant amplitude 
which is modulated at audio frequency. Included in the anode 
circuit of the triode are telephones or a loudspeaker the purpose of 
which is to record the audio-froquency component. Referring to 
Fig. 10-8, which shows a modulated wave, this may be represented by 

^<7 == sin sin pt . . (10-18) 

where m is the fractional depth of modulation, w the angular fre¬ 
quency of modulation, and p the angular frequency of the high- 
frequency wave. Applying (10-18) to the grid of a triode, the anode 
current is given by 


= iQ + aV,n(l -h ^ sin wt) sin pt -|- bV^Hl + m sin wt)^ sin^pi 
= ig + ^ sin ujt) sin pt 

+ cos 2pt) 1^1 + 2m sin wt + (1 — cos 2wt)^ 


Now the telephones will not respond to tlio high-frequency com¬ 
ponents in this expi’ossion and lienee those components will be 
ignored. 1-lewriting and neglecting terms containing pi, 



o7»„“m sin wt -— cos 2 wt 
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From this it will be seen that due to impressing a modulated voltage 
between grid and cathode the following results are obtained— 

(1) An increase in mean anode current equal to \bV^ 

(2) A periodic variation in anode current of amplitude at 

the modulating frequency 

(3) A periodic variation in anode current of amplitude 
at frequency wfTT. 

If the grid voltage/anode current characteristic were linear, no 
effect would have occurred in the anode circuit. Thus, because of 



Fro. 10-8 



the rectifying properties of the triode, it is possible to produce an 
audio-frequency cuirent in the anode circuit, although a second 
harmonic of this is produced at the same time. The ratio of tlie 
amplitude of the harmonic to that of the fundamental is 

(— = 

and thus doponds on the depth of modulation. 

An extmnoly impoi’tant application of the foregoing phonoinonon 
is, of course, what is termed anode-bond detection in wireless 
telegraphy. 
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COMBrNATION EeBQDBNOIBS 

By means of the rectifying properties of a triode it is possible 
to produce combination frequencies from two different high- 
frequency oscillations. Let the two frequencies be represented by 
Fmi sin 'pji and sin Then the resultant e.m.f. on the grid is 
(F^isinpit -f F 

m2 sin p^) 

Substituting'this in (10-17) 

= *0 -1- a(V™ism33i< -f- F„asinj)a0 -f ^(FwiSinjJii + F^aSin^PaO® 

[ F 

(1 —oos%<) 

F a 1 

+ 2 F,„iF„a sin p-J, sin p^, -f ~ (1 — cos 2p^t)\ 

»Q + 2 (^ '«2^) + «(sin p^t + F„a sin p^) 

- 2 + ^»»a® P^) 

4" &F fniVmz COS (Pi — jJa)^— m2 COS {Pi -|- p^t (10—19) 

Witlx telephones in the anode circuit there will be no response to 
the higli-fi’cquenoy components and hence the current affecting the 
phones is 

_|_ y bV CPi 3 ^ 2 )^ 

Thus, because of tho rectifying properties of the triode, a combina¬ 
tion frecpioncy — 3 ^ 2 )/^ produced. 

CiTMULATi vn Grid EEOTmoATioisr 

As iH'cviously mentioned, because tho grid voltage/grid current 
(*.ha!'a(*.toristic of the triode is non-linear it is possible to produce 
another form of rectification in addition to that already treated. 
Jn order to effect this tho aiTangemont of Fig. 10-9 is employed, 
whores it will be noted that a caixacitance. and resistance are con¬ 
nected to tlie grid. As the rectifying process depends on the flow 
of grid ciiri*ent the point B is made positive to the cathode as shown. 
If Fig. 10-10 represents tlie grid current/grid voltage curve, then 
tlu) inii.ial potential of the grid due to E may be found in tho following 
manner, if Vy is th(^ gi‘id potential, then the ])otential drop on E 
is (vi, — Vy) and E is given by (vi, — Vy)/iy whore iy is the grid current. 
H(uic(^ 


E = (vo — Vy)/iy cot 0 
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and, if a straight line is drawn as shown, maMng an angle 6 with 
the axis, this line, at its point of interseotion with the grid 
current/grid voltage characteristic, will indicate the steady potential 
and current of the grid in the absence of an applied e.m.f. at AB. 

We shall now suppose that a small high-frequency voltage is 
applied to AB, and, to simplify conditions, take P as the origin of 
co-ordinates. It is assumed that the values of B and 0 are so chosen 
that practically the whole of the applied e.m.f. is developed between 
grid and cathode of the valve. This e.m.f. will, in a similar manner 
to anode bend rectification, cause the increase in current above P 
to be greater than that below P, i.e. rectification will occur. The 
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resulting d.c. component of the current wiU flow through B while 
the high-frequency components will pass through O. A result of 
the d.c. component is to increase the volt drop on B and decrease 
the mean grid potential. If Vq is this decrease, and<«o the d.c. com¬ 
ponent of the current, then Vo = Bi„, and the ultimate e.m.f. on 
the grid, as a result of applying an initial e.m.f. sin pt, is 
( Vm sin pi — Big). Hence 

= a(Vm sin pt — -f 1>(V„ sin pt — Big)^ 
remembering that P is taken as the origin. Now, contains the 
d.c. component ij, so equating d.c. components we have 
*0 ~ — nP*o "1" -j- ^bV ^ 

or 6PV - (1 + + ¥>Vm‘ = 0 

Solving, io = [(1 + aB) ± V{1 + aBf- 

Expanding the term under the radical by means of the binomial 
theorem, and, since V is small, neglecting all terms beyond the 
first two, 

io = {(1 + aB) dz (1 -f aP)[l - bmWJUJ + aBf\}I^B^ 
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As io = 0 when F„, = 0, the positive sign is inadmissible and, there¬ 
fore, 

* -i^ 

~ 1 + aJS 

Now as ig = avg + hvg^ 

di^ 

and if Vg is very small 

dig _ _ 1 


where R, is the slojje resistance of the grid-cathode circuit. Hence 


.. WVJ 

*»" Bg + B 


. ( 10 - 20 ) 


and from this result we may consider the rectified current, to 
be due to a hypothetic generator of e.m.f. \RJbV^ and internal 
resistance working into an external load resistance R. 

If now a modulated e.m.f., represented by sin wt) mi ft, 

is applied to AB, the rectified current will contain low-frequency 
components as well as a direct component. Hence in this case the 
rectified cuiTcnt may be regarded as caused by a series of hypothetic 
generators, eacli of which is responsible for one component of the 
ciuTont. Each generator will possess an internal resistance B^ and 
deliver current to an external resistance R, assuming, of com*se, 
that (J oflbrs a relatively high impedance to low-frequency com¬ 
ponents. Now if wo assume for the moment that R is zero, the total 
grid current is 

ig = 1 ^ ay,^i(l + sin wt) sin ft + bV + m sin wlY sin^ 
or aVnJA ■ I' sin wl) mxft -H — cos '‘Ipt) 

1 4" sin wt — cos 2 wt) 


If it is desired to I'ocord the modulating and direct components 
only, we see that tlio components concerned are those which were 
listed from (1) to (Jl) in dealing with anode bend rectification, oxcejot 
that in this ease they are grid currents and not anode currents. 
Taking the low-fi' 0 (iuency component b sin wt, this is the current 
which results when li = 0. Regarding (10-20), the current in this 
case for R = 0 is IbV,,?. Hence we see that to obtain the current 
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for H 0 the current at iZ = 0 must be multiplied by RJ(B, + iZ). 
Thus the low-firequenoy component of frequency M>/27r is 

RJ> sin vyt 
JZg + jfZ 

and the low-frequency e.m.f. developed between giid and cathode is 

RBpV^hn^wt 

R, + R • • • 

Similarly the decrease in grid potential is 

p.ZZ,6F,n^(l + 

JZg iZ 

the second harmonic potential being 

\RRpV sin 2w t 
Ra " 1 “ R 

An extremely important application of the foregoing form of 
rectification is grid detection in wireless telegraphy. For this 
piupose the function of O' is to provide a negligible impedance for 
the high-frequency components, so that practically the entire input 
voltage is applied between grid and cathode. The purpose of iZ is 
evident, for without it no low-frequency component can be developed 
at the grid. The amplitude of (10-21) increases witli R and has 
a maximum value of j?Zg6 when iZ is infinitely largo. However, 
R must be definitely limited because, due to the shunting effect of 
O, amplitude distortion will occxir if iZ is too large, low frecjuoncios 
producing a higher e.m.f. at the grid than high frequencies. In 
practice the values of C and iZ should not exceed 0-0001 //.K and 
0-25 megohm i-espeotively. 

So far only the effects occurring in the grid circuit have been 
considered. As ah'eady shown, an o.m.f. in the grid circuit is 
equivalent to an e.m.f. itv, in the anode circuit. Thus various 
currents will flow in the anode circuit coirosponding to those in the 
grid circuit and, if a suitable amode impedance is employed, amjdified 
copies of the grid-cathode e.m.f.s will result. 

Multi-d.ectirode Valves 

The evident advantages due to the introduction of a third 
electrode into the vacuum diode natui'ally led to valves with Fiirtluir 
oloetrodos. Such valves are denoted by cbaracterisi.ic l.(!rinK such 
as tetrodes, pentodes, pontagrids, octodes, et(!., ac(!ording to tlu' 
number of electrodes they possess. The earliest of the mu lti-(ilectro( hi 
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tubes was the tetrode which, in addition to th© usual cathode and 
anode, has two giids. One of these is the normal control grid, while 
the other is generally held at a fixed positive potential relatively 
to the cathode. Typical circuit connexions are shown by Fig. 
10 - 11 . 

. A property of piimary importance possessed by the tetrode, or 
“screen-gi’id,” valve is a very small inter-electrode capacitance 

between the control grid and _ 

anode. The screen giMd is ^ U Jl 

similar in structure to the con- -S E outpu t 

trol grid and is placed outside [ ^ * [ 

the latter, i.o. between the i 

control grid and anode. The [ 

electrostatic screening of the i 

second grid is such that it may a 

reduce the giid-anode capacity 

by a factor of 1000 or even o i i- 

more, although the meshes of p/ 

the screen are sufficiently wide input 
as not to offer mechanical 

impedance to the electrons. As z " 

an example it may be stated to. lo-ii 

that the gi*id-anode capacitance of the Fen*anti VPT4 valve is only 
0*002 /f//F, whereas tliis capacitance for an ordinary triode might 
bo as high as 10 

Because of the screening action of the second grid, the electric 
field at the catliode resulting from the anode potential is extremely 
small. The result is that the anode has but little effect on the 


space-charge ciu-rent drawn from the cathode, control of this being 
almost entirely effected by the control grid. Thus, in contrast with 
a triode, the anodes of a tetrode merely collects the current passing 
through tlie sci'ccn, wlioreas in the former case the anode both 
(‘.ontrols and collects the current. 


As the anode current is but slightly affected by a change in 
anode potential, it follows from the definition of slope resistance 
that this (|uantity for a tetrode must be relatively high. Thus, in 
the case of the VFIM, the slo])o resistance is approximately 1*0 
megohm. Althougli the iuter-electrodo capacitance and slope resis- 
t.anee nt tlie tetrode differ so greatly from those of a triode, the 
mutual conductanees of both valves are similar. This is because 


the disposition of the cathode and control grid is similar in both oases. 
As fi -- it follows that the tetrode possesses a high amplification 
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factor and tlms is a much better amplifier than a triode. For 
the ‘VPT4 valve = 2-0 mA per volt and thus /jl = 2000. 

Tetrode Oeara-Oteristios 

As stated above, the mutual characteristics of triodes and 
tetrodes are similar. However, if a family of mutual characteristics 
for a tetrode is plotted, it will be found that curves for dijGferent 
anode voltages lie very close together. This, of course, is due to 
the relatively small infiuence of the anode voltage on the anode 
current. Although-the mutual characteristics of triodes and tetrodes 
are similar, the anode characteristics are very different. In consider¬ 
ing these characteristics it is assumed that the screen voltage is 
naaintained constant at a value equal to about 76 per cent of the 
normal anode voltage. With a given voltage on the control grid, 
as the anode voltage is raised from zero the anode current con¬ 
tinually increases until, at about 10-20 volts, it reaches a Tnfl.TiTrmnn 
and then commences to fall. The anode current continues to de¬ 
crease as the anode voltage is increased until the latter approaches 
a value of the same magnitude as that of the screen. At this point 
a minimum occurs and thereafter the current increases with voltage 
until saturation sets in. A set of tj^pical anode characteristics is 
shown by Fig. 10-12, from which it is evident that over a considerable 
l)ortion of the curves the valve possesses a negative slope resistance. 

The cause of the negative slope is secondary emission from the 
anode due to the impact of primary electrons. Thus, when the 
anode voltage is higher than about 10 volts, the electrons which 
strike the anode release an appreciable number of secondary elec¬ 
trons jErom its surface. Because the screen potential is higher than 
that of the anode the secondaries are attracted to the screen, 
resulting in an inci’ease in screen current and a decrease in anode 
current. The negative slope of the anode characteristics depends 
on the number of secondary electrons released per primary electron 
aixd increases in steepness with an increase in this ratio. Under 
some circumstances the anode current may become negative. As 
the anode voltage is increased and becomes of the same order as 
that of the screen, the secondary electrons formed at the anode are 
immediately drawn back to it, and from this point, for higher anode 
voltages, play a decreasing part in the behaviour of the valve. 

Owing to the shielding effect of the screen, the field due to the 
aiiode has little effect on the cathode space-charge current, with 
the result that the cun.’ent from the cathode is practically constant 
over the range of variation of the anode voltage. Hence the sum 
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of the screen and anode currents tends to be constant as shown by 
Kg. 10-12. It wiU be noted that the total current tends to rise 
slightly as the anode voltage increases. This is because secondary 
electrons are liberated from the screen and are collected by the 
anode. 

For normal purposes tetrodes must be operated with the anode 



polieiitial in excess of that of the screen. However, operation of 
the valve wliero the sloiw resistance is negative has several important 
applications, one of which is described on page 396. Operated m 
this region the valvo is capable of supplying power and may be 
employed to produce sustained oscillations. Apphod m this manner, 
the valve is termed a dynairon. It may bo mentioned that a negative 
slope resistance is also possessed by a triodo when the grid is operated 
at a higher potential than the anode. 
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Tetrode Input Impedance 

If the ideal assumption is made that the tetrode grid-anode 
capacitance is zero, then, from (10-14), it mil be seen that Z< is 
infinite. However, the capacitance formed between the two grids 
is in parallel with Ci and hence the input capacitance is 

Ot + G, 



wlioro 64 is tho capcacitanco between the gi'kls. Witli the above 
assumption it will bo appreciated that si)ontanoous oscillation 
cannot occur. 

The Pentode 

In spite of the several advantages of tho tetrode it possesses 
the disadvantage that for the usual applications the ano(k^ voltag(^ 
must not bo allowed to decrease to the extent that it a])])roachos 
tho screen voltage. Thus, when employed as an aTn])lifior, th(^ anode 
voltage swing must be distinctly limited in order that tho kinks in 
tho anode characteristics and consequent distortion shall Ix^ avoided. 
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The foregoing disadvantage is overcome by the introduction of 
a further grid situated between the screen and anode. This fifth 
electrode is termed a suppressor grid, because it suppresses the 
secondary emission. The suppressor is usually connected either 
internally or externally to the cathode and hence is at the potential 
of the latter. Thus, because of the direction of the field between 
suppressor and anode, secondaries produced at the screen are also 
returned to this. However, the electrons from the cathode are not 
appreciably affected and readily pass through both screen and 
suppressor to the anode. 

A typical set of anode characteristics for a pentode is shown by 
Fig. 10-13, the valve being identical with that of Fig. 10-12, except 
for the inclusion of the suppressor grid. It will be noted that the 
Idnks are absent and also that the screen current tends to remain 
constant except in the vicinity of the origin. The magnitude of the 
screen current is determined by the number of electrons intercepted 
by the screen wires. As with the tetrode, the anode current is but 
slightly affected by variations in anode voltage and hence the 
pentode has a relatively large slope resistance and amplification 
factor. The exact values of those quantities depend on the purpose 
for which the pentode is intended, for it may be employed as either 
a voltage amplifier or a power valve. In the former case the values 
arc similar to those already quoted on page 329 for the tetrode. As 
ox])laiiiod on page 3(17, the power sensitivity of a pentode is much 
higher tlian that of a ti'ioclo and for this reason the pentode is 
frequently employed as a power valve. In these circumstances the 
slope resistance is of the order of 10® ohms, the amplification factor 
being of the order of 100. The value of the mutual conductance is 
similar to that of a triode. 

VAiirABLE-//. Valves 

By modifying the normal structure of the control grid it is 
possible to provide a valve with a variable amplification factor. 
The modification is usually applied to either tetrodes or pentodes, 
and tak(^s the form of having either the gi*id-cathodc spacing, the 
spacing between the grid wires, or the diameter of. the grid wires 
non-uniform along the length of the grid structure. By this means 
various parts of the grid will c.xerciso ditterent degrees of control 
over th(^ anode current. Thus, one part of the grid will cut off the 
anode cui‘i*eiit at a different grid voltage than some other part, the 
foi-mer part, for example, having more tunis per centimetre than 
the latter part. The result of this is that the anode current will 
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decrease more and more slowly as the grid becomes more negative. 
Thus the mutual characteristics of a valve constructed in the above 
manner show an asymptotic approach to the axis as indicated by 
Kg. 10-14. Different parts of the grid may be considered as con¬ 
ferring on the valve Afferent amplification factors, and for this 
reason such valves are termed variable-jw valves. The principal 



GRID VOLTS 
Fig. 10-14 


application of these valves is for volume control in radio-i'ocioiving 
circuits. The steady grid bias is varied in order to vary the mutual 
conductance, and hence the amplification factor and output. 

Other Multi-electrode Valves 

In addition to diodes, tiiodes, tetrodes, and pentodes, other 
valves, exist which, generally, are combinations of the foregoing 
types in one envelope. Thus the class B valve (dealt with in 
Chapter XI) consists of two triodes. 

For frequency conversion in superheterodyne receivers a single¬ 
valve frequency changer is often employed, one form consisting of 
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a triodo-pentode as shown by Fig. 10-16. The triode constitiitoa a 
local oscillator, while the input signal is applied to the pentode. 
Both triode and pentode have a common cathode. From Fig. 
10-15 it will be noted that the voltage between the pentode control 
grid and cathode consists of the input signal voltage phis that oi 
the grid coil voltage of the oscillator. For this reason the pentode' 



is sometimes termed a “mixer.” The i-esult of tlu'se two voltages 
on the pentode anode cniTent is given by (10-10), from wliictli it will 
bo noted that various frequency combinations result. 'Pliat of 
importance is the frequency difforenco of tho two voltages and to 
this resultant fi-oquoncy (termed tho intornuvliate fro(pi(tiu!y) the 
anodo circuit of the jicntodo is tuned. Tho otlx'r coinpon('iil.s are 
by-passed in the cathode by tho deeoupling condonst'r (K As 
is <lue to tho rectifying properties of tint penl.od(' this 
valve is often relerred to as the jffns-/ (IvlecMrr wlutn (imploy(td in a 
superheterodyne circuit. The method of (jombining tho two fro- 
quoncios in Fig. 10-15, i.o. that of the signal and local oscillator, is 
termed cathode, injeiiion.. 
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The OoTODB FRBQUENOY-OHANaEB 

The signal and oscillator voltages of Tig. 10-15 are directly 
coupled. By means of an octode or heptode valve these voltages 
may be electron-coupled. An octode is shown by Pig. 10-16 and 
will be seen to consist of a cathode and anode with no less than six 
grids. The structural arrangement is such that the grids and anode 


HT.+ 



are concentric with the cathode, the anode being the outside elec¬ 
trode. Considering Pig. 10-16, the cathode and gilds 1 and 2 form 
a triodo employed for generating the local oscillator voltage. Because 
of the positive potential on grid 3 and the giid-liko structure of the 
triodo anode, i.e. grid 2, the electrons pass into the space between 
grids 3 and 4, However, duo to a negative bias applied to tlio control 
grid 4, the electrons are repelled, with the result that the region 
between grids 3 and 4 is occupied by a pulsating space-charge of 
heterodyne frequency. This space-charge may be regarded as a 
virtual cathode from the viewpoint of the anode, tlio lattei* drawing 
its electrons from this cathode. In the absence of a signal voltage 
the electron stream to the anode will oscillate at lu^terodyne fre¬ 
quency. However, when a signal is impressed on the control grid 4, 
the signal frequency and that of the local oscillator will bo mixed 
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by olootron coupling and combination frequencies produced. The 
anode circuit is tuned to the frequency difference, the various other 
components being by-passed to earth by the decoupling condenser. 
The virtual cathode with grids 4, 5, 6, and the anode form a pentode 
mixer or first detector and this may be designed to have variable-^a 
characteristics if desired. 

The heptode is similar in construction and principle to the 
octode, but has no suppressor grid. 
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CHAPTER XI 
VALVE ampluxebs 


Voltage AmpMcation Factor 

OoNSiDHBiNd the oirouit of Fig. 10-6, if a voltage Vg is applied 
between grid and cathode the resulting current in the anode circuit 
produces a voltage across Z* equal to Zo/a- Consequently the ratio 
ZalJVg is termed the voUage ampUfi/uUim facior, and to determine 
tliis quantity we must first determine IVom (10-12) and (10-13) 

y _|_ + ^ + p/Zq) ^ 

Za 

Hence, denoting the voltage amplification factor by M, 

M — 1 -L (1 + ]tt + p/Za) 

JpC-a [p-j/pG,. (1 + p/Za)] 
which for low firequencies reduces to 




Z. + , • ■ • • 

From this result it is at once apparent that M must always be less 
than fi, the two only being equal if = oo. In the event of Za 
being a pure resistance, then 

..r -Ra 

^ y? Z n 
■^a + P 


if WO disregard the sign. In this case it is ovidoiit that if a higli 
amplification is required, should bo lai*ge. However, as B,^ is 
inci’oasod, the anode potential is decreased if the higli-tonsion supply 
voltage is maintained constant. The result of this is that, in practice, 
M seldom exceeds 0-8//,. 

In order to discuss amplification to some useful purpose it is 
lu^cessary to take into consideration the effect of any circuit which 
may be connected eif»her across Z^ or betw(^en the cathode and 
anode of the valve. For example, the amplification obtainable from 
a single valves is frequently inadequate for the |)nrposo in view, and 
in such cases the amplification may l)e greatly increased by adding 
further valves, the out])ut voltage of one constituting the input 
voltage of the next. If J/i, etc., are the voltage-amplification 

factors of succeeding valves {M^ in this case being termed the stage 
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gain), then the overall gain is which, if M-^ = = Jfg, 

is equal to M-^. Moreover, the promise held out in this manner of 
enormoixs gains is seldom realized in practice, because beyond two 
or three stages instability arises which definitely limits the amplifica¬ 
tion which may be obtained. 


Resistance-capacitance Coupled Amplifiers 

With this form of amplification Za takes the form of a “pure” 
resistance and the valve is coupled to the output circuit (or input 



circuit of tli(» succeeding valve) by moans of a coupling condenser 
6', as shown by Fig. 11-1. 'Plio purpose of 0 is to isolate the output 
(iircuit from tlie d.c. component of the anode potential while allowing 
the a.c. component a fixw path. If the output circuit is the grid 
and catUodt* of anothci- vsdve, p i t. ^ 

then the arraiigxunent of Fig. 

11-2 is employed where 
is a high resistance which 
permits the grid to bo maiix- 
tainod at an appi'opriate mean 
d.c. potential. 'Phis potential 
is negative and of sxieh value 
as to prevent the grid from 
IxMioming positive wIumx an 
altcirnating e.m.f. is imprc!SS((d 
it from the preceding 
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valve. also sen-ves ilm furiber purpose* of returning any charge 
acquired l)y the grid to the cathode, thus preventing the grid 
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from floating. For this reason is sometimes referred to as a 
‘'grid leak.” 

The equivalent circuit of Fig. 11-2 is shown by Fig. 11-3 where 
Cl is the input capacitance of the succeeding valve, Gi being com¬ 
posed of in parallel with a circuit whose impedance is given by 
(10-14). Now at audio-frequencies the shunting effect of Gi is 
negligible, and in this case it may bo neglected. Hence, for audio¬ 
frequencies the circuit equations are 

+ = . . . ( 11 - 2 ) 
4 “ -^ 1^2 ~ -^^("^1 -^ 2 ) • * 

The value of M being given by R-J^fVg, it is necessary to determine 
/g- From (11-2) and (11-3) we have 

_ flVaBa __ 

(p + E,) {e^ + ^ j 


and 


M= - 




(p + Ba) 


+ 


P^a 
P + 


ic) 


Now, if G is sullioicntly lai*ge, M will be indepondont of frequency, 
and in this case 

pB^a 


M = 




E^Ei 

’'K + Jix 


_l^al 

P + Bgl 


BJit 


Bi 


(1I--4) 


whore B„i is the resistance of B^ and B^ in parallel. 

At all but extremely low frequencies the effect of G is negligil)l(\ 
l)ut at high frequencies the shunting eflbct of G.i must bo takcMi into 
ac-count. The equivalent circuit is shown by Fig. 11-4 atid th(^ 
circuit (equations of this arc 

pi I - 1 - Bal{Il I 2 ) = /* V g 




VALVH AMPrjmrES 


341 


from •wLicli 


In this case M = 


7_ r. 

h- / 

(p + -fiol) y 

wr_ 


fiygRal _ 

/ pi^al_ j_ 

\P + -Bal pGi 




__ 


which leads to M = — 


jppGi + (P + 


'WGF+TF+s^ma 


( 11 - 6 ) 


In practice, Rai is usually large compared with p, so that {p + 
will be approximately equal to unity. Hence, if the amplification 

P 



Fia. 11-4 


is to be iiidopondont of fre<iuency, inuRt bo small compared 

with xinity. L^ractical values of p and Ci are such that, generally 
speaking, rc^sistanoo-eapacitanco coui)ling is unsuitable for fro- 
(pioncies nuieh above 5 X 10^ cycles per second. Hence it finds its 
chief ap])lieati()ns in the audio-frequoncjy range, wlioro, providing 
C is not too small, a voltago-aTn])liHcation factor almost independent 
of fre(jueney may bo obtained. 

VaOUIOS of Ua AND It^ 

If is small compared with {p |- it will be 

noted that (11-5) a])proxima.t(w to (11-4). Hence, in order that the 
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amplification shajl be high, it is necessary that both and jB^ are 
large compared with />. However, neither of these quantities may 
be increased indefinitely, for as we have already seen, increasing 
J?,, lowers the valve anode potential. If Ba is limited, then as jBi 
is in parallel with jB^, there is no point in having B^ greatly in excess 
of In practice, jB^ is usually limited to about 10® ohms and 
to 1 megohm. 


Choke-capacitance Coupling 


In order to avoid the d.c. drop in voltage which occurs on 
it is possible to replace this resistance with a choke. If high- 
frequency amplification is desired the choke must be air-cored, 
while an iron-cored choke is employed for low-frequency work. A 
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cinniit employing a choke is shown by Fig. 11-5 (a), the oquiTOlont 
cinuiit being given by (6). In the latter, Gi includes the self- 
eapacitance of the choke and also the input capacitance of the 
iK^xt valve. In this case we shall take to bo the impedance of 
L, (J.i, and in parallel. Thus 




Now 


M = 


__ 


Zo + /J 1 + p/Z. 
and, snbstitnting, we obtain 


M = 


/« 


1 + p/jRi ^-3p{!pGt- lIpL) 


From tluH reaiilt it is evident that M will bo a maximnni when 
ooiidif.ioiiH are such that pCi — \lpL, i.e. when p^ = ^JOiL. Nor¬ 
mally, ol' eoui'Ho, the values of and L avo fixed, and as the amijliliei' 
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will, generally, be required to operate over a wide range of frequencies 
it is desirable that the quantity (pC'(— 1 /jjJj) shall be as small as 
possible. This quantity may be written {p^GiL — l)lpL and, as OiL 
is constant, it follows that the ratio O^fL should be as small as 
possible. 

As stated above, for low-frequency work iron-cored chokes must 
be employed because of the low value of p. As the direct current 
flows through the choke, this must be so designed that magnetic 
saturation does not occur. 

Tuned Anode Coupling 

As an alternative to having (7j and L fixed, it is possible to 
have Ci variable by connecting a variable capacitance across L and 
tuning the circuit GJii to resonance. Now it is well-known that a 
parallel circuit of this type at resonance behaves as a pure resistance 
LjGiBj^, where is the ohmic resistance of the choke. Hence, in 
this ease we have 

M — 

^ - LIG,Br. + P 

Transformer-coupled Amplifiers 

By employing transformer coupling in an amplifier at least two 
very important advantages arc gained: (1) a voltage-amplification 
factor higher than that of tho 
valve may be obtained, (2) it is 
possible to dispense with G, the 
coupling condenser, because the 
primary and secondary windings 
are isolated from each other. 

Before discussing transformer 
coupling in detail, it is first 
desirable to consider some pro- H-() 

])ortioB of transformers. 

Considering the transformer circuit shown by Fig. ll-(), lot 
Impedances bo connected in both primary and secondary windings, 
iis shown. In tho case of tho piimaiy winding, B^ is tho primary 
resistance and tho primary reactance. Actually, is due to 
tho leakage inductance of tho primary winding. In tho case of 
tho secondary, B, is the sum of tho secondary winding and load 
resistances, while X, includes the eilects of the secondary leakage 
inductance and self-capacitance as well as tho load reactance. Now, 

I a—(T.aSy) 
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if perfect coupling exists between the primary and secondary 
inductances and then 

= LJj, 

where m is the mutual inductance. Also, if and Lg are assumed 
to be respectively proportional to the squares of the num bers of 
turns on the primary and secondary windings, then n = VLgfLj,, 
where n is the transformer turns ratio. If is the voltage across 
L„,iih.en . _ _ , . ^ 

+3PmI, = % 

3pLg[, + jXJg + BJ, + jpmlp — 0 
Solving for /„ and Jg, we obtain 



I'Kl. 11-7 


From this result it is evident that from tlu* viewpoint of the primary 
the circuit consists of the impedance (Bp -\- jXp) in series with the 
combination of jpLp and (jK, jXg)ln^ in f)arallel. Also, it is clear 
that the voltage across Lg is ne^. 

The usual method of coupling two valves by means of a trans¬ 
former for audio-froquoncy worldng is shown by Fig. 11-7 (a), the 
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equivalont circuit being shown by (fc). In (6) G.f includes the primaxy 
and secondary self-capacitanco, the inter-winding capacitance, and 
the input capacitance of the next stage. and are respectively 
the primary and secondaiy leakage inductances. The circuit of {b) 
can be modified still further to the equivalent circuit of (c). Referring 
to (c), at low frequencies the branch containing n^Ci will behave as 
a high-capacitive reactance, so that its shunting effect on L.^ may 
be neglected. Ror example, let L.^ = 50 honrys, = 4-5 heurys, 
Gi = 100 (JLfjiF, and = 3. Then at 100 cycles per second the 
reactance of is 31,400 oluns, and that of n^Gi 1*77 megohms. 
Hence, as the impedance of and is negligible compared 
with that of n?Gi, the voltage on the latter will be practically iden¬ 
tical with that on Tims the input voltage to the next stage is 
a])proximately 

j'pL.irifiV, 

P +jpL^ 


and 


P 


(11-C) 


wliero p may bo considered to contain From this result it is 
evident that at very low frequencies M will be small, falling to zero 
as 'p approaches zero. 

Now as the frequency increases, the reactance of will mcrease, 
while that of the branch containing 7i?Gi will decrease. However, 
even at 1000 cycles per second the voltage on is still j)ractically 
identical with that on and M will, therofoi'c, still be given by 
(11-0) if tlie effect of is neglected. It may bo noted that when 



a condition of resonance exists, L.j, and its slnint then behaving as 
a ])uro resistance equal to 

L, 

Gilt, 


For the values given, this resonant effect occurs at about 715 cycles 
])cr second, but is practically without effect on M. 

As the frequency increases above 1000 cychw per second tlie 
reactance of L.^ will tend to be suclx that it may bo neglected in 
determining M. In this case we may include Rj7i^ in p and write 
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whoro I — Ip IJn^. The magnitude of M is 


_ nfilpn^Gj 

Vp® + (pi— l/pn^Gi)^ 

n/iXf 


Differentiating with respect to p and equating to zero for a maximum, 
it is found that the latter occurs for 


X.= 


2X^^ + p* 


~ 2Xi 

from which p = 

V 2 I 

and as p* is usxially negligible compared with 2lJ'n?G{ 

— 1 
^ ~ Vln^i 

which gives the resonant frequency /. For the values of I and Gt 
given above, / = 5340 cycles per second. At this frequency we have 


(11-7) 


M = 


pn^Gip 


- jJ - Js . ■ ■ 


which, for the values given, is 2-22 nfi. Beyond the resonant fro- 
(luoncy the value of M tends to fall rapidly and it is evident that 
this peak in tlio voltage-amplification curve may be a very undesir¬ 
able feature. 


From the foregoing analysis of transformer cou])ling as applied 
to the audio-frequency range several outstanding featiii-c^s engage 
tlio attention. 


J. In order to avoid a decline in the amplification at; low fro- 
(piencies the transfoimer primary impedance should bo higli. (Con¬ 
sideration of (ll-O) shows that Lj, should bo such that pLj^ is high 
(compared with />. 

2. In order that the voltage amplification shall bo as uniform 
as possible ovc^r a given range of frequencies, it is desirable that th(^ 
resonant frequency shall lie beyond the upper frequency limit; i.o. 
/, as given by (11-7), should be high. This may bo effoct(^d by making 
/ and (Ji as small as possible. In order to obtain a low value of / 
the cioxijding of the transformer primary and secondary windings 
must bo of a high order. 
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3. Referring to (11-8) it is evident that to avoid excessive 
peaking I again should be low. Furthermore, varies inversely 
iis p. Now in deriving (11-8), p wsts taken to contain Bj, and Bs/n?. 
For reasons to be given presently it is not desirable to increase the 
slope resistance of the valve and to decrease Hence to 

effect this Bg may be made high, either by winding the secondary 
of liigh-resistanoe wire or, alternatively, by connecting a resistance 
in parallel wdth the secondary windings. 

As the overall amplification is it might appear that n and p 
should be as liigh as possible. However, a high value of p also 
means a high slope resistance and this will cause a falling off of the 
amplification at low frequencies. It is, of course, for this reason 
tliat is not increased to reduce If n is large, this means 

either a small primary or a large secondary. 

With the first alternative will be small, and 
with the second will be large. Hence in 
practice n seldom exceeds 6, and is usually less. 

One method of ensuring that I and Gi shall 
be small is to form the transformer core of 
high-permeability material such as Mumetal 
or Permalloy. If this is done then, for a given 
l)rimary inductance and voltage ratio, the 
numbers of primary and secondary turns will 
bo relatively small. This, of course, leads to small values for the 
leakage inductance and self-capacitance. 

From Pig. 11-7 (a) it will be noted that the d.c. component of 
the valve oiiri'ciit traverses the transformer primary winding. An 
effect of this is to reduce the incremental permeability of the iron 
ciore and thus reduce the value of the primary inductance.* This 
may be avoided by the arrangement of Kg. 11-8, known as parallel 
JWd. Here tlio function of the condenser is to isolate the transformer 
primary from the d.c. component. Its reactance should be such as 
to provide a negligible impedance to the lowest frequency a.o. 
component. Also the value of the anode-feed resistance should be 
high compared with the transformer primary reactance. 

High-frequency Transformer Couplmg 

For amplification of frequencies above the audio range an iron- 
cored transformer is not suitable because of the iron losses which 

“Iron-Cored Indiictarioes,” F. Q. Spreadbury, The Electrical Engineer, 

Vol. VI., p. 7()K. 
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occur. The effect of such losses may be simulated by a resistance 
in parallel with the primary winding, the value of this resistance 
decreasing with an increase in frequency. This, of course, has a 
shunting effect on the primary, thus reducing the amplification. 
A further effect of eddy currents at high frequencies is to reduce 
the area of the core which is penetrated by the magnetic flux. 
This, of course, reduces the primary inductance. For these reasons 
air-cored transformers are usually employed for high-frequency 
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amplification, or transformers possessing a core formed of iron dust 
bonded with a synthetic resin. 

Most of the analysis as previously applied to audio-frequency 
amplification holds good for frequencies outside the audio range. 
However, as in this case p is large, and 0^ will be correspond- 

ingly small. Also, because of the absence of an iron core, or, at the 
best, the presence of one of low permeability, the coupling factor 
of tlie transformer will bo much lower than that for an audio¬ 
frequency transformer. This, naturally, loads to a rolativc^ly high 
value of Z. 

In the case of the audio-frcqiioncy amplifier this is frequently 
em]fioyod for the simultaneous ami)lification of a wide variety of 
frequencies such as are found in speech or music. High-frequency 
amplifiers, however, often deal with only one fVocpiency at a time 
and hence the possibility exists of tuning the amplifier to a ])articular 
frequency. In this case tlie amplifier often takes tlie form shown by 
Fig. 11-9 (a), the equivalent circuit being given by (/>). Hero 6'; 
includes the self and intorwinding capacitances, tlie in])ut cai)a(*;itance 
of the following valve, and a va.riable capacitance for tuning L/Ji 
to resonance. In determining K^., will he noglo(‘.l.(Hl, as it is 
negligible compared with p. If m is the mutual inductances between 
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the primary aad secondary 'windings, then the oii’cuit equations are 

+imh + pi^ = • (11-9) 

OPLhK + ipm/, + — }lJ:pGt = 0 . (11-10) 

Solving for /„ wo obtain 

j ^__ a _ 

(P +3-pL,) [(i2. +wL,-3lpGi) + 

and V,=—jl,l 2 )Oi 

__ pmitVg _ 

3>G,(p +jpL,) [(J2. +jpL,-jlpC,) + 
talcing the absolute value. 

Now when the secondary circuit is tuned to resonance (jpL, 
— jlpOi) = 0. Therefore 

mfiVg _ 




Gili„(p -\-jpLJ + 

•_wpVj_ 


0,B^P 4- jpG/jJt^ -h 

Multiplying numerator and denominator by LJm 

pr_ _____ y^ _ 

* ~ Lfiili^pjm -Y 3pL,GLfiptvp^ 
But Lfii = 1/iJ* and 

1/ _ ^.[^y ° __ 

*' “ L^GiR,plm +jL„li,f'mp + m 
or, as Ij^iJinp is generally oxtnfinely small, 


whoi’o « = mjLg 


y __ BjiiP y II _ 

" “ OiR^pja - 1 - alj„ 


( 11 - 11 ) 


m 


TVT 

Now -j- = , 


jki = k\ 
V L. 


bfn 


and lionco a ~ b/n, wliero k and n are, rospccjiivoly, the transformor 
ooiipliiig Itictor and transformer ratio. Jn order to find tlio maximum 
value of (11-11) wo difforoTitiatc V„ with rospoct to a and equate to 
zero. Tims 

a = V(y;MX • • • ( 11 - 12 ) 

Now Oi varies inversely as tho sejuaro of tho froquoiicy and, as 
a is presumed to bo fixed by tlio transformer construction, can 
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only be a maximum for one particular frequency. Hence in practice 
it is customary to design the transformer for a frequency inter¬ 
mediate to the extreme values likely to be met. 

Now CiBsILs is the reciprocal of the effective resistance which 
the circuit Lfii offers at resonance. Denoting this resistance by B^ 

a = 'y/pjBf 

and substituting ia (11-11) 

V, = hl^V,VBrJp 

From this result it is evident that for high amplification to be 
obtained, Br should be large. This, of course, requires that B^ shall 
be small. Also a valve with a high value of [jl is desirable. 


Distortion in Amplifiers 

Various forms of distortion may occur in amplifiers, one form, 
i.e. frequency distortion, having already been dealt with. With this 
form the ratio of the amplitudes of the output and input voltages 
is constant at a given frequency, but varies with different frequencies. 
Of the various types of amplifiers discussed that employing resist¬ 
ance-capacitance coupling is the best where freedom from frequency 
distortion is desired. An extremely important form of distortion 
occurs when the amplitude of the output voltage, at a given fre¬ 
quency, is not proportional to the amplitude of the input voltage. 
This form is known as amplitvde^ non-linear, or harmonic distortion 
and is characterized by the introduction of harmonics into the 
output voltage wave which are not present in the input wave. 
The cause of this arises from the fact that tho iahg characteristics 
of Fig. 1 Qt- 4 are not strictly linear. As we have already seen, tho 
relationship between ia and Vg, with a pure resistance in tho anode 
circuit, is given by 

'--7TK ■ ■ ■ 

and, if ^ and p are constant, this relation is linear. Tho curve drawn 
from (11-13) is Imown as tho dynmnic characteristic and, because 
of variations in [i and p (particularly the latter), is non-linear. 
However, the variations in p are minimized by tho presence of B^ 
and hence tho dynamic characteristic depaits less from linearity 
than does the static characteristic, tho latter being given by i^ 
= liv^lp. 

For tlio reasons just given the dynaniic characteristic is more 
accurately represented by 

= + • • • (11-1^) 
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than by (11—13). Hence if the input voltage is sinusoidal and is 
given by Fto sin pt, then, ignoring the quiescent current, ig, 

»o = aF„, sin pi + bV^ sin® pt 

— bV^12 + aF,„ sinpi — 6F„®/2 . cos 2pt 

The first term in this result is the increase in the moan d.c. current 
resulting from the rectifying property of the triode. The last term 



IS lO s o 5 


Vj. 

Fro. 11-10 

shows that because of the non-linearity of the charactoristic a 
second harmonic has been introduced. With a linear charactoristic, 
we have = evog and thus a = + £„). Hence 

uV 

ia = bVr^l2 -I- , p sin pt — &F„®/2 . cos 2pl (11-16) 

P r 

where /t and p are evaluated at the origin Q, Fig. 11-10. It will bo 
noted that the amplitude of the second harmonic is proportional 
to b. Differentiating (11-14) twice 



from which it is apparent that the amplitude of the second harmonic 
is proportional to the curvature of the dynamic characteristic. 
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In order to estimate the amount of harmonic distortion it is 
necessary to draw the dynamic characteristic. We may note here 
that if and p are constant the slope of this characteristic is given 
by ijvg = plip + Ba)- Hence if the current through the valve 
is known in the absence of any applied voltage, the dynamic charac¬ 
teristic is simply obtained by drawing a straight line of slope 
fifip Ba) through the quiescent or Q point as in Eig. 11-10. 
Considering the non-linear case, the Q point must first be deter¬ 
mined, this being effected with the assistance of a family of cuiwes 



known as anode characteristics. As will bo seen on referring to 
Fig. 11-11, these characteristics give anode current against anode 
volts for various negative grid-cathode potentials. If liJ is the d.o. 
high-tension supply to the valve the anode voltage must be less 
than E because of the volt drop on jB^. Hence 

= JS i(iB(i 


^ B 

and '^a = “" 15 ^ 

Hence is a linear function of and is shown by the straight line 
drawn across the anode characteristic of Fig. 11—11. Tliis line is 
known as the load line and its slope is given by B,, = cot 0. Evi¬ 
dently the Q point for any particular value of v„ is determined by 





k 11-12 
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the iatersootion. of the load line and the anode oharaoteristio for 
this value of Vg. 

Having determined the Q-point on the anode characteristics we 
may now determine the dynamic characteristic for a given input 
voltage. To effect this the aiiode and mutual characteristics are 
drawn side by side, as shown by Fig. 11-12. Corresponding values 
of ia and Vg up to the limits of the variation of the latter are now 
transferred to the mutual characteristics in tho manner shown. 
Then, drawing a curve through the derived co-ordinates on the 
latter, the dynamic characteristic results. 

Being in possession of the dynamic characteristic and assuming 
it to be represented by (11-14), plus a quiescent term, it is noted 
from Fig. 11-12 and (11-16) that when pi = v/2 

maa> = mliP + -^o) 

also when pt = — ‘jrl2 

*0 min = *0 + — pVm/{P -k- -Bo)* 

where ig is the value of the quiescent current. From these two 
equations 

m _ ^o m<us min 

p + Ba 2 

_ ^o wiQg ~l~ ^o min 

2 ~ 4 

which give tho amplitudes of the fundamental arid the second 
harmonic. The percentage second harmonic distortion is then 

imvji2 

P-y ml\p + -Bo) 

Although the assumption that the dynamic characteristic may 
be expressed by an equation of second degree is valid for the majority 
of purposes, it is inadequate should tho grid swing bo such that the 
value is operated over the very curved portions of the characteristics, 
or should the grid go positive and upiwr bend curvature occur. In 
this case the d 3 mainic characteristic is better represented by a cubic 
equation of the form 

ia = aVg -t- bVg^ -1- CUff* 

Replacing Vg by Vm sha ft, there results after simplification 
ia = (aF„ -|- 3cF«V4) sin pi 

— • cos 2ft — cF,„®/4 sin 3pi 

* maa> mtn *^^6 11610 taken to repreweiit total instantanoouR values. 
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When pt = 7 r /2 

ia max = + bV + 3cF.,„V^) + 

-^ISO min == 4" bVtn^ — m + 3cF,„Y'^) — cV 

Adding watB -h 

which gives the increase in d.c. current and the amplitude of the 
second harmonic. 

Subtracting 

ia max— K min = 2(aF«» + ^cVJ^j^) + 2cF^V4 

and (aV„ + 3cF„.74) = cVJ/4. . (11-16) 

In order to obtain the amplitude of the third harmonic, i.e. 
^ tangent is now drawn to tho dynamic characteristic at Q 


in 



Fra. lF-13 


as shown hy Fig. 11-13. Now, if tho dynanjic charactoristio wore 
a straight lino, tlio limits of tho anodo curront would ho AG. Thus, 
in this case tho amplitude of tho fundamental woxdd bo /«F,„/(p + li,,) 
or AB. Substituting in (11-16) 

(AB + 3cF„3/4) = !3-222i:r.l» f,vj/4. 

cVifi max mi n 

OVl/l . ’ . - - - , I 
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which gives the amplitude of the third harmonic. Also, as the 
amplitude of the actual fundamental is [AB -f 3cF„®/4), we have 

8 

Generally speaking, the two foregoing analyses will cover most 
cases of harmonic distortion occurring in practice. However, if a 
more detailed study of the output waveform is desired, the wave 
may be constructed from the dynamic characteristic and then 
analysed by Fourier’s method. 

Load Line with Reactive Load 

In the event of the anode load being a pure resistance it has 
been shown that the locus of the anode current and voltage is a 
straight line, known as the load lino. When the anodo load is 
inductively reactive this is no longer true, the locus then being 
an ellipse. This is because the total anode voltage and oununt are, 
respectively, given by 

«(3— l^amoaSinpi . . . (11-17) 

and iQ +sin (pi 4- 0) . . (11-18) 

where 6 is the angle of phase displacement between F„ and J„. 
If ia is plotted against for various values of pi an ellipse will 
result if 0 # 0. If 0 = 0 then the result is a straight lino passing 
through the point Iq, Vq, the slope of the line being == B 

= cot 0, as before. 

In order to construct the ellipse for a given case, the load lino 
is first drawn across the anode characteristics, as in Fig. 11-14, 
and the Q point determined. We then have 

(Vq + ^’o) + (*0 + ia)Ba + La ~ 

or Vf^ + Va = B— (ip + ia)Ba — La — 

Now. when (ip ia) is a maximum or minimum, 

Vq -I- Va = E—{iQ+ ia)Ba 

and hence under this circumstance the current and voltage co¬ 
ordinates lie on the load line at A and B. The inaxiinTun value of 
the cununt is, of course, given by 

• j____ 

Vli + Ta)^ +(!pLa)^ 
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Again, when ^ 

Vq+V^^E— IgRa-La 

and LfjdiJdt is a maximum. In these circumstances the points C 
and jD lie on a horizontal line passing through the Q point. Also 

E — iQ^a ~ ^0 


so that 



and at 0 and D the anode voltage is Ladialdt volts smaller and greater 
than Vq. The value of Lajiialdt is, of course. 


•y __ 


Further points on the ellipse may be found from (11-17) and (11-18) 
by assuming arbitrary Talues for ft and thus determining various 
corresponding values of {vq + v^) and (i^ + »o)* 6 is, of course, 
given by 


oos 0 = 




As the points on the load line of Fig. 11-12 were transferred 
to the mutual characteristics to form the dynamic characteristic, 
so also may the points on the ellipse of Fig. 11-14 be transferred. 
In this ease, however, the dynamic characteristic is also an ellipse, 
as shown by Fig. 11-14 (6). 


Power Amplification 

The subject of amplification has so far been approached from 
the viewpoint of magnifymg the input voltage only. However, 
the purpose of many amplifiers is to deliver power to some system 
such as an aerial, loudspeaker, or relay. Hence the output of an 
amplifier must now be considered from the aspect of power rather 
than that of voltage. Amplifiers are generally classified as Class 
A, AB, B, or C. Those previoudy discussed are of Class A, and this 
type as applied to power amplification will be dealt with first. It 
may be briefly stated that Class A amplifiers are those in which tho 
anode and grid potentials are such that they operate over the 
appreciably linear portions of the characteristics, thus introducing 
a mmimum of harmonic distortion. Of course, where resistance 
exists in tho anode oirouit of voltage amplifiers, power is developed 
therein, but in power amplifiers this resistance is usually of suoli 
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value that the power is as large as possible consistent with absence 
of distortion. It follows that power-amplifier circuits are funda¬ 
mentally similar to those employed for voltage amplification, and 
hence in analysing the former we may employ the methods already 
used for studying the characteristics of the latter. 

Considering a triode with a resistance in the anode circuit, 
the current is given by 

I 

and thus the power supplied to iZ* is 



11-15 


If fi, p, and V„ are assumed to he constant, then maximum power 
will be developed in Bg, when dPIdBg = 0. Differentiating, 

dP _ ( fiVg Y . 

dBg-\p-\-Rg) {p^kgf-'^ 

or P Bg = 2Bg 

and Bg p 


Hence for maximum power, Ba = p and under these conditions 
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In order to consider the effect on P of a departure from = p, wo 
may plot PlPmau against Pa/p- Prom (11-19) and (11-20) 

P _ ^pPa _ -Po/P 

{P + K)^ (1 + RahY 


Reference to Fig. 11-16 shows that the loss of power from P^o, is 
small, providing O'&p <Ba < 2p. 

From (11-19) it will be noted that in order that large powers 
may be developed pb and F, should be large and p low. Hence, 
valves for power amplifiers usually have relatively low values of 
p and high values of /i. Also valve design is such that large grid 

swings may be handled without 
distortion occun-ing. 

^ / / Graphioaij Determination oe 

PovrEE 

With the assistance of a sot of 
anode chai’aoteristics the power may 
be determined graphically. Referring 
to Fig. 11-16 the load line is di'awn 
and the Q-point determined. Now 
if the dynamic charaoteristio corresponding to the load lino of 
Fig. 11-16 may bo represented by an equation of second dogi'ce 
then, as shown on page 354, the amplitude of the fundamental 
component of the current is 



UMIW- 


VaMIN. Wn 
PlQ. 11-16 


VaMAX. 




a min 


= Ia 


The fundamental power developed in the load is /„ «,oirT'« ,h(i*/ 2 And 
hence 

p _ (^o max ig min) iVa max min) 

r — g 

In previously deteimining the conditions for ma.ximuni powiu* 
it was assumed that and p wore constant. Although i.his may be 
approximately tiue for pi it is not for p, and honco, as we have already 
seen, the power will be distorted. Tlie investigation of (iondilions 
to give maximum undistorted power is evidently a matter of some 
importance and must now bo considered. The method of apjiroach 
to this problem is to assume that tho mutual eharacteristiiis of a 
triode are equidistant parallel straight lines, providing the anode 
current does not fall below some minimum value i„ In this casi* 
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the dynamic cliaractoristic will be a straight line with its lower 
extremity terminating on the line AB, as shown by Fig. 11-17. 
Below AB lower bend curvature commences. Now if the grid swing 
is such that gi*id current flows, this 
will impose a load on the output cir¬ 
cuit of the previous valve, thus tending 
to introduce distortion into the input 
voltage, and hence the outpiit voltage, 
of the amplifying valve. It follows 
that the grid voltage and steady bias 
should be such that the gi-id voltage 
never becomes positive. This results 
in the upper extremity of the dynamic 
characteristic terminating on the line 
Oia as shown. Static characteristics for 
anode voltages 'iJ^^^^^j-and 
drawn thiuugh A and 0 respectively. 

Midway between these characteristics 
is Vq, the Q-point voltage, depending 
on The ])ower output is propor¬ 
tional to 

max '^a min) viax min) 

or to («p — „in)OB 

or to CD . OB 

As D and B are fixed, this })roduct will bo a maximum when GD 
= CB. Now , V, 

min)lp 

~ maeo min)I^P 
and thus the output will be a maximum when 



Fig. 11-17 




"a min 


)/2p — CB — {i^^ 7 nin) 


or when 


max 7nin)l{^ a maw min) — 

JJut the lol't-hiuul side' of this equation is equal to J?„ and hence the 
maxiinuM) output oocurs for 

J?„ == 2p 

and 2p 
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OPTIM0M Value of Gbid Bias 

It is necessary to determine the value of the grid bias in order 
that the maximum imdistorted power may be obtained. We have 

h = + 2p) 

— tEi 

- Zp 

and Vg = 

Also In {ig max max 

Hence Eg = V2 F„ = 

where Eg is the value of the steady d.c. bias required. 

Parallel-^feed 

When the anode load resistance is placed directly in the anode 
circuit, the quiescent cun*ent passes directly through this resistance. 

I- This, of course, leads to a loss of power because 

A. the only power which is usually applied to some 

^ purpose is that produced by variations of the 

anode current about the quiescent point. Also it 
is sometimes desirable to prevent the direct 
component of the anode current from passing 
through the load. In view of these considera¬ 
tions the choke-capacitance arrangement of 
rig. 11-18 is frequently employed in which the 
direct component passes through a choke. Be¬ 
cause of the relatively high reactance of the choke 
over its working range it passes but a neghgible portion of alternat¬ 
ing current, the bulk of this passing througli the load resistance 
jRfl. The function of C is to block tlie d.c. voltage from jB^ while 
passing practically unimpeded the alternating voltage. It follows 
that over the working range of frequencies the reactance of L 
must be high compared with the resistance of jB^, while that of 
0 must be low. Departure from these conditions, say at low 
frequencies, will, of course, introduce frequency distortion. 

The operating conditions when employing a parallel-feed system 
are shown by Big. 11-19. In this case we have a static as well as 
a dynamic load lino. The former is determined by the resistance 
of the choke and, as this resistance is normally low, the static load 




Fia. 11-18 
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Jin© ■will be almost vertical as shown. The Q-point is fixed by the 
intersection of this load line ■with the anode characteristic corre¬ 
sponding to the particular value of grid bias employed. Vq ■will, 
of course, be approximately equal to £J, the d.c. supply voltage. 
Over the working firequency range the alternating component of 
■the anode current ■will flow in jB^ and hence the dynamic load line 
passes through Q with a slope given by JR,, = cot 0. 

It is evident from the nature of the paraUel-feed system that 
it caimot be employed for very low frequency work. As the fre- 


L« 



Fio. 11-10 

qucncy decreases, the impedance of L falls until it reaches such a 
value that the shunting effect on causes the amplification to 
suffer a rapid doclin©. In general a parallel-food amplifier is not 
suitable for distorted waveforms or transients because it tends to 
amplify the high-frequency components of the signal to a greater 
extent than the low-frequency ones. This, naturally, results in the 
output voltage wav© not being an exact copy of the input wave. 

Impedance Matching 

In oertain instances the load resistance is of fixed value and 
cannot be adjusted to give maximum undistorted power in the 
anode circuit. A typical case is, of course, the moving-coil loud¬ 
speaker, where the speech coil may have an effective resistance of 
no more than about 10 ohms. Evidently if this wore connected 
directly in the anode line very little power would be developed. In 
practice adequate power is developed in the speech coil by matching 
its impedance to the slope resistance of the valve by means of a 
matchfrig transformer, a typical circuit being shown by Fig. 11-20. 
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Now on page 344 it was shown that a resistance i?, in the 
secondary cironit of a transformer is equivalent to a resistance of 
value MJrfi in the primary circuit. Hence if » is fractional, i.e. 
if a step-down transformer is employed, the effective value of 
will be BJnK Hence by a suitable value of n, the transformer turns 
ratio, jBs/w® may be made equal to 2p or any other desired value. 
As with the parallel-feed circuit, a distinction must be recognized 
between the static and dynamic load lines for a transformer coupled 
load. In this case the static line is established by means of tho 
transformer primary resistance, and the dynamic lino by means of 




JSa = Parallel-feed may be employed with a transformer- 

coupled load as previously shown on page 347. Either an anode- 
feed resistance or a choke may be emidoyed, and if tho latter the 
circuit of Pig. 11-21 results. 

Anode-diciiit Efficiency 

Under quiescent conditions the d.c. supply to a valve is largely 
dissipated in the form of heat at the anode, this heat being produced 
by electron bombardment. When the grid is excited by an alter¬ 
nating voltage, power is generated in the anode load, and this results 
in a reduction in the anode dissipation. The power developed in 
the load is, of course, supplied from the d.c. source, and we must 
now consider the relations existing between the alternating and 
direct current powers. 

The power supplied by the d.c. source is Eip, while that absorbed 
by the static load resistance, E, is ig^R. If Pa is tho average 
power dissipated at the anode and JaVa that in the load, then 

EIq = ig^E + la^tt ■]- P rt 

and Pa = — /„ 

But E = -1- igR 

and hence Pa = igVg — l^Va 
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In the event of the load not being a pure resistance, the load power 
is laVa cos 0, where 0 is the angle of phase displacement between 
la and Va- Thus, more generally, we have 

Pa = igVQ — laVa COS 6 

ITrom this result it will be at once appreciated that the greater 
the a.c. power developed in the load the smaller is the rate of energy 
dissipation at the anode. Obviously the latter is a maximum in 
the absence of grid excitation and decreases by exactly the same 
amount as the output power incre^es. 

Tho efficiency of the anode circuit is defined as 


a.c. power output 
d.c. power input 


/„F„ cos 0 


If tlio overall efficiency of . 
tho valve is desired, then 
to tho d.c. power input 
must 1)0 added tlio power 
dissipated in the grid and 
heater circuits. In this i&MiN 
c*,aso i.lio efficiency is given 

l>.y 



T uTMiNr] \r<a jVdMAX.* E 

ElaMAK-P VaMAX. "vaMAX. 

11-22 


V l\ -\ 

whoi'o l\ and /*„ arc, respectively, tho rates of energy dissipation 
in tho heater aiul grul circuits. 

In order to obtain somo idea of the anode-circuit officicneios 


possiljle with triodos it will be assumed that the anode charaotoristios 
consist of cejuidistant parallel straight lines, as shown by Fig. 11-22. 
'I’liis, of course, is not in accord with practice hut, nevertheless, will 
permit limiting values of tho efficiencies to bo determined. Tho 
grid swing will bo taken to bo such that it causes i„ min be zero 
and Vg max 0. In this case 
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Now in the case of a series-fed load 

E = 2tVa max + a 

_0-5F 

Va - 2(7 


, p (see Fig. 11-22) 


Hence 


a max 


a max "i" -^a max p) 

0-25 


1 4- 


^ a max P 

y 

f a max 


0-26 


1 + 
26 






per cent 


From this result it will be seen that the maximum possible efficiency 
with a series-fed load is 25 per cent, this necessitating Ba to equal 
i nfini ty. In the case of maximum power output Ba = p and rja 
= 12*6 per cent. For maximum undistorted power jB^ = 2p and 
?jo = 16-6 per cent. In practice, figures somewhat less than these 
are obtained, as it is not possible to utilize the entire load lino 
without currature of the characteristics and distortion occurring. 
Considering the case of the shunt- or transformer-coupled load 


^ max “1” p 


and 


Va = 


0-5Va 


max H“ 2/^ p 

0-5 


^ B, 
50 

^ B„ 


per cent 


Thus, the maximum possible efficiency with a shunt-fod load is 
twice that of a series-fed load. For maximum power = lO-O per 
cent, while for maximum undistorted power = 25 per cent. 


Amplification with Pentodes 

The power developed in the load resistance of a triode is vJa 
and the ratio is termed the pmer sensitivity of the triode.* 

* Because the power is proportional to See (11-10). 



VALVE AMPLIETERS 367 

Providing tho valvo is operating on the linear portions of the 
characteristics, wc may write 

Vaia _ dVgdia 

Vg^ ~ dVgdVg 

dVg dig _ 

~ dVg ■ dVg 

The mutual conductance of triodes and pentodes is of tho same order 
of magnitude, whereas the amplihcation factor of pentodes is much 
larger than that of triodes. Thus, it follows that tho power sensi¬ 
tivity of pentodes exceeds that of triodes, this rendering tho pentode 
a more suitable valve for power work than a triodo. In particular, 
a pentode will give the 
same power as a triode 
for a much smaller signal 
voltage. 

As we have already 
seen, the anode charac¬ 
teristics of pentodes differ 
considerably from those 
of triodes, and this results 
in tho power analyses pre¬ 
viously made for triodes 
being invalid for pen¬ 
todes. In particular, tho 
dynamic characteristic 
of tho pentode does not 
approximate to a ■f)ara- 
bola, iior is maximum 
undistortod outi)ut 
obtained when — 2p. In tho case ol trusles, increasing «„ 
increases tho linearity of the dynamic characteristic, thus loading 
to a decrease in distortion. With i)entodos, however, increasing 
beyond a certain value inoroasos the curvature of the clynamic 
characteristic, thus increasing tho distortion. A result of this is 
tliat, in practice, Jtg is very much loss than p; in fact, in some cases 
lig may not exceed 10 per cent of p. 

In order to determine tho value of tho anode resistance for 
minimum distortion, tho Q-point and grid swing must bo known. 
Tho Q-point is, of course, dotorrainod by tho values of Jtl and Mg. 
As tho power that may be devolojrod increases with M it is desirable 
to employ tho maximum voltage permitted by tho manufacturer’s 
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rating of the valve. Referring to Pig. 11-23, which gives the anode 
characteristics for a typical power pentode, the maximum anode 
voltage and anode dissipation of this valve are, respectively, 200 
volts and 7 watts. Assuming E to be approximately 200 volts, 
then Eg may be taken as — 6 volts, wliich limits the anode dissipation 
under quiescent conditions to about 7 watts. Under these circum¬ 
stances Iq = 35 mA, and with a 6000-ohm load and a grid swing of 
4 volts it will be noted that = h min = 25 mA. Also 

= ya min = volts. As the maximum and minimum values of 
the oscillatory components of the anode current and voltage are 
equal, this shows an absence of distortion. Now, lot a load of line 
corresponding to Rg = 3000 ohms be drawn. In this case 1^ wax 
= 32 mA and Ig = 25 mA, wax =110 volts, F^ = 90 

volts. Hence distortion has been introduced. Again, lot a load lino 
corresponding to 7000 ohms be drawn. Then la max = 22 mA, 
la min = 25 mA, F^ moaj = 210 VOltS, F^ min = 1^0 VoltS. ThuS, it 
appears that 6000 ohms constitutes the optimum load if distortion 
is to be avoided. 

In order to compare the power in the three cases we have 

P ^ {^a max min) (^a max ““ ^a min)I^ 

and substituting values there results 

Ra ohms P watts 

3000 1-3 

6000 1-88 

7000 1*48 

Thus, it appears that the higliost power results from a load that 
renders the distortion a minimum. In the case of the 6000-ohm 
load the anode efficiency is 

1-88 

rja = = 27 per cent 


Also 


1-88 

“ (4/V2)’“ 


0-235 watt per volt 


Prom the foregoing it appears that, when the Q-point and grid 
swing are known, the optimum load may be determined by suc¬ 
cessive approximations; i.e. a series of load linos is drawn tlirough 
the Q-point and that whicli gives a minimum of distortion then 
determined. In effecting this it may bo noted that because of the 
parallelism of the characteristics to the right of the Q-point there 
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is practically no variation in /„ ,„i„, as B„ is varied. Honce 
should first be found and a load line then selected which gives 

■^a maa ~ min' 


Pu^-pnll Amplification 

By the employment of push-pull amplification sovcial inii)ortant 
advantages may be secured over the forms of amplification already 
discussed. This system employs pairs of valves arranged in the 
manner shown by Fig. 11-24. By means of a centre-tapped trans¬ 
former two equal voltages differing in phase by 180° are applied 
to the grids of the 
valves. The output 
transformer is also 
centre-tapped, and as 
the quiescent currents 
of the two valves flow 
through the two halves 
of the winding in oppo¬ 
site directions, it follows 
that d.c. magnetization 
of the transformer core 
is absent. Thus, the 
])rimary inductance of 
the transfoiTOor is a maximum which at once shows one advantage 
of push-p\ill working. 

Assume now that two voltages represented by == V,„ sin pi and 

= — V,„ sin pi are applied to the grids of tlio valves. Then on the 
assumption that the anode eurront/grid voltage relation is given by 

i, = aw, H- 




i„2 == — aVm sin pt -f sin® pi 
or i„i — aVm sin pt + sm 2pi . (11-21) 

ias = — aF„ sin pi + lb VJ — sin 2fpl . (11-22) 


Now when equal currents flow tlirough the two halves of the output 
transformer in opposite diroctions, tlio resultant magnetic effect is 
zero. Thus, terms with tlie same signs in (11-21) and (11-22) 
produce no effect, and from this it follows that the second harmonics 
neutralize each other, as do also the increases in moan ouiront, 
IbV^. The terms with opposite signs directly assist each other so 
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that the effective e.m.f. across the total primary winding of the 
output transformer is 

(ial ^a2)-®a “ ^ | iZ “ 

From this analysis it is apparent that a far more Ihioar response 
may bo obtained from a push-pull amplifier than from the amplifiers 
previously discussed. 

A further advantage is as follows. If the source of d.o. sui)ply 
to the valve anodes has appreciable internal resistance, a fluctuating 
load current will cause fluctuations in the d.c. voltage. These 



fluctuations will be impressed on the valves, but will bo without 
effect on a push-pull system as the algebraic sum of the anode 
currents flowing to the valves is constant. 

PowBB Output op Pusii-Punii Amplipirrs 

Assuming a push-i)ull amplifier is operated under Olass A condi¬ 
tions, the equivalent circuit may be represented by Fig. 11-25 (a), 
which may be further modified to (6). The mid-point connexion 
may be omitted because the fundamental component of the current 
does not pass through this. Referring to (a) the value of is 
given by 

■“■“(■ sr )-®'. 

The anode current is 

r _ 

“ 2/) 4- -B. 

P + -Bo/S 


or 
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The power developed in is 

P = 

J f^Vo 

-^\p + MJ2 

/^Vg . _ 
p/2 + RJ^) ^ 



I 2 


From this result it is api)areiit that a Class A push-pull amplifier 
may be regarded as consisting of a single valve with a slope resistance 
of p/2 working into an anode resistance equal to /2„./4. In order to 
find the conditions under which the ])ower is a niaximuin, P must 
be differentiated with respect to Ra and the result equated to zero. 
Thus 


dP _ m{pl2 + i2J4)2- 2R,ptW/{p/2 + Ra/m 
dRa ^ . HpI^ + 


from which 



P 

2 


or 


Ra = 2p 


Composite Anode CirARAOTERtSTios 

The foregoing results are only correct providing /x and p are 
constant. FroqiuMitly, however, push-])u]l amplifiers are operated 
with grid swings of such magnitude that and p vary. ,In this case 
the opei*ating (jonditions must be analysed by a grai)hical method. 
As the valves work in pah’s it is desirable to devise a set of mutual 
charaet(u*isties for a paii* as a single unit, such charact(u*isties being 
knowji as cow-pomle static characteristics. 

To effect this an ideal output transformer is first assumed. In 
this case, if v is the voltage across each half of tlie pi-imary, tlien 
the load voltages is 

. . . . ( 11 - 24 ) 

At ('.very instant tlu^ primary ampere-turns are oxacit.ly l)alanc(«l by 
the seconda.ry am|)ei'(^-tiirns and thus 

n^iai — n^iua 

where and ai*(^ the total instantaneous anode <}urreuts. Also 
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From (11-24) and (11-26) 


^ — (*<n *02) I TT 


or, from (11-23), 


V = {ia 


i ^ — 
®oa/ 4 


(11-26) 


These results show that the load current is proportional to — i^g) 
and hence the purpose of the composite characteristics is to show the 
u -Eg+Vg relationship between {iax — i„ 2 ) 

j and Va with the grid voltage 

/ 6is a parameter. 

/ 1 Taking a set of anode 

tj J -Eg-Ug characteristics for one valve 
J / of the pair, the Q-point of 

” ~/c\ / / fids valve is determined by 

(•i.«,-ia 2 ) / I / f ,/ I the d.c. supply voltage E 

\ V I / Ie /T and the steady bias voltage 

v-X-v-J ^ Fig. 11-26. Con- 

ir ,:-Eiv % sidering point A, tliis 

^ corresponds to v^=.{E-v) 


r 

(•t.a,-ia2) 

i_ 

01 


r—»j<-v 


—VaasE+V 
FlCi. 11-20 


+ vj, 


anode cmi'ent being i^v Point £ corresponds to = (E + v) 


and = (■ 


jB from A gives a third 
point C (equal to (iai—iog)) 
corresponding to an arbi¬ 
trarily chosen value of v 
and a specified signal vol¬ 
tage v^. It follows that 
the co-ordinates of O, i.e. 
(iai — * 02 ). "Oax form a point 
on the composite chai-ac- 
teristics. Assummg other 
values of v, and main¬ 
taining Vg constant, further 
points on the characteristic 
may be derived and a 
curve drawn through these 
points. 

By taking several dif¬ 
ferent values of Vg a family 
of composite characteristics 


Vg), the anode current being iag. Subtracting 



Vg = 40 


Fia. 11-27 
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may be derived as shown by Fig. 11-27, which concerns a medium- 
size output triode. In this case the Q-point coiTesponds to E = 240 
volts, Eg = — 4c0 volts. It will be noted the characteristics form 
a series of parallel straight lines. The load line to bo employed 
with composite characteristics is given by 

Vai = E—V 

= i? — — 


which is the equation to a straiglit line passing tlirough the point 
v;,.! = E, = (), tlie slope being given by BJ4: == cot 0. The 

intersection of the load lino with the composite characteristics at 


P gives 


(^ai ^*£*2) — 


and, from (11-25), 


/. . . % % . 


Composite Dyts-amio Characteristics 

In order to derive the composite dynamic characteristic of a 
push-pull amplifier, a similar process is employed to that on page 



Fia. U-28 


353, where the dynainie charactoristie is derived from the anode 
characteristics. Tlie fact that tlie composite mode characteristics 
arc practically straight lines results, of course, in the composite 
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dynamic characteristic being a straight line, as shown by Fig. 
11-28, this being derived from Fig. 11-27. Hence it follows that a 
sinnsoidal signal voltage results in an almost sinusoidal output 
voltage. 

Glass B Amplification 

Class B push-pull amplification employs the same form of circuit 
as Class A, but conditions are so arranged that the quiescent cuiTent 



is very small or zero. These conditions may be brought about either 
by biasing ordinary valves to cut-off or by employing special 
valves having a very small quiescent current (or none) without 
the application of negative bias. The latter valves often consist 
of two triodes housed in a single envelope, the Milliard PM2BA 
and PM2B being examples. It follows that with Class B opoi-ation 
anode current mainly flows when the gilds are driven positive, and 
hence grid current may be expected to be relatively large. That 
this is the case will be seen from Fig. 11-29, which concerns a 
class B valve. Because of the relatively high intake of the grids 
the previous valve is called upon to deliver appreciable power 
and must be of such character as to deliver this power without 
waveform distortion. For obvious reasons this valve is termed the 
driver valve. 

The principal advantages of Class B operation are the small or 
non-existent demand on the d.o. supply when no signal is applied 
to the grid, and a high anode-circuit efficiency. The disadvantages 
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are the necessity for a driver valve, greater distortion than Class 
A operation, and the inability to employ self-bias. 

ANODE-orRoniT Eeutcoiency 

In order to derive the anode-cironit efficiency the same assump¬ 
tion will be made as on page 365, i.e. that the anode characteristics 
are equidistant, parallel straight lines. It wiU be further assumed 
tliat the valves are biased to cut-off, that the grid swing does not 
extend beyond zero volts (see Fig. 11-30), and that the dynamic 



cliaracteristic is a straight lino. Those assumptions are by no means 
justified in practice, but their adoption will, as before, lead to an 
upper limiting value for the anode-circuit efficiency. 

J-toforring to Fig. 11-30, this shows the effect of a sinusoidal 
signal voltage on one of the two valves. It will bo noted that the 
anode current consists of semi-sine waves, one of those occuning 
for half of each period followed by a completely quiescent half- 
I)eriod. In this rosj)ect each valve behaves in a similar manner to 
a lialf-wavo rootifior. During the quiescent half-period of the first 
valve th(5 anode current of the second valve describes a semi-sine 
wave exactly similar to that of the first valve. Hence those two 
HU(^cossivo lialf-waves produce the effect in the output transformer 
of a complete sinusoidal wave. The output power is given by 



2 


13—('i'.aR<>) 
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The mean anode current per valve is 

277 

I 


max Siu OdrO 


^ a max 

TT 


Hence the d.o. power is 


■^a moa-® 




4 p M„ 

0-786 

1 '+pfK 

78-5 

1 + rfs; i'”' '*"■* 


(11-27) 


the factor 2 occurring as there are two valves. The anode-circuit 
efficiency is 

^c^max^a maco^ 

_ 21 ^amttx^a 

4. E 

Eeferring to Fig. 11-30, 

max P H“ ff. 7)1 mv 

or , as Frt max ” max 

E = {p + R„) 

Substituting in (11-27) 

77 Ba 


Comparing this result with that for Class A on page 3()(), it will be 
noted that Class B operative shows a considerable gain in anodo- 
circuit efficiency. As previously shown, for maximum power output 
Ba = 2p, and hence in these circumstances rj,^ = 62*3 per cent. 

In order to obtain the composite characteristics of a (JIass B 
amplifier, exactly the same procedure is followed as when dcriviixg 
those for Class A.^ However, if the valves are biased to cut-off, 
the composite characteristics will coincide with the anode (jliarac- 
teristics. If special valves requiring no gi'id bias arc^ employed, 
there will be a small quiescent current. Hence in this case the 
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composite characteristics will not coincide with the anode charac¬ 
teristics at low signal voltages, but the curves will tend to merge 
as the amplitude of the signal voltage increases. As the composite 
characteristics are not linear it follows that the dynamic character¬ 
istic is also non-linear. Of course, with Class B the curvature of 
the characteristic of one valve is no longer compensated by the 
curvature of the other, as with Class A working. Reference to Big. 
11-29 shows that the anode characteristics for a positive grid triode 
are similar to those for a pentode. Hence, in deterinining the value 
of the load resistance for a minimum of distortion, similar considera¬ 
tions as when dealing with a pentode load will apply. 

The Driver Stage 

As stated above, because of power consumption by the grid 
the previous value must supply power in a Class B system. From 



Kia. 11-31 


this it follows that the impedance of the driver valvo circuit must 
not bo too high or distortioii of the inptit signal will result. Dis¬ 
tortion is likely to arise because the relation between grid voltage 
and grid current is non-linear, as is evident from Fig. 11-29. Hence 
a non-sinusoidal voltage droj) will bo subtracted from the input 
voltage, which if tixe latter is sinusoidal, results in a non-sinusoidal 
voltage being applied to the grids of tlie Class B valves. To avoid 
this difficulty it is custotnary to employ a step-down transformer 
of low secondary resistance, in tlie mannei* shown by Fig. 11-31. 
For the valve of Fig. 1L-29 the overall transformer* ratio should 
be : I and the total resistance of the secondary should not 
exceed 409 ohms. Thus, the i*atio for each secondary is 3 : I and 
the resistance not more than 200 ohms. 
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Glass AB AmpMcation 

A form of amplification intermediate between Class A and Class 
B is Class AB. In this form the value of the negative bias is inter¬ 
mediate between the values employed for Classes A and B, with 
the result that the quiescent point of each value occurs at lower 
bend curvature. This allows a given output to be obtained with a 
smaller quiescent current than with Class A amplification, but with 
little more distortion because of the second harmonic eliminating 
properties of push-pull amplification. It follows that with Class AB 
amplification and a sufficiently large input voltage, lower bend 
cut-off may occur, thus causing the valve to conduct for less than 
a period but for more than half a period. 



CHAPTER XII 
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Negative Feed-back 


By provision of suitable coupling between the output and input 
circuits of a valve it is possible to effect a considerable modification 
of its characteristics. The result of the coupling is to combine a 
portion of the output voltage with the input voltage, this process 
being termed feed-back. The degree of coupling may be either 
“tight” or “loose,” according to whether the effect of feed-back is 
pronounced or slight. If the result of feed-back is to increase the 
original input voltage, it is said to be “direct,” “positive,” or 
“regenerative.” If the input voltage is decreased, then the feed-back 
is said to be “inverse,” “negative,” or “degenerative.” At first 
sight it might appear that all the advantages would be with positive 
feed-back, but, as will be shown later, considerable advantages- ai-e 
attached to negative feed-back. At present it may be briefly stated 
that the principal functions of positive feed-back are the amplifying 
of weak signab and the production of continuous oscillations. In 
the negative case feed-back may be employed for the reduction of 
frequency and harmonic distortion and improvement of amplifier 
stability. 

Let a voltage bo apxrliod to the input terminals of an amplifier 
ajid an output voltage Vo result. Following this, lot a fraction a 
of the output voltage bo fod back in such a manner that a voltage 
aV„ is coimoctod in series with so as to reduce the input voltage. 
Then 


V„r = Vo -l-aVo 


where Ygr is resultant of and aV*. Vector notation must bo 
omployod in this conno.xion because and V„ are not necessarily 
in i)haso or antiphase. The gain of an amx>litior is given by 


hence 



MVo 


" ■■■ 1-otM 


and 


V, 


(12-1) 
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The resultant gain is given by 



M 

~ 1-otM 


( 12 - 2 ) 


Considering now the influence of feed-back on an amplifler, if 
oM is large compared mth unity (12-2) becomes 



and the gain depends only on the system produomg feed-back. 
For example, if a is independent of frequency, the amplifier will 
be free from frequency distortion. If oM > 1, then M,. < M and 
the gain is much smaller with negative feed-back than when this 
is not employed. Hence to secure the advantages attached to 
feed-back some loss of amplification must be sustained. However, 
this loss may be made good by an additional stage of amplification. 


iNBTiXJBNOE ON HaEMONIO DISTORTION 

In addition to its beneficial influence on frequency distortion, 
feed-back may be employed to reduce non-linear, or liarmonic, 
distortion. For example, suppose a second harmonic is produced 
by a valve in its output circuit. If A is the amplitude of this har¬ 
monic, this amplitude will appear in the output in the absence of 
feed-back. However, when feed-back is employed, the amplitude 
is, say, Ai- Because of Ai, the amplitude due to this and feed-back 
is oMAi, hence the two components in the output arc A and 
otMAi. It follows that the vector sum of these must equal Ax and 
hence 

Ai = A + oMAi 

a A 

“ 1 - oM 

This result at once shows that harmonic distoition may be reducied 
by the employment of negative feed-back. Thus, if |1 — <xM| is 
10, the second harmonic distortion is only one-tenth of tlu^ value 
it would have in the absence of feed-back. As the magnitude of the 
harmonic dc])onds on the amplifier output voltage ihe latter must 
be the same in both cases, i.e. with and without the feed-back. 
This means, of course, that V^, must be times as groat in 

the presence of feed-back as in its absence. 
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In ordoi* to increase the input to tlio amplifier by the factor 
|1 ■— oeM] it is necessary to increase the amplification of the preceding 
stages or add a furtlier amplifying stage. It is hardly necessary to 
state that these processes must not introduce additional distortion. 

Negative Feed-back Circuits 

Negative feed-back may be applied to an amplifier in either 
one, or a combination, of three basically different ways. Referring 
to Fig. 12-1 (a), this shows a “cuiTent” feed-back circuit, feed-back 



being api)Iie(l by means of the cathode resistance In this case 
a - iWZ. aiul for largo food-back factors 
M, : — 1 /a = — 

Also V„ == 

whic-li iw proportional to tho load iinpwlanco. The load ourront is 
T Ili Xi' 

'• ■ z„ \ 

To detornxinc /,„ w(( iioto from tho oquivalont circuit. Fig. 12-1 {!)), 
^ rtZft " 1' f itJif* 'I- ^nP itr 

V,, -- JJi, 

, . 

p . I. (I ..|1 -|- z„ 


that 

But 

and hene(j 
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This result shows that the amplification factor of the valve is n, 
but the slope resistance must be regarded as equal to 

[p + (1 “I" P)-®!!] 

Thus, in this case feed-back increases the effective slope resistance. 

A further method of producing feed-back is indicated by the 
circuit of Tig. 12-2, this being known as a “voltage” feed-back 
circuit. B is made large compared with Za, while the reactance of 



G is small compared with B. Tho function of G is to isolate It from 
the d.c. supply voltage. Now from (ll-l) ' 


M = 


— /tZa 

•p + z„ 


and as 


M, = 


M 

l-oM 




p -i- {1 + a//.)Za 




,a in this case not being complex. Dividing tho ivimuiralior and 
denominator of tho last exprossion by (1 + a/,/.), it may bo written 


M, = 


- //Z a 

p' -I- Z" 


where fi' = ii/^l a/t) and p' = p/(l -|- a/i) 


This exprossion indicates that fcod-back of tho typo inditiatod by 
Tig. 12-2 gives conditions which would result from a valve having 
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a slope resistance p' and an amplification factor pi,' feeding into a 
load Zo, without feed-back being employed. It will be noted that 
both p and pb are reduced in the same proportion. 

CoMPOtTND Feed-back 

By simultaneously employing both cuiTont and voltage feed¬ 
back, what is known as compound feed-back is produced. The 
circuit for effecting this is shown by Fig. 12-3 and will bo seen to 



bo a combination of Figs. 12-1 and 12-2. As wo have already 
found, tho effect of current feed-back is to increase p to p -|- (I 
Hence, combining this result with (12-3), wo have 


or 

whore //' 


VL 


— /-tZrt 


p + (1 -1- p,)-Rc H- (1 




p" + Z„ 


(«/(l -1- ubypi) and p" 


[p-f(p 1-1)J?«1/(1-l-fltip). 


From this result it will be noted i^liat while /t is reduced, p", 
i.e. the effective slope resistance, may be made larger than, equal 
to, or less than p by suitable^ choice* of values for lie a^. 

Figs. 12-1, 12-2, and J2-.3 lofer only in basic feed-back circuits. 
In practice feed-back may be employed with more than one stage 
of amplification, the feed-back occurring from tho last stage to the 
first or to any intermediate stage as desired. As an e,xaraple of this, 
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reference may bo mado to Fig. 12-4, whicli shows a two-valve 
resi8t€uice-oapacitanoo coujiled am])Iifior feeding back from the 
second valve to the first. Consideration of the potential changes 



throughout the circuit for a given polarity on the grid will show the 
feed-back to be negative. 

Positive Feed-back 

Under negative feed-back conditions |1 — a]V[| > 1. However, 
if |l — o(M| < 1 the feed-back is positive. An immediate result 



of this is that Mr > M and thus positive feed-back may be employed 
for increasing the output of an amplifier for a given input voltage. 



ebbd-baok:—^vaijVB osoillatobs 


386 


Positive feed-back is frequently employed in connexion with the 
reception of wireless signals, where it is termed reaction. One method 
of application is shown by Fig. 12-5, where it will be noted that a 
coil in the anode circuit of the second valve is back-coupled to the 
tuned anode coil in the first valve. It has been stated previously 
that if the anode circuit is timed to resonance it behaves as a pure 
resistance of value LfCB. Hence it is desirable that B shall be as 
small as possible if a high, value of M is to be obtained. By coupling 
the anode coils in the manner indicated by Fig. 12-5, it may be 
shown that the effective value of B may be reduced below its normal 
value. 

If Ii is the current flowing round the timed circuit, then the 
voltage applied to the grid of the second valve is 

IJjpC 

the resulting current in the anode circuit being 

r 

^~jpO{p+Za) 

If V is the e.m.f. acting in the tuned circuit, then 
+ jipL — l/pO)} + jpmlz = F 

or substituting for 

If the anode circuit is tuned to resonance pL = 1 JpG and 

” ^ + 0(7fz.j = | ■ ■ 

Now the lefb-hand side of this equation may be regarded as the 
effoctive resistance of the tuned anodo circuit and, as m may bo 
made either positive or negative, it is evident that jR may be reduced 
and the amplification thus increased. 

Valve OsciUatois 

In the foregoing example of the application of reaction, it has 
been shown that an increase in tire voltage amplifieation factor 
results from a reduction in the effective resistance of the tuned 
anode circuit. It is evident from (12-4) that with m negative a 
possibility exists of making the effective resistance negative. In 



386 


miSoxEOlinos 


the event of this ooonrriag, the amplifier passes into a state of self- 
oscillation. Without feed-back from the second valve an oscillation 
started in the LO cicouit of the first valve quickly dies away because 
of the losses in B. However, if the energy can be supplied to L 
from Ly at a rate equal to or greater than that at which it is dissipated 
in B, the oscillation will continue or even increase in amplitude. 

To consider this matter in detail the conditions of the single 
valve circuit of Pig. 12-6 will be analysed. Let it be supposed that 



Fia. 12-6 Fig. 12-7 


the amplification factor of this valve is sufficiently high that the 
value of the anode current is almost solely determined by the value 
of the grid potential. Then, according to (10-6), 

V = girfla 


Assuming an oscillation to be started in the LO circuit, the conditions 
may be written 


where i is the oscillatory oiirrent. Now i = Gdvgjdt and ~ 
Substituting, we may write 




+ lP 1- 


~0 ) dt'^ LC “ 


Prom this result we again see that because of coupling between the 
anode and grid circuits the effective resistance of tho latter has 
been altered from Bto (B mg„JO). Again if the coil connexions 
are arranged so that m is negative, it is ])ossible by varying 7 n to 
make the effective resistance equal to zero. Tn this case an oscillation 
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once started will persist at a frequency approximately equal to 
ll27rVLG. If the effective resistance becomes negative, then the 
oscillations will increase in amplitude. 

In order to cause oscillations to occur some electrical disturbance 
is necessary, such as the closing of the switch in the anode circuit. 
Once started, the oscillations build up spontaneously to an amplitude 
the magnitude of which will be considered below. The fact that 
oscillations have started is conveniently indicated by an ammeter 
in the anode circuit. Because of the rectifying properties of the 
valve, there is usually an increase in the value of the mean anode 
current when oscillatory action commences. 

The' condition for oscillations to be maintained in the circuit 
of Fig. 12-6 may be regarded from another viewpoint. The e.m.f. 
induced by the anode coil in the grid coil is mg^dVgJdt, this being 
in phase with the current i. Hence the anode circuit introduces 
energy into the grid circuit at a rate img^idvgldt^ while JR dissipates 
energy at a rate Now i = GdVgJdt and, for oscillations to be 
maintained, it is necessary that energy shall be supplied as rapidly 
as it is dissipated. Hence 

and . . . . (12-5) 

as before. G 

TxJNpm Anode Osoillatob 

As tho alternative to tho tuned grid circuit of Fig. 12-0, the 
tuned anode circuit of Fig. 12-7 may be employed for the main¬ 
tenance of oscillations. If I is tlie oscillatory current in L, then tho 
losses are PR, For oscillations to bo maintained energy must bo 
su])i)lio(i to tho tuned anode circxiit at a rate equal to PR. Now, 
wlion oscillating, tho anode circuit behaves as a pure resistance of 
value LjGR and hence tho anode current is 
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The voltage across G is pLI and the power supplied to the anode 
circuit is 


, L 
P^CB 


,L_ 

CB 


For oscillations to be maintained we must have 

P + CB 


or, putting p® = l/LG, 


pm 


0 


(^ + ^) 


>B 


and 


OBp-irL ^GB , L 

m >-- >-1— 

~ p gm P 


( 1 ^ 6 ) 


Power in Osoillatory CracuiT 

By coupling the inductance in the drcuits of Figs. 12-6 and 
12-7 to some other circuit, it is, of course, possible to draw power 
from the oscillator. At any instant the current supplied by the 
d.c. supply is + la maa siu pt, while the voltage between anode 
and cathode isE+Va maa sia + ■«•)• Hence the instantaneous 
power dissipated as heat at the anode is 

{iq + Ja max sin pt)iE + F« sin {pt + v)] 

= (i(a + la max Sin pt) {E — F„ max Sin pt) 

~ ”1“ a maa si^^ Fa max ^a maa F« mnio Sin® pt 

and the mean value of this over a cycle is 

J V 

TiT. •‘■a max ' a max 

E%q - 2 

This is less than the power supplied by the d.c. source by an amount 
JaFa which is, consequently, the power available for maintaining 
oscillations. 


Maximum Power 

The maximum oscillatory power occurs when IaVa i® a maximum. 
If i, is the saturation current of the valve then la max = ; also 

iy = iJ2. The maximum value of Va is equal to E. These values 
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are, of course, purely theoretical limiting values but wjH, nevertheless, 
give a limiting value to the maximum power and efficiency of the 
valve. It follows that 

a muM ^ a inuj' __ 

2 ”2 ~ 4 

The d.c. input power is 

HHq ~ EiJ2 

and the efBlciency is thus 

EiM 

M cent 

Anode Tapping Point 


In order that a valve oscillator of the tuned anode type may 
deliver theoretical maximum power, a certain value of the ratio 
LjC must be achieved. We have. 


V = I 

^ a max — /r. max 


X L/CB 


or 


E 


h II 

2 ■ GB 


and 


L _ 'IRE 
G~ X 


Now for a given frequency the product LG is fixed and hence for 
maximum power the ratio LJG must ho adjusted witiunit altering 



Kid. 13-8 IVo. 12-!) 


th(% LG value. This is effecU«l by placing pai-t of L iiv series with O 
in the nianiKU- shown by Kig. 12-8. Wiili this arrangement the 
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frequency of oscillation is still given by 1/2 it'N/XG but the com¬ 
bination of and G in series acts as a capacitance of increased 
value because the reactance of the combination is less than that of 
C acting alone. If the value of the effective capacitance is then 


1 

2}G\ 


t - ,r,r< 


Now 


or 


and 


2 _ 


P 


_ 


1 

fc 

J. 

LA 


1-p^OL^ 


pG 

1-p^OL^ 


LjG 

p\I^G + GL^) = 1 

1 _ 1 
LG 


{_L^ + L,)G 

which shows that the frequency is unaffected by the distribution 
of the inductance. 

^ 1 LG 

Again = = 

Li V 
Gi ~~ LG 

From this result we see that the ratio of the inductance of the 
circuit to the effective capacitance is L^ILO and hence the effective 
circuit resistance is 2 

G^R'^LGB 

Thus the effective circuit inductance and resistance liavo been 
decreased and the effective ca])acitauco increased. It is now neces¬ 
sary to determine L., Wo have 

ya max — J!/ — 2 ^ 


. from which 


I _ 


Again, if conditions aro arranged for maximum efficiency, i.o. 
50 per cent, the internal and external resistances of the oscillator 
must be equal. Hence 


LGM 


= P 


L, - 

- Vkpip 


and 
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By placing part of tlie inductance in the capacitance arm the 
value of m to maintain oscillations is altered from the value given 
by (12-6). We now have 

fipml 

LGB 


and 

Va = VL^I 


Hence 

- z,. 

LCB 


and 

LOBp + ^ LOB . ii 

m >- f -< r « + T • 

. (12-7) 


Of course, if aU the inductance is in one branch of the circuit, 
L and (12-7) reduces to (12-6). 

In addition to the two oscillator circuits previously described, 
a very largo number of otlier valve oscillator circuits exist, so 
numerous in fact that space does not permit their description hero. 
However, the circuits of Figs, 12-6 and 12-7 may be regarded as 
basic, the great majority of other circuits conforming to these in 
principle. This means that coupling exists between gi’id and anode 
circuits so that onoigy in ay be fed from one circuit to the other in 
order that oscillatory action may bo maintained. Oscillator cucuits 
need not consist of ono valve only, but energy may be fed from the 
anode circuit of one valve to the grid circuit of another. In many 
cases the efficiency of a single-valve oscillator is of no great moment 
as it may bo cou])led to an amplifier, and it is the olficiency of the 
latter which is then of princij^al importance. 

Gxud Excitation 

In the circuits of Figs. 12—6 and 12—7, the grid is excited by 
what is termed mutual indiuctive cmvpling. An alternative metliod 
of grid excitation is dirocjt inductive coupling and is exomplifiod 
by the circuit of Fig. 12-9, sometimes referred to as the Hartley 
circuit. In this it will bo seen that the inductance is divided into 
two parts with the junction connected via a blocking condenser 
to the cathode. There may or may not bo mutual inductance 
between tlie two parts; actually this is immaterial. It is evident 
from the figure that the anode-grid and grid cathode voltages are 
180® out of phase. The circuit may bo re-drawn in the manner 
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shown by Mg. 12-10, in which case it is evident that the circuit 
resembles that of Pig. 12-8 with taking the place of m. Hence 
the analsrsis applied to the circuit of Pig. 12-8 is applicable to that 
of Pig. 12-10 if Lg takes the place of m. It follows that for the 
maintenance of oscillations 

LGM ^ Li 

— 


La ^ 


An important point which may be noted with this circuit is that 
the anode-grid inter-electrode capacitance is in parallel with the 

HT-I- 




tuned circuit capacitance, and thus does not act as an uncontrolled 
coupling capacitance. 

A circuit employing direct capacitance coupling is shown by 
Pig. 12-11. This is sometimes referred to as the Colpitts circuit, 
and the capacity is so divided as to provide a voltage between grid 
and cathode sufficient to maintain oscillations. 


Peed 

As with amplifiers, oscillator circuits may employ either series 
or shunt feed. The Colpitts circuit shown has shunt feed, while 
the three previous circuits are series fed. The alternative shunt- 
feed circuits for the tuned-anode and Hartley circuits are shown by 
Pigs. 12-12 and 12-13, respectively. 

Use oe Grid Bias with Oscillatory CntciriTS 

It has been shown that the maximum efficiency of a tuned-anodo 
oscillator is 60 per cent. By negatively biasmg the grid the quiescent 
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current may be reduced and also the mean anode dissipation. This, 
of course, makes possible an increase in efficiency beyond 50 per 
cent. However, a detrimental effect of grid bias is the introduction 
of harmonics into the output. If the grid is so biased that when 



Fio. 12-12 Fio. 12-13 


oscillations bmld up the lower curved portion of the ijvg charac¬ 
teristic is involved, then evidently distortion will occur. A further 
point in connexion with the employment of grid bias is that the 
value of m must be greater to start and maintain oscillations. When 
bias is emi)loyed is smaller than when it is 
not, and reference to (12-6) and (12-7) shows 
that, in consequence, m must be increased. 

Two methods of applying grid bias to an 
oscillator may be employed: (1) the grid may 
be self-biased as shown by the circuit of Fig. 

12-14, or (2) a steady bias may be employed 
derived from an e.xternal source. Regarding the 
latter, if the bias is too great, may become 
too small for oscillations to start. This objection 
does not, however, arise with method (1). With 
this method, when tho valvo is not oscillating, 
there is no bias applied to tho grid. Honco 
has its maximum value and, when an approjuiate disturbance 
occurs, oscillations commence. During the positive half-cycles of 
oscillatory grid voltage tho mean grid potential goes negative in the 
manner described in Chapter X. Hence the grid is only negatively 
biased while oscillations are occurring, and in this manner tho 
biasing arrangements in no way affect the initiation of tho oscillatory 
state. 
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AMPLITTrDB OF OSCILLATIONS 

So far the oonditions necessary for starting and maintaining 
oscillations have been studied without closely considering the 
amplitude reached by the oscillations. In determining the efficiency 
of an oscillator, it was assumed that the oscillatory component of 
the anode current varied between 0 and However, in practice, 
this is not necessarily so. In the various cases considered it has 
been assumed in (12-6), (12-6), and (12^7) that is constant. 
However, this is only true for the middle portion of the iJ'Og charac¬ 
teristic. As upper and lower bond curvature are approached. 

Fig. 12-15, the value of be¬ 
comes less than at the quiescent 
point. Hence a point will be 
reached on the characteristic 
at which the inequalities 
(12-5), (12-6), and (12-7) be¬ 
come equalities. At this point 
the amplitude of the oscillations 
will no longer increase but will 
remain constant. Thus it will be 
appreciated that it is the non¬ 
linearity of the valve character¬ 
istics which is responsible for the 
stability of the oscillator. Re¬ 
garded in another way, we may 
say with respect to the circuit of Fig. 12-6 that ultimately the value 
of g^ becomes such that the effective resistance of the circuit changes 
from .negative to zero. Beyond this point the resistance becomc^s 
positive and hence the oscillation amplitude is limit ed by the value of 
g^n, which causes the effective circuit resistance to change from nega¬ 
tive to positive. With regard to the tuned-anode circuit, the losses in 
this circuit increase as the oscillation amplitude increases. Ultimately 
g^ decreases to such a value that the rate of introduction of encigy 
into the anode circuit is just equal to the rate of dissipation of enegy 
therein. At this point the oscillation amplitude will cease to increase. 

It is evident that when a self-biased oscillatory circuit is em¬ 
ployed this will also tend to stabilize the osciQator and limit the 
amplitude of oscillation. As described on page 393, with this 
system of bias, before oscillations commence, g^^ is a maximum. 
On initiation of the oscillatory state the mean grid potential tiavels 
negative. Thus the working point moves down the characteristic 
resulting in a decrease in g^. 


4 . A. 
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Further Types of Oscillators 

Before proceeding to describe several other oscillators it is 
desirable to oiHfer some remarks concerning oscillators in general. 
Those so far described are of the feed-back type and actually consist 
of an amplifier feeding back part of the output to the input so that 
the amplifier provides its own excitation. Such oscillators may be 
also termed simisoidcd oscillators because, in general, they produce 
sinusoidal voltage and current waves. Where the output waves 
are markedly non-sinusoidal, the oscillator is frequently termed a 
relaxation oscillator^ as the oscillations are characterized by an abrupt 
change, or relaxation, from one unstable state to another. The 
time-base circuits described in Chapter XVII generally comprise 
oscillators of this type. 

A further form of oscillator is the negative-resistance oscillator. 
In such oscillators a circuit element is employed possessing a negative 
volt-ampere characteristic over some operating range. An example 
of this is the dynatron described in Chapter X. A valve operated 
in this manner possesses a negative slope resistance over a portion 
of its characteristic and this may counterbalance the positive resis¬ 
tance of an LO circuit in the anode lead, thus making continuous 
oscillations possible. 

The basic circuit of a dynatron oscillator is shown by Fig. 
12-16 and the valve characteristic by Pig. 12-17. Under oscillatory 
conditions the oscillatory circuit behaves as if possessing a resistance 
equal to LjOR. Hence if is the value of the negative slope resis¬ 
tance of the valve, oscillations will commence providing > L/CiJ. 
The slope of the load line is LJGR and under oscillatory conditions 
this must bo less than Thus, referring to Pig. 12-17, oscillations 
arc not possible with the load lino (a), but are with (6). Although 
the load lino will not, in general, coincide with the lino R^, never¬ 
theless tho current-voltage locus must bo along the valve character¬ 
istic. Hence two current-voltage loci are necessary to describe 
the operation when R^ > L/GR. That of {h) gives tho value 
of the Jundamental component of tho total cuiTont, while 
the valve characteristic gives the total cui'rent. The difference 
botw(ien these two currents at any point (ion'osj)onding to a 
given anode voltage is tlu'. value of tlio hai’monic curront. Be¬ 
cause of tho low reaotancjo of tho condenser to liar monies of tho 
fundamental, tho harmonic components of tho curront mainly 
f)ass through the condenser. 1!’hus, the alternating component 
of the anode voltage is appreciably sinusoidal, although the anode 
curront may (iontain a])prociablo harmonics. The harmonic 
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current for one value of the anode voltage is shown in Fig. 
12-17 by PiPj. 

It is possible for the oscillation amplitude to become such that 
the maximum and minimum of the valve characteristic are exceeded. 
In this case the slope resistance of the valve beyond these points is 
positive. Under these circumstances the average value of the slope 




resistance becomes less negative and the oscillation is stable at an 
amplitude at which the average value of the slope resistance is 
equal to LfCB. 

An alternative method of treating the dynatron oscillator is 
to assume that the characteristic of Mg. 12-17 is that of a cubic 
equation, which may be expressed as 

*o = *0 — (X.V + jSw® . . . (12-8) 

The conditions in the LC circuit may be written 

= L^+Bi + L-]^ + v=0 . . ( 12 - 11 ) 

as ia is small compared with i. Differentiating (12-8), 
dia _ dia dv 
dt ” d7) dt 

Substituting in (12-9) and putting difdt = Gdhj/dfi, 

LG {OR - Lx + P3K) J + « = 0 
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VL ~ O ■*■ “C" j ^ IG "" 


An approximate solution of this equation is 

„ Iol-CBIL 

« = 2^-3^8 

where p = l/VAG. This result shows that oscillations will occur 
providing a > GBjL, i.e. the reciprocal of the slope resistance at 
Q must be equal to or larger than CRJL. This, of course, is the 
same thing, as jB« > L/OR, the result previously found. 


The Magtstbtron Osoillator* 

Under suitable circumstances the cylindrically symmetrical 
system described on page 132 may bo employed to generate ultra- 
high-frequency oscillations. In these circumstances the oscillator 


LECHER WIRLo 



Fia. 12-.I.S 


is termed a magnetron. !ln order to obtain the high frequencies of 
which the magnetron is capable, the external resonant circuit 
sometimes consists of two Ijccherf wires arranged as shown by 
Fig. 12-18. The purpose of the three chokes is to prevent high- 
frequency currents from passing through the power supply circuits. 

Homo uncertainty aj)j)earH to exist concerning the principle by 
which oscillations are produced by the magnetron. However, it is 
possible that it functions in the following manner. On page 134 it 
is shown that the minimum value the anode voltage may have for 


current to flow is 



* For nH’oiit. iiia^not'rou (U^voIopinontiH H(^o An TnfJ'odwiimi to Atnlti~RejionaU)r 
Maunvlnma, K. LuMuirn, A. II. I-. HimhlbrUi, Th& Kntjmccr^ 5th April, 

1045. f). UK); Thv ICnulnver^ 12th April, p. .*121. 

■f lUiTtrUvUji and Ma{tnct>ifim, |). 4.50, H. (1. Sl-arlin^ ILonprmnnH, Clroon), 


398 


ELECTRONICS 


If, initially, the anode voltage is below this value, an increase 
above V cause current to flow in the external circuit. This will 
cause the anode voltage to fall, whereupon, because of the weakened 
electric field, electrons emerging from the cathode will fail to reach 
the anode. Thus the current will cease and the anode voltage again 
rise. This re-initiates the current flow and the cyclic behaviour 
will be indefiboitely repeated. The transit time of the electrons from 
cathode to anode is one-half the period of the cyclic behaviour. 
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CHAPTER XIII 

BLEOTBOmO RECTIFIERS 

Before the development of electronics, the derivation of a d.c. 
supjjly fi'om an alternating source was invariably met by what was 
virtually some mechanical switching device. Among such devices 
may be mentioned the vibrating reed rectifier, motor-generator sets, 
synchronous convolvers, rotary convertors, transverters, etc. Such 
1 ‘octifiors function by vhVue of the motion of certain parts (such as 
a commutator) and thus this form of rectification is sometimes 
referred to as “dynamic.” With the growth of electronics rectifica¬ 
tion by mechanical switching has largely given way to electronic 
methods, the various forms of the latter being termed static 
rectification. 

Considerable advantages result from the employment of static 
rectifiers. Unlike rotaiy types, it is easily practicable to construct 
static rectifiers for almost any lower limit of capacity, a particularly 
impoiVant application in this respect being the operation of moving- 
coil instruments from a.c. sources. The particular advantages of 
oloctronic rectifiers may be stated as absence of moving parts, low 
maintcuiance costs, high and practically constant eflSoiency, negligible 
depreciation, and high momentary overload capacity. 

Altliough many different forms of electronic rectifiem exist, the 
majority of applications employ cither one of two basically different 
typos. These are the dry-contact and valve types of rectifier. 
Amongst the former are iJio solonium and copper-oxide rectifiers, 
whilo the latter consists of the vacuum tube, the liot-oathode gas- 
filled, and mcroury-arc rectifiers. The dry-contact, vacuum-tube, 
and gas-filled tyi^os aro mainly used for relatively low power supplies, 
the mercury arc being (un|)loyod for heavy power work. With 
rospoot to curremt and voltage limitations, single units of the fore¬ 
going group arc capable of supplying from ()•! mA for instrument 
operation uj) to 10,000 amp. for traction j)ur])osoH, these ranges, of 
(unirso, being ca])able of extension by tho employment of units in 
pai’allol. With regard lo voltage, single units of tho vacuum typo 
may Ix^ olVaituul to <)p(x*ato at almost any u])pcr limit, whilo hot- 
cathode gas-lillod and mercury-arc types have been constructed for 
50 kV and :10 kV rospo(^tivoly. In tho case of dry-contact rectifiers 
th(^ voltage range is extended by placing a number of units in series. 
.Hvid(uitly the I'ange is practically unlimited. Besides a natural 
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lower voltage limit for the foregoing rectifiers, an economical lower 
voltage limit exists. This is about 0-5 volt for copper-oxide, 1 volt 
for selenium, 10 volts for gas-filled hot cathode, and 100 volts for 
mercury arcs. 


Asymmetrical Electrical Conductivity 


The majority of conductors possess what may be termed sym¬ 
metrical conductivity, i.e. the magnitude of the cunent flowing in 
either direction through the substance is independent of the polarity 
of the applied voltage. However, in certain conductors or arrange¬ 
ments of conductors, the magnitude of the current passing depends 
on the polarity of the applied voltage. In such cases the conductor, 
or arrangement, is said to possess asymmetrical conductivity, which 
means that it passes current more freely in one direction than the 
other. The direction of higher conductivity is termed the “per¬ 
meable,” “forward,” or “conducting” direction, while the lower is 
termed the “impermeable,” “reverse,” or “non-conducting” direc¬ 
tion. An example of these properties with which we have already 
dealt is, of course, the thermionic vacuum tube. 

The essential property of all electronic rectifiers is that they 
possess asymmetrical conductivity. If an alternating e.m.f., whose 
mean value is zero, is applied to an asymmetrical system, it is 
evident that for one half-period more current will flow than for 
the other. Thus the mean value of the current will be diiforont 
from zero and rectification will occur. Let it be assumed that the 
resistances in the forward and reverse directions are constant and 
respectively equal to ry and Tj., If a load resistance JR is placed in 
series with an asymmetrical conductor and a voltage given by 
e sin 6 applied, then the mean current is 


27T 


r e sin OdO 


Tf -h JR 



_ 

ir\r, + B r^ + BJ 

wMch mil be different from zero, providing Tf ^ r^. 
appearing on B is given by 


p.R/ 1 
w Vr/ I • jB 


1 

Tr -f B 


)• 


. (i:^-i) 

The voltage 

. (LV2) 


Commenting on (13-1) and (13-2) it is obviously desirable that 
should be as large as possible and ry as small as possible, the ideal 
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condition being == oo, = 0. With this condition, (13-1) and 
(13-2) become e/TrJS and ejir respectively. In practice, of course, 
conditions are never ideal, but in many cases is so high that it 
may be regarded as infibaite. The ratio r^fTf is sometimes referred 
to as the rectification ratio. 

Contact Rectifiers 

Although numerous forms of contact rectifiers exist, only four 
may be said to be well known; these are the crystal, the electrolytic 
cell, the copper-oxide, and the selenium rectifiers. The first was, 
of course, extensively used in the early stages of radio-communica¬ 
tion, while the last two are the only types which have been developed 
and may be said to be indispensable to the electrical industry. 
The electrolytic rectifier was at one time developed to the point 
that it was sxiitable for low-power work, but fell into disuse with 
the advent of metal rectifiers, i.e. the copper-oxide and selenium 
types. 

The Elbcteolytio Rbotifikr 

Before passing to the detailed consideration of the two last- 
mentioned rectifiers, the electrolytic rectifier will be briefly con¬ 
sidered as its principle is similar to that of all rectifiers of the contact 
type. If two electrodes of aluminium and iron are immersed in a 
solution of sodium bicarbonate (NaHCOg) and a current passed 
so that the aluminium is the anode, the current will rapidly fall 
to a negligible figure. If the direction of the current is reversed, 
it will flow quite freely and electrolysis will take jdace in the usual 
manner. An explanation of those phenomena is the following. 
If aliiminium is made an anode in a suitable solution, on switching 
on the current there will bo a migration of OH ions towards the 
anode where they will combine with the aluminium to form a film 
of hydroxide on tlie surface. Successive ions on arriving find diffi¬ 
culty in penetrating this film and form a layer of gas in it, the film 
being porous. The function of the hydroxide film is thus largely 
mechanical; it provides a suppoit for the gas layer. It will thus 
bo seen that tlie pi'oseuce of this gas layer gives the coll its high 
resistance when the aluminium is the anode. Rectification may, 
therefore, be att/ribui.(ul to the comparative case with which tlie 
aluminium can scud its free electrons through the gas layer when 
made cathodes, the gas layer forming a somewhat effective barriei* 
to the comparatively massive^ anions (negatively charged molecules) 
when the aluminium is made cathode. 
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In the light of the foregoing theory we may say that the electro¬ 
lytic rectifier consists of an electrolyte which is poor in free electrons, 
an electrode rich in free electrons, and an insulating film which is 
formed on the electrode (anode) immediately after switching on the 
current. The metal used for the anode must be one which is easily 
oxidizable but reducible with difficulty. Thus, the action is elec¬ 
tronic, electrons flowing from the aluminium through the film to 
the electrolyte, but not vice versa. 

A reason for the limited use of eleotrol 5 rtic rectifiers is the 
fact that the anode film is easily reducible. During the reverse 
half-cycle the film tends to be destroyed, resulting in a relatively 
large reverse current and low reverse resistance. In some cases 
the author has found the rectification ratio to be no higher 
than 35 : 1. 

The theory put forward for the action of the electrolytic rectifier 
is applicable to dry-contact rectifiers. In general, these consist of 
a combination of a metal carrying an instating film and a poor 
conductor consisting of a binary metallic compoimd or mixture. 
The film is formed at the surface of the metal either by chemical or 
electrolytic action. Examples of such rectifiers are lightly oxidized 
aluminium and fused cupric sulphide; oxidized tantalum and lead 
peroxide; oxidized zinc and lead peroxide; copper and aluminium 
in contact immersed in ammonium sulphide, etc. All the foregoing 
are similar in that they consist of a good conductor, an insulating 
film, and a poor conductor. 

In dealing with now-employed metal rectifiers it is customary 
to refer to the insulating film as the barrier or blocking layer. 
Ajssuming a potential difforence is produced between the two con¬ 
ductors, the barrier layer will create a steep potential gradient 
between them. Assuming the polarity of the poor conductor is 
positive, the intense electric field at the surfaces of the conductors 
will cause auto-electronic emission from the better one in the manner 
described on page 184. The electrons therefore will be accelerated 
and acquire sufficient velocity to pass through the barrier layer and 
reach the poorer or semi-conductor. On reversing the potential a 
similar effect will occur, but its magnitude will be much smaller, 
duo to the comparative lack of free electrons in the poorer conductor. 
In order to produce the most pronounced rectifying effect it is 
evident that the differences in the work functions, and free electron 
densities of the two conductors should be as great as possible, i.e. the 
good conductor should possess a low work function and the poor 
conductor a high one. 
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The CoppEB-<oxrDB RBOimBR 

The copper-oxide rectifier dates from Grondahl’s announcement 
in 1926 that a piece of copper having one side covered with a layer 
of cuprous oxide (OugO), possesses marked asymmetrical conduc¬ 
tivity. In order to produce rectifying units either discs or strips 
of copper are employed. The copper must possess a high degree of 
purity and it is essential that finish and cleanliness are perfect. 
However, in spite of this it appears that no relationship between 
chemical purity and asymmetry has yet been found. The copper 
must possess about 0‘03 per cent of oxygen, as oxygen-free copper 
fails to form an oxide with the necessary adherence. It is found 
that non-metallic impurities such as sulphur, the halogens, and 
gases are of primary importance, while metallic impurities are of 
secondary importance only. The physical properties of the copper, 
such as hardness and grain size are of no importance and the most 
suitable way of testing copper for rectifier purposes is the construc¬ 
tion of actual rectifiers frrom it. 

The Oxidation Process 

Having obtained copper of the right degree of purity, the next 
process of great importance is its oxidation. As gaseous impurities 
are of primary importance, it is evident tliat oxidation must bo 
carried out in a pure atmosphere. The copper blanks are heated in 
air at between 900® C. and 1020° 0. for about ten minutes, during 
which time an oxide film approximately 0-1 mm. thick is formed. 
The copper is next transfeixed to a furnace at 600° C. and allowed 
to cool to this temperature. It is then removed and cooled to room 
temperature by quenching in oil or water. The purpose of botli 
cooling processes is the production of a layer of cuprous oxide of 
the required resistance. At this stage the cuproiis oxide takes the 
form of a hard crystalline layer, firmly adlioring to the coj>per, but 
covered with a thin film of cupric oxide formed during the aimealing. 
This film must be removed, and this is effected either by abrasion, 
sodium cyanide, or, more latterly, by mineral acid processes. 

To describe the oxidation process in greater detail, it may be 
said that on first heating the copper from cold up to 400° C. cuprous 
oxide alone is formed. Above this temperature cupric oxide also 
commences to form, but tends to bo confined to the surface due to 
the low porosity of the film. Duo to this, the quantity of oxygen 
reaching the cuprous oxide is insufficient to o.vidizo it comi)letoly. 
As the temperature is increased, oxidation proceeds morora])i(lIy, the 
surface film of cupric oxide continuing to exist until approximately 
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975° 0., when it is reduced to cuprous oxide. Up to a tem¬ 
perature of 1020° 0. the higher the temperature the lower the 
forward resistance of the rectifier. Above this temperature and 
below 900° C. the forward resistance tends to be excessive. 

With regard to the annealing process, the second stage of this, 
i.e. cooling from 600° C., is the most important. The quicker this 
is accomplished the lower the rectifier resistance and hence, in 
practice, water quenching is most frequently employed. 

Ths Sarbibb Laybb 

The specific resistance of pure cuprous oxide is of the order of 
10® ohms per cm.®, which is a far higher figure than that found for 
the oxide present in rectifiers. The latter is of the order of 10® ohms 
per cm.® or less.. This is because cuprous oxide formed by direct 
oxidation of copper contains oxygen in excess of that demanded 
by the chemical formula. Actually it is found that the conductivity 
of the oxide depends on the pressure of the oxygen in the surrounding 
atmosphere. !^om these facts it may be considered that the copper- 
oxide rectifier consists of a good conductor, copper, a poor or 
semi-conductor, i.e. cuprous oxide having an excess of oxygen, and 
a barrier layer consisting of pure cuprous oxide. While oxidation 
is occurring, oxygen must be passing through the oxide already 
formed to reach the copper in order that oxidation may continue. 
When oxidation is discontinued, due to a reduction in temperature, 
the oxide will contain an excess of oxygen which must be retained 
so that the oxide may be partially conducting. The pressure of 
oxygen is greatest at the outer surface of the oxide, and it is probable 
that the oxygen immediately adjacent to the copper continues to 
combine with this, forming a thin layer of pure cuprous oxide. The 
latter will then form the barrier layer. 

Rhctipieb Rbsistanob 

The total resistance of any copper-oxide rectifying unit must 
comprise the resistances of the following— 

1. The copper base. 

2. The contact between copper base and oxide. 

2. The oxide. 

4. The contact between oxide and counter-electrode. 

5. The counter-electrode. 

With reference to (5), this electrode is a soft foil washer pressed 
on to the oxide in order to obtain a low-resistance contact. l\nther 
details of this electrode will be given later. It is evident that the 
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resistances of (1), (4), and (5) may be neglected and we are thus 
left with those of (2) and (3). RefeiTing to the latter, it is found 
that the cuprous oxide obeys Ohm’s Law, but the specific resistance 
decreases from the outer surface towards the copper base. In 
pi’actice the average specific resistance is of the order of a few 
hundred ohms per cubic centimetre. The oxide resistance, of course, 
varies with its thickness, but not lmoai*ly, due to the variation in 
specific resistance referred to above. Variation in the thiclaiess of 
the oxide layer, therefore, affects the resistance of tlie rectifier, 
but principally in the forward direction, the effect on the high 
reverse resistance being negli¬ 
gible. The oxide resistance 
does not comprise the entire 
forward resistance, as the 
barrier layer forms tlie greater 
part of this. 

CUEKENT AND TeMPEEATUEE 
Eeebots 

Uopper-oxide rectifiem are 
influenced by current and 
temperature, the resistance 
falling witli an increase in 
these (luantitios. Of the two, 
the current has the most pi'onounced oflbct, as shown by Fig. 
13-1, wliich gives a forward resistanco/curTcnt curve for a typical 
unit. As the oxide layer obeys Ohm’s Law it is apparent that 
the effect of an increase in cuiTont is to I’educe the resistance 
of the barrier layer. 13us is also time for tlie reverse direction as 
Fig. 13-2 shows. 'I’he infiuonco of tomporaturo on both forward and 
reverse resistances is indicated by the volt/arnjiero characteristics 
of Fig. 13-2. It will bo noted that the resistance temperature 
coefficient is negative in both cases. Actually the temperature 
coefficient of cuprous oxide is found to negative, but, in addition 
to this, it. is evident that tlie barrier-layer coefficient is of the same 
type. 

EtjEOTRIOal Feoperties ok (k)XTEE-oxn)E Rwotieiees 

As indicated by Fig, 13 - 2 , it is evident that both forward and 
reverse resistances are dofiendent on the apjilied voltage and that in 
consequence the roctilicu* does not follow Ohm’s Law. In addition 
to the variation duo to voltage, the rectifier resistance also varies 
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with time. This latter effect can be divided into reversible changes 
known as “creep,” and irreversible changes known as “ageing.” 
Referring to Fig. 13-2, it will be noted that the forward conductivity 
of a rectifying unit is very low until the voltage reaches a value of 
about 0*26 volt. At this figure a sharp iuorease in current occurs 
with an increasing tendency in the characteristic to linearity. It 



will be seen that the reverse current rapidly increases with increasing 
reverse voltage, but does not exhibit the sliarp bond in curvature 
of the forward characteristic. In view of the rapid increase in 
reverse current it is essential in practice to limit the revoT*so voltages 
that is applied to a unit. The maximum allowable figure is betwecui 
7 and 9 volts r.m.s., i.e. 10 to 12-7 volts peak. In order to withstand 
voltages in excess of these, a number of imits must be placed in 
series. 

Obbbp 

The current flowing in the forward direction of a rectifier depends 
only on the applied voltage and the rectifier temperature. In tlu^ 
reverse direction, in addition to depending on both these quani.itios. 
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tlio current also depends on tlio time for which the voltage is applied. 
In cases where the cuiTont tends to increase with time the creep is 
termed ‘‘positive,” and where tlie reverse effect occurs the creep is 
termed “negative.” On first a])plying the voltage the rate of change 
of cuiTent is relatively high, thereafter deoi*oasing to zero with the 
current settling to a value corresponding to the particular voltage, 
temperature, and rectifier condition. 

In the case of the copper-oxide rectifier creep is generally positive. 
Creep characteristics may bo either instantaneous or otherwise, 
i.e. the current may be recorded immediately after applying a 
reverse voltage or a ])eriod may be allowed to elapse until the current 
has become stable. In the latter case the current values are, of 
course, greater for the same voltage, than in the former. After the 
voltage is removed, the reverse resistance slowly returns to its 
original instantaneous value, the rate of return being relatively high 
initially and thereafter decreasing. Providing a sufficiently long 
period is allowed before i*ea])plication of a reverse voltage, the creep 
characteristic is reproducible. If, how^evor, a voltage is reapplied 
before the initial conditions are attained the characteristic will not 
be repeated. If a stable current value has been reached and a 
smaller voltage is then reapplied, creep will be negative; if a larger 
voltage, positive crce|) will lesult. 

Ageing 

The irroversibk^ change, known as ageing, is caused by the effect 
of temperature with regard to the forward direction, and by tem¬ 
perature and rc^verse voltage with regard to tlie reverse direction. 
1^he effect of temp(u*a.ture is to increase both the forward and reverse 
I'osistaiuios. At room temi)oraturo the rate of ijicroa*so of resistance 
is very slow, but Ix^comes extremely lupid at excessivo temperatures. 
In practice, rectifier temperatures should normally not be allowed 
to exciood 55*^' C. I^’ho effect of reverse voltag<^ is to reduce the reverse 
r(wistaiu*.o and, in practice, this effect is of greater importance than 
that of tomi)orature. Hence it is desirable to om])loy as low a 
rev(U’HO voltage per rcujtifying unit as is practicable. 

The Selenium Rectifier 

In many respects selenium rectifying units are very similar to 
those of (50])])er-oxi(le, The unit consists of a metal su])port (usually 
a disc) on which is deposited a layer of selenium. Tlie disc is cither 
of aluminium or iron, generally the latter, and when iron is cm[)loyod 
it is usually nickol-j)lated and roughened to ensure good adhesion 
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of the selenium. Selenium exists in three forms laiown as vitreous, 
a, and j5. The vitreous form is practically an insulator, the a form 
has a high specific resistance, while the jS form has a somewhat lower 
resistance. It is the latter form which is employed in the production 
of rectifiers. 

In order to apply the selenium to the metal support, the vitreous 
form is reduced to a powder, which is then evenly spread over the 
support. This is then heated to a temperatm'e of, approximately, 
125° 0. while pressure is simultaneously applied. Under these 
conditions a homogeneous layer of uniform thickness is produced 
which changes to the a form on lowering the temperature to 100° 0. 
The thickness of the layer is of the same order as that of the oxide 
in the copper-oxide rectifier, i.e. 0-1 mm. The selenium is next 
converted to the p form by heating it to approximately 200° C., 
the time of heating varying somewhat with the actual temperatui'o. 
Following the above process, a counter-electrode consisting of a 
low melting-point alloy (such as lead, tin, and bismuth) is sprayed 
over the entire surface of the selenium, except for two naiTow rings 
at the centre and edge of the disc. Those rings are, of course, to 
prevent contact occuiTing between the oountoi’-oloc^trodo and the 
support. 

The theory of the selenium rectifier is very similar to that of 
copper-oxide; i.e. it depends for its action on the existence of a 
barrier layer situated between a good and a ])()or conductor. The 
latter consists of selenium of the p form which, by the addition of 
agents having a similar effect to an excess of oxygon in cuprous 
oxide, has a higher conductivity than normal. Tlius, wliercas the 
pure p form has a specific i-esistance of several thousand ohms, when 
employed in the rectifier the resistance is usually only a few lnmdr(^<l 
ohms. 

In the case of the selenium rectifier it is found that tiui direction 
of electron flow is from the selenium to the metal base, which 
indicates that the barrier layer is not situated between these two. 
Actually the bander layer is located betweon the counter oloctrodo 
and the selenium. After the production process described above 
it is found that the rectifying unit possesses very little asymmetrical 
conductivity, r In order to produce the necessary asymmetry an 
electrical foiming process must be employed. This consists of 
applying a voltage to the unit in the reverse di reaction for several 
hours. Initially the voltage must bo low in ordei* to ynwont over¬ 
heating, but as the reverse resistance increases, the voltage is 
increased until a safe maximum is reached. A proof that the barrier 
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layer is formed between the selenium and the counter-electrode is 
that if the latter is removed, and a fresh one applied, the asymmetry 
is destroyed, and the forming process must be repeated. The change 
in characteristics consequent upon forming a unit is shown by 
Fig. 13-3 for a typical case. It will be noted that both forward and 
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reverse resistances are increased, but the latter to a much greater 
extent than the former. After a unit has been formed it remains 
stable, but there is seme reduction in i-everse resistance after long 
storage. Thus, if a revomo voltage is applied to a rectifior which 
lias boon out of action for some time it will be found that, initially, 
the revoi-80 current is higher tlian normal. The reverse resistance, 
however, quickly reforms to its normal value. 

EuflOTRIOAL CrtABAOTKBtSTIOS OF KunJUNIUM RlSOTiriBBS 

The characteristics of a selenium rectifying imit corresponding 
to those* of the copper-oxide type are shown by Figs. 13-4 and 13-5. 
Referring to Fig. 13-4, it will bo noted that the rectifier does not 
obey Ohm’s Law, the resistance falling with an increase in current. 
From Fig. 13-5 it will bo noted that the volt/ampere characteristics 
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are very similar to those of copper-oxide, with a notable exception 
that the current tunrs sharply upwards at 0-6 volt instead of 0-25 
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volt as with copper-oxide. It is evident that the reverse i-osistance 
of the selenium rectifier is higher than that of the copper-oxide and, 
furthermore, less affected by tomporature. 
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The Hot-cathode Rectifier 

The thennionic gas-filled rectifier, or hot-cathode rectifier as it 
is commonly called, may be regarded as a development of the 
moi‘cury-arc rectifier. From the viewpoint of power capacity it 
stands between tlie mercury-arc and 
metal rectifiers, and was inti'oduced at 
about the same time as the latter. It 
consists of a heated oxide cathode and 
two or more nickel or graphite anodes. 
enclosed in a glass envelope with an 
argon or mercury-vapour filling. Home 
typical examples are shown by Figs. 

13-6 and 13-7. That of Fig. 13-6 is a 
B.T.H. BI)12 type with a maximum 
mean cun^ont output of 33 amp., the max¬ 
imum permissible voltage between anodes 
being 2 X 126. The gas-filling is mercury 
vapour. That shown by Fig. 13-7 is a 
Philips 367 type, the maximum mean 
current being (> am]), and the maximum 
voltage between anodes 2 x 45. The 
gas-filling is argon. The laws governing 
the bohaviour oF hot-eatliode rect»ifiers 
are substantially the same as those of 
the thermionic gas-filled diode treated 
in Chapter IX. However, due to the 
pi‘osonce of two or moi*o anodes in the 
same tube, further limitations occur. 

Cross- lORiNc^ 

When two anodes, foi‘ tho purpose 
oF full-wave rectification, are enclosed 
in the same tube, a possibility of a direct 
discharge between anodes, as well as 
back-firing, occurs. In tho case of a bi-|)liase rectifier tho maxi¬ 
mum potential dilforonco between anodes is approximately the 
same as that between anode and cathode, i.c. twice tho phase to 
neutral voltage. Hen(5e tho practice has arisen of s])eeifying the 
maximum permissible voltage between anodes as 2 X K whore K 
is customarily expressed in r.iu.s. values. Thus, for tho two valves 
referred to above, the maximum phase to neutral voltages are, 
respectively, 125 volts and 45 volts r.rn.s. If the voltage between 
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anodes is gradually increased, a figure will be reached at w'hich a 
discharge will occur. The discharge will, initially, be of the glow 
type, because normally the anodes are “cold.” The voltage at 
which striking between anodes takes place depends on the gas¬ 
filling, its density, and the spacing of the anodes. With regard to 
density and spaciog, the striking potential follows Paschon’s Law 
and, for the usual gas-filling pressures, falls with an increase of 
density and pressure. Hence, in mercury-filled tubes, the cross¬ 
firing voltage will depend on temperature in a similar manner as 
does the maximum inverse voltage. 

Prior to a glow discharge occurring between anodes, or between 
anode and cathode when an anode is negative, a small current may 



Fig. 13-7* 

be observed to flow to the “non-conducting” anode, providing a 
current is flowing to the conducting one in the normal manner. 
While the latter current exists so also does a plasma, and the anode 
which is at a negative potential will draw a positivc^-ion (jurrent 
from the plasma in the same manner as does a probes or the grid of 
a thyratron. As the negative potential of the “non-conducting” 
anode is increased a stage will be reached at which normal breakde^wn 
occurs with a glow discharge. Hence at this point the “non¬ 
conducting” anode current will tend to increase rapidly. In order 
to indicate the nature and magnitude of these |)henomotia, experi¬ 
ments were made by the author on a small argon-filled valve. The 
results of Fig. 13-8 were obtained by means of arrangoinont 
shown by Fig. 13-9. Curve (1) shows the inverse breakdown voltage 
and glow current under open-circuit conditions. It will be noted 
that the maximum inverse voltage is 160 volts. On (causing a cur¬ 
rent of lamp, to flow to the conducting anode, Curve (2) was 

♦ All dimensions are in mms. 
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obtained. It is evident that at a few volts negative a positive-ion 
saturation current occurs very similar to that of a thyratron grid or 
probe. As the voltage is increased, the current increases slowly at 



first and then much more rapidly as the normal breakdown voltage 
is approached. The absonco of a sharp increase at the breakdown 
voltage is probably because the positive-ion current which precedes 


0-5 A 



the glow discharge is considorably larger than the initial value of 
th(i latter current. On increasing the oorrductiug-anodo current to 
2 and 3 amp., Curves (3) and (4) were obtained. The increased 
values of the currents of those are, of course, duo to the increase of 
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positive ions within the plasma. It is apparent that luidor all 
conditions the ‘^non-conductmg” anode cuiTent is an increasing 
function of the anode-cathode voltage and hence the glow is ‘‘ab¬ 
normal.” This, of course, indicates the likelihood of the glow i^assing 
over to an arc with a complete failure of the valve. 


O-IOOMA 0-5 A 



The arrangement of Fig. 13-9 was ado])ted mainly to show the 
probe-like character of a non-conducting anode. Practical condi¬ 
tions are more nearly represented by Fig. 13-10 and the curves of 
Fig. 13-11 for a different, but similarly rated, valve wore obtaincul 



with the latter arrangement. It will be noh^d in both easels l.hat the 
positive-ion current is roughly ])roportional to the eondutU-ing-anodc 
current. This, of course, should bo so for, as we hav(^ alr(^a.(iy s(Hvn 
when dealing with probes, the positive-ion current is pi’oportional 
to the positivo-ion density in the ])lasma. The cui'vc^s show that 
beyond a certain anode voltage the anode-to-anode enn rent rapidly 
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increases, and also that this current tends to be proportional to 
the load current. Hence cross-firing is more likely to occur at heavy 
loads than otherwise. It is evident that a cross or back-fire is least 
likely under no-load conditions. 

In order to indicate the conditions just prior to a back-fire in the 
valve of Fig. 13-10, the anode-to-anode voltage was considerably 
increased and the results shown by Fig. 13-12 obtained. It was 
found that the tendency to back-fire became distinct at about 



50 mA, the possibility of the current rising to a dangerous value 
beyond this figure being quite evident. The moan anode current 
of this valve being 3 amp., it appears desirable from Fig. 13-12 
to limit the maximum voltage between anodes to that at which the 
rate of increase of glow current becomes pronounced, i.o. 2 x 76 
volts i)oak or 2 X 50 volts r.m.s. ai;)])roximately. Apart from the 
danger of a back-fire, a glow discharge leads to losses the magnitude 
of which may be of a serious nature. This is sufficiently evident 
from Fig. 13-12. 

HU^h-vacuum Rectifying Valves 

High-vacmim valves aro employed for rectifying purposes wheii- 
ovor large invorso voltages must be withstoo<l and whore the rovemo 
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current must be negligible. Thus such valves are largely employed 
in producing the d.c. supply for X-ray tubes and for liigh-tension 
cable testing. In small sizes vacuum valves are frequently employed 
for the d.c. supply in wireless receivers. In such cases a fuU-w'ave 
valve is customary, i.e. two anodes are enclosed in tlie same envelope. 



ALL DIMENSIONS ARE IN m/m 
AND ARE MAX EXCEPT WHERE 
OTHERWISE STATED 
NET WEIGHT 2^4LB5 

Fia. 13-13 

By courtesy of the Ltd. 

With, this arrangement, however, difiBculties exist in causing each 
anode to collect efficiently the electrons from a common cathode. 
Hence each anode is usually provided with its own cathode, the 
cathodes being connected either in parallel or series. 

For high-voltage work diodes of the typo described in Chapter 
Vm are employed. This is principally because of the difficulty of 
bringing out two anode leads in a manner to avoid flash-over. 

Some dimensional details of a EHT3A valve are shown by Fig. 
13-13, this valve being capable of withstanding a maximum inverse 
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TABLE 13-1 

C JIARAOTE RISTICS 


13*0 max. 

9*0 amp. 

150 kV 
200-250 mA 
83 mA 
166 mA 

750 olxms approx. 


Cap: Edison Screw for Filament. 
Anode Cap. 


Filament voltage ........ 

Filament current ........ 

Max. reverse peak voltage ...... 

Peak (for max.) rectified current (total emission) 

Max. mean rectifier current for single-valve circuit 

Max. mean rectifier current in Gratz full-wave circuit (4 valves) 

Impedance ......... 



Fia. 13-15 

By coiirtmii of t/m G.E.G., Ltd. 


voltage of 150,000 volts. Table 13-1 gives some characteristics of 
the valve and Fig. 13-14 typical circuits in which it may be em¬ 
ployed. Emission current curves are shown by Fig. 13-16. 

The Meicmy-arc Rectifier 

The mercury-arc rectifier principally differs from the hot-cathode 
mercury-vapour type in that the cathode takes the form of a pool 
of mercury from which electrons are liberated by one of the methods 
previously described in Chapter II. Constructionally, three forms 
of mercury-arc rectifiers may be distinguished: the glass-bxilb type, 
shown by Figs. 13-16 and 13-17; the steel-tank variety, illustrated 
by Fig. 13-18; and an intermediate form, known as the steel-bulb 
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type, shown by Fig. 13-19. The first and last are sealed off and 
have a maximum current capacity of about 500 amp., with a limiting 


power capacity of 250 kW. 
The steel-tank rectifier is 
housed in a vacuum chamber 
of steel, is demountable, con¬ 
tinuously evacuated, and 
water-cooled. In this form rec- 
tifiei's have been constructed 
for as much as 16,000 amp. 
at relatively low voltages, 
2500 kW at 3300 volts, and 
voltages as high as 20 kV at 
600 kW. With regard to an 
upper voltage limit, voltages 
as high as 30 kV may bo 
obtained, but only by derating 
the current output as shown 



by Fig. 13-20. The reason for Kk.. 

this will appear later. Unlike 

the hot-oathodo rectifier, tlio mercury arc has no filament losses 
or deterioration, and the capacity tor overload is not limited by 


A A tXCITATION ANODES 
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cathode conditions. Against this must bo sot the necessity of 
mechanism for striking and maintaining the arc, as indicated by 
Fig. 13-21. 

The Glass-bulb Reotebteb 

A typical glass-bulb mercury-arc rectifier with the necessary 
mechanism for striking and maintaining the arc is shown by Fig. 
13-21. The arc is struck by the movable-ignition electrode, which 
is drawn by the electromagnet into the cathode pool and then 
released while current is flowing. This strikes an arc which, on 
opening of the ignition circuit by the igmtion relay, is transferred 

to the excitation anodes. This 
holding-arc, as it is sometimes 
termed, is essential, for, in its 
absence, should the main load 
and arc be reduced below a 
certain value, extinction occurs 
necessitating restriking of the 
p. arc. The function of the chokes 
is to produce overlapping 
of the individual excitation 
anode currents, so that at no 
moment is the excitation 
current zero. 

An alternative but similar 
Eiq . 13-22 method of ignition and excita¬ 

tion to that described above 
is indicated by Fig. 13-22. Here it will be noted that ballast 
resistances jBjB replace the chokes of Fig. 13-21 and that the 
ignition electrode initially rests in the cathode pool. On closing 
the supply switch the electromagnet withdraws the ignition 
electrode from the pool, thereby striking an arc which permits 
the establishment of the excitation arc. The rectified cuiTont 
due to the latter then flows through the ignition relay, which 
in consequence opens and interrupts the ignition circuit. The 
necessary overlap of the excitation currents is effected by the 
self-inductance of the relay winding.* Compared with that of 
Fig. 13-21, an advantage of Fig. 13-22 appears to be a somewhat 
simpler relay. 

During operation of the rectifier, the body of the bulb is filled 
with ionized mercxiry vapour, emitted at high velocity from the 
cathode pool, from which it proceeds to the condensing surfaces. 

* In some motor applications the choke is replaced by the motor shunt field. 
»Seo “A Variable-Speed Power Drive,” The Engineer, Nov. Sth, 1940, p. 423. 
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The evaporating mercnry has a velocity of the order of 20 kilometres 
per second, and to avoid this vapour blast the anodes are j>laoed in 
glass ai’ms as shown. From where the vapoui* is emitted is known 
as the “cathode spot,” this being initially formed in striking the 
arc. Evaporation of the cathode is a natural accompaniment of 
arc conduction and it follows that for continuous operation the only 
practicaWe cathode is one which is a liquid at normal temperature. 
In this manner the cathode is self-restoring as the metal vapour 
condenses on the sides of the containing chamber. 

The cathode spot emits a brilliant hght and acts as a copious 
source of free electrons. On the thermionic theory these are produced 
by reason of the spot temperature, the latter being maintained by 
positive mercury ion bombardment. The high-velocity vapour 
blast deflects these ions, which are, in consequence, ever seeking 
fresh points of contact on the cathode. The result is that the 
spot travels over the mercury pool in a highly erratic manner. 

The current' density of the spot is about 4000 amp. per cm.® 
and its temperature has been variously estimated at from 600° 0. 
to 3000° 0. Determination of the spot temperature by direct-contact 
motliods gives results of the order of the lower figure quoted, while 
pyroniotric measurement indicates the temperature to be equivalent 
to that of a black body at 2400 K. The worldng temperature of the 
oathodo lies between 120° C. and 200° C. 

In some e.xporiinonts carried out by Teago and Gill* the cathode 
spot was confined to a small aim and a platinum-iridium couple 
arranged to bo in the hottest region. With a current of 4 amp., 
the recorded tein])erature was 370" 0., while a current of 15 amp. 
produced a temperature of 750° 0. 

The Aro Voltaois Drop 

Unlike the hot-cathodo rectifier, tho cathode drop in the mercury 
arc is not lower than about 10 volts. This is duo to the positive 
ions having either to fall through a sufficient potential to liberate 
electrons from tho cathode, or to produce a sufficient gradient to 
extract them by field omission. Such processes are, of course, 
uimecossary when a separately heated cathode is employed. Tho 
total anode-cathode drop consists of three parts, that already 
mentioned, tho drop in the aro, and the drop at the anode. The 
latter may vaiy from 2 to S volts, while variations in the aro drop 
are from 8 to 15 volts. The cathode drop remains approximately 
constant, tho arc and anode drops varying with the loading, vapour 

* Mcrcuri/ Area (Mothiion), p. 6. 
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pressure, and design of the rectifier. Fig. 13-23 for the rectifier 
of Fig. 13-24 shows the anode-cathode voltage drop for various 
current loadings. It will be noted that the arc strikes at about 30 
volts, the drop then rapidly decreasiag with increasing current 
until an approximately constant figure of about 19 volts is reached. 
Although for practical and design purposes the anode-cathode drop 
may be regarded as constant, it is evident that it possesses a mini¬ 
mum, rising beyond a certain current value. The initial fall of 
Fig. 13-23 is due to the increasing conductivity of the arc with 



increasing current. The rise in voltage, as the current is increased 
beyond the value at the minimum, is due to the increasing current 
density in the arc, the latter being unable to expand because of the 
constricting effect of the anode arms or shields. As stated in Chap¬ 
ter II, the voltage drop in a gaseous discharge is a function of the gas 
density and hence the mercury-arc drop depends on the vapour 
density and thus on the vapour temperature. Immediately on 
switching on a mercury-arc rectifier from cold, it is foimd that the 
output voltage tends to increase duriug the first few minutes of 
operation. This is due to the rise in temperature aird meromy- 
vapour pressure, the relation between these quantities being shown 
by Table 13-2. 

In the cold state the vapour density is such that the rate of ion 
formation is lower than at high temperature, with the result that 
the conductivity of the arc tends to be low with a relatively high 
drop for a given current. As the vapour density increases, so also 
does ionization, resulting in a reduced arc drop. Fig. 13-26 shows 
the rise in output voltage of the rectifier df Fig. 13-24 from the 
moment of starting from room temperature at full load. 
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TABLE 13-2 


TEBlPJaRATUBLJ ® C. 


SaTCJBATKD Vil>OUR PjJIflSSUJltJ 
nun. of Hg 


0 

0*00016 

5 

0*00026 

10 . 

0*00043 


/ 16 

0*00069\ 


20 

0*00109 \ 


25 

0*00168 

Normal 

30 

0*00267 1 

Working of . 
Mercnry arc \ 
Boctiflor 

35 

40 

0*00387 ) 
0*00674 1 


60 

0*0122 1 


60 

0*0246 1 


V 80 

0*0886 / 

100 

0*276 


The anodes of the merctiry-arc rectifier are formed of either 
graphite or iron, usually the former for the glass-bulb tyj)© and the 
latter for the steel-tank rectifier. The purpose of the emplo 3 Tnont 



of these materials is that neither are wetted by mercury and both 
have poor electron-emitting properties. As previously shown, the 
anodes are housed in bent-glass arms in the glass-bulb rectifier and, 
to increase their heat-radiating properties, the anodes are usually 
fluted. Besides protecting the anodes iBrom the vapour blast, the 
glass arms are also effective in preventing cross- and back-firing. 

Surmounting the pool and arms of the glass-bulb rectifier is 
the condensation chamber shown by Pig. 13-17. The function of 
this is, of course, to assist in condensing the mercuiy vapour and, 
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by virtue of its heat-radiating area, maiatain the rectifier unit at 
the required temperature. 

Tech SiaBL-TAiirK EBormiaR 

On the assumption tliat the anode-cathode voltage drop is 
constant, it follows that tho arc losses are proportional to the d.c. 
output cmTont. Thus, for a given temperature rise the radiating 



surface of a merciu'y-aro rectifier must bo proportional to tho 
current output. It is, of course, this fact which limits the size of 
tho glass-bulb rectifier and for currents in excess of about 600 amp. 
the water-coolod stool-tank rectifier is employed. 

A typical rectifier of tho latter typo is shown by Mg. 13-20, 
It will be noted that tho largo condensing dome, prominent in the 
glass-bulb typo, is absent as, of course, cooling is effected by watoi' 
circulation. The anodos are attached to tho top plate and are shielded 
by means of metal or insulated shields or “sleeves.” Tho mercury 




430 


BLECTROinOS 


pool is insulated from the tank, for otherwise the arc may transfer 
to this, destroying the steel wliere the cathode spot forms. The 
cathode spot is confined to the central part of the mercury pool 
by means of a quartz cylinder, and it will be noted that the bottom 
casting of the rectifier overhangs the pool in order that the condensed 
mercury in returning does not short-circuit the cathode insulation Y . 

Cooling 

Cooling of the rectifier is effected by water first passing in at A 
and then round the mercury pool. It leaves at B by means of a 
rubber pipe, and re-enters the bottom casting at (7. A rubber or 
other insulating pipe is, of course, essential to avoid short-circuiting 
the cathode insulation. The water now leaves the bottom casting 
at D and enters the top casting radially at E by means of a metal 
pipe, finally leaving at F. 

In view of the fact that the temperature of the rectifier is chiefly 
limited by water circulation it is unnecessary to make the arc 

chamber any larger than is neces¬ 
sary to accommodate the anodes 
within it. Thus a 600-volt 1500- 
kW rectifier has a container about 
6 ft. in diameter and (> ft. high. 

Vacuum Technique 

A highly important feature of 
tlio stool-tank rectifier is, of course, 
the moans whereby the vacuum 
is effected and preserved. ''Fhe 
anode scaling is very important 
because the anode stems must be 
insulated wliere they pass through 
the anode plate. At this point 
both the potential difforonco and 
the tomporaturo are a maximum. 

Thk VtTUEOUs Seal 

A ty])ical anode assembly and 
seal of the vitreous typo is shown 
by Pig. 13-27. The anode body 
consists of two stool castings so[)arated by an insulator /. I'lie 
insulator is formed by a number of thin inild-steol cones which are 
separately enamelled with a special glass liaving the same coofticient 
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of expansion as mild steel. After assembly the cones are fused 
together and to a and 6 in an electrically heated oven, the result 
being a gas-tight joint of high dielectric strength. To the top 
casting is welded the anode stem c, which carries the renowable 
liead h. Surrounding the anode stem is an insulating sleeve .v, 
which serves to concentrate the discharge on to the anode liead. 
To the top of the anode is attached the radiator r. 

This form of anode assembly is fitted to the anode plate by moans 
of a tongue and groove joint as shown. The joint is rendered gas- 
tight by means of a lead gasket. 

The Mercury Heal 

The an‘angoniont of a mercury anode seal is shown by Pig. 
13-28. The porcelain anode insulator is located by spring xiressure 




on an asbestos ring a in a cnrcular recess in the anode plate. Il'his 
recess is sealed off from the atmosphere by a layer of mer(iury 
whicih is sealed at ii.s iipiier end by the rubber seal r held by the 
gland f/. The nuu’cury is poured into the gauge-glass fi'om which the 
])ermanency oi* otherwise of the sealing may l)e obscu'vod. This 
seal has the property of being able to take up dillerential exx)aasions 
and contractions with a minimum of stressing. 

The Rurber Seal 

The rubber seal is shown by Pig. 13-29. It consists ot a wide 
ring of nibbei* reinforced on the vacuum side by a thin Ilexiblo 
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iron ring. TTie purpose of the latter is to prevent gas from the rubber 
entering the arc chamber and also to prevent mercury vapour from 
contaminating the rubber. It will be noted that the rubber rings 
are located in recesses in the anode plate and top of the anode stem, 
the latter passing through a large porcelam insulator J. 

VaOTJUM MAINTElSrAIfrOE 

No matter how good the anode seals may be, or how small air 
leakage is, the vacuum of the steel-tank rectifier cannot be con¬ 
tinuously maintained at the necessarily high figure essential to 
satisfactory operation without permanently attached pumping 
equipment. Apart from leakage, this is due to the release of occluded 
gases from the walls of the container during operation of the rectifier. 
The pumping system consists of an oil or mercury-vapour diffusion 
pump backed by a rotary-vane pump operating under oil. The 
latter produces the preliminary vacuum, while the vapour pump 
produces the high vacuum necessary for satisfactory working.* 


Ignition and Excitation of Steel-tank Rectifiers 


In the steel-tank rectifier ignition and excitation may be effected 
by a single-phase system similar to those employed with the glass- 
bulb rectifier and shown by Kgs. 13-21 and 13-22. For several 



AUXILIARY 

RECTIFIER 


reasons, however, such as the elimination of the (excitation anodes 
and to obtain greater stability under adverse conditions, a direct- 
current system of excitation is often em])loycd. A tyjncal system 
is shown by Fig. 13-30, in which it will be noted that a separate 
rectifies is e mployed. This is usually of the co])])or-oxide or sc^lenium 

* “Aircraft Instrument Pumps,” F. (L Bproadbury, Aircraft Production, Aut;. 
1941, p. 296. 

“The Theory of the Morcury-Vapour Vacuum Pump,” P. Alexander, J. NcL 
Inat., Jan, 1946, p. 11. 
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types, preferably three or six phase. It will be further noted that 
there is only one auxiliary anode, this seirv-ing both for ignition and 
excitation purposes. On closing the supply switch, current from the 
auxiliary rectifier passes through the resistance B and ignition 
solenoid. The action of the solenoid causes the ignition electrode 
to dip into the mercury pool, thereby short-circuiting the solenoid. 
This releases the ignition electrode, whereupon an arc strikes which 
is maintained by current from the auxiliary rectifier. The volt drop 
across the solenoid is now equahto that across the arc, and this is 
less than that before the arc was struck and insufficient to cause a 
further descent of the ignition rod. In the event of a failure of the 
supply and its subsequent restoration, automatic re-striking wiU, 
of course, occur. 

It will be observed that a farther advantage of the system of 
Pig. 13-30 is the elimination of the relay of Fig. 13-21. 

The Ignitron 

The ignitron is a form of mercury-arc rectifier in which the arc 
is struck in a different manner from that previously described. 
Striking is effected by a rod of semi-conducting material {perman¬ 
ently immersed in the morcuiy pool) through which a current is 
passed into the mercury. The material is boron or silicon carbide, 
and the current noedo(l is several amperes undei* the influence of 
100 volts or so. Ignition occurs within a few microseconds of the 
current passing. I'lie theory of the ignitor, as the rod is termed, 
seems somewhat luicertain, but Slopian and Ludwig have considered 
it as the case of a homogeneous somi-coiuhicting rod dipped into a 
good conductor. ’'Phey bav(^ shown “that with these conditions 
potoirtial gradiout.s of the order of volts per cm. might be made 
to exist at the surface of a morcuiry pool if a suitable current were 
forced through the igniter rod into the mercury. In these circum¬ 
stances a movement of th(^ nu^rcury may occur, (jausing a breakage 
of tlio circuit between sonu^ of the particles of the rod and the mer¬ 
cury. It has been furtlior suggost/od that circuit breakage occurs 
due to heating at the contact of igniter and mercury, tlius causing 
a motion of the latter. Exporinients with starting currents show 
that the magnitudes ol’ the cmrrent doi)ends on the surface condition 
of the igniter rod and wlwdher it is wotted by the mercury. If the 
latter offec^t oe(uii*s, the starthig current is relatively high, as it is 
wlien the rod has a i)olished surface rather than a dull matt one. 
This indicates that it is dc^sirable to have a poor contact botwieen 
rod and mercury, which huids to the idea that the igniter should 
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consist of many fine particles, which make contact with the mercury 
through their edges and points only. 

It has been assumed by Cage* that ignition is due to the current 
flowing into the mercury through a narrow band of pailiioles at a 
depth I beneath the surface of the mercury. Considering Eig. 13-31 
for a given current in one particle in the band I, the current through 
tliis band is 

ad 

whore a is a constant and d is the diameter of the ignitor rod. The 
current which descends below the band and thus enters the morcury 
beneath is 

/a = bd^ 

where b is another constant. Thus the total current is 




JT = -j- ^2 ~ bd^ 

Hence the ignition current should be a quadratic function of the 
igniter-rod diameter, and experiment shows that this is the case. 

It is evident that if at the moment at 
which ignition occurs the anode is at an 
adequate positive potential, an arc will 
occur and the ignitron will conduct. Tlio 

^ -anode-cathode potential will then, of course, 

adjust itself to the customary value for mor- 
cury-arc rectifiers, i.e. about 15 to 20 volts. 

Fig. 13-31 order that conduction may continue it is 

apparent that facilities must be i)rovi(le(l for 
initiating the arc at each anode at the appropriate moment. Igni- 
trons are made with single anodes only, so that each constitutes a 
half-wave rectifier. Eor six-phase rectification six, then, arc em¬ 
ployed with all the mercury pools connected. If the pools are left 
unconnected, tlie fact that an ignitron fundamentally consists of 
half-wave rectifiers makes possible the use of the circuit of Eig. 
14-10, if desired. It further follows that cross-firing is eliminated 
and that a holding-arc is uimeoossary. It is claimed that the absence 
of the latter very much reduces the liability to back-fii‘c. 


Rectifier Losses 

In the case of mercuiy-arc and hot-cathode recti(iei‘s tlic^ valve- 
volt drop is, approximately, independent of the current and (iou- 

'‘Theory of tho Jrmnorsion Mercury-tirc Ignitor,” fl. M. C-»igo, (LR.CI. IfcHcw, 
Vol. 3S, p. 464. 
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stant. Honco the rootifior losses are equal to the voltage drop 
multiplied by the mean value of the output eurrent. For vacuum- 
type reotifiers the voltage drop across the valve is related to the 
anode cuiTent by 

i = 

and e = 


Hence the instantaneous power loss is 
ei = 


and the total loss 



%(idt = Y 
Jo • 




(13-3) 


whore t is the time for which each anode is conducting per cycle. 
Of course, to integrate (13-3), i must bo expressed as a function of L 


Mbtal-iiecttfieb Losses 

Referring to Figs. 13-2 and 13-5 it is evident that the theoretical 
determination of metal-rectifier losses is a matter of some difficulty. 
Not only is the voltage a function of the cuiTont, but there exist the 
complicating factors of temperature and creep. However, ignoring 
for the moment the two latter, wo may, as an approximation, take 
the voltago/curront relation in the forward direction to bo 

e == ahi . . . (13-4) 

where a and b are constants. As i and c are the instanti ' .")us values 
of the current and voltage, the instantaneous power loss is 

ei = ai In^ 


Assuming the cui‘rent wave to bo sinusoidal, then 
w ^ sin 0 I - ft/.;,*“ sin**^ 0 

where iv is the instantanooxis loss and the maximum value of the 
oui*rent. llie mean loss over a cycle is 

m I- 2 

^ 1 («/«i sin 0 4- Hin^ 0)d0 


277- 


t/wi — 2 
2wi ’ 


wIku’O rn is th(‘. number of rectifier phases. Now the integral of 
th(^ iirsi term is a times ilie d.e. output current (see 13-S), while 
the integral of the second term is mft times tlie scpiare of the r.m.s. 
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value of the current per phase.* As the latter is approximately 
IfVm the forward losses may be written 

W = al + bP 

For copper-oxide, a = 0-26w and for selenium, 0-5n, where n is 
the number of rectifying elements in series per phase. These values 
as indicated by Figs. 13-2 and 13-6, are of course subject to variation 
with temperature. The value of b is obtained from the slopes of 
the curves of Figs. 13-2 and 13-6. If 8 is the slope of the curve 
in volts per ampere, then b = nSfA, where A is the total area in 
square centimetres of all reotifjdng elements ia parallel per phase. 
Thus 

W = n ^0-26/ -t- ^ copper-oxide 

W = n ^0-6/ + ^ selenium 

it being remembered that the coefficients of both 1 and P are 
lowered by an increase in temperatxire. 

The above formulae have been developed on the assumption 
that the r.m.s. value of the phase current is IjVm. However, as 
stated on page 443, this is only justifiable if m > 3 and, for the 
oases where m = 1 or 2, / must be replaced by Vmin, where I, 
is the r.m.s. current per secondary phase. Table 13-3 gives a com- 


TABLE 13 3 
20” C. 



/(!.«. 


Fob. 

WviiL 

M5 

0-5 

19-5 

10-0 

9-5 

2-4 

1-0 

23*0 

27-5 

23-5 

3-66 

1-5 

26-2 

46-0 

41-0 

4*8 

2-0 

30*0 

7()-() 

64*5 

0-0 

2-6 

330 

99*5 

91-5 

7-2 

3-0 

360 

125 

123 

8*15 

3-4 

39-0 

155 

151 

6-5 

4-0 

C4-0 

215 

188 

7*3 

4-5 

66-5 

250 

230 

8-1 

5-0 

66*0 

295 

275 


parison between watts obtained by observation and caloulaiion 
for a single-phase selenium rectifier (m = 1) composed of 30 units 

♦ See p. 442. 
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in series, each lOOcni.^ in area. The ambient temi)erature of the 
test was 20"’ C., being 10 volts per amp. per cm.^ 

It will be noted from Eigs. 13-2 and 13-5 that the reverse 
volt/ampere characteristics differ somewhat from those of the 
forward direction. In the case of copper oxide the volt/ami)oro 
relationship is approximately given by 

i = ae? 


and tlie instantaneous power loss is thus 

ei = ac® 


= sin® 0 

where the maximum value of the reverse voltage. The mean 
loss over a cycle - 1 ) 01 * sq. cm. of disc per phase is 




sin® OdO 




nir 


(3 sin 0 -■= I sin 30yZ0 


4A/2rt. 

.. I 3 ^atts 
Stt 


With selenium the reverse current increases more rapidly than 
the second ])o\ver of* the reverse voltage. Ai)])roximatoly, we have 

i 

and the mean loss i)er cycle is 


27r 


f^rr 

siiv^ OdO 


Jo 


3rf, 

4 

where Ui ■■ approxi* 

mately, wluui i is (expressed in 
ami)s. per cm®. 

In order to obtain details 
of rcwersi^ losses liki^ly to Ix^ 
experiemoed iji practice, the 
circuit of Kig. 13 32 was sc^tup. 
Kach rcci.ifi(U' c.onsisttMl of 
liftiHui schun'uin nnit.s in s(u*u^s, 
<^ach 100 cm.® in a-rca. 


['** waits 
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After referring the losses to unit area, these were plotted agai 
maximum reverse e.m.f. per unit (r.m.s. values) and are shown 
Fig. 13-33. It will be noted that below about 12 volts the revc 
loss is practically independent of temperature and that between i 
figure and the normal maximum reverse voltage, 15 to 18 vo 
the variation with temperature is small. From Table 13-4 i1 
evident that the reverse loss is a minimum at between 40° 0. 4 
60° C. The data from which the curves of Fig. 13-33 were c*. 
structed are given in Table 13-4. Although the reverse resista 
is non-linear, it is evident that tlie watts lost are approxiniat 
equal to the product of the reverse volts and amperes. For 


TABLE 13-4 


20° C. 


,.M.S. Volts 
PER Disc 

R.M.S. Ami*. 

PER Cm.® 

Watts per 

Cm.® 

Volts x Ami 
2 

PER 0M.“ 

8 

0-065 X 10-® 

0 2Br> X 10-» 

0-20 X 

10 ' 

10 

0-11 „ „ 

0*0 » „ 

o-m 


12 

0-19 „ „ 

107 „ „ 

M4 „ 


14 

0-27 „ „ 

2-0 

1-9 


10 

0-37 ,, „ 

3-33 .. 

2-90 „ 


18 

0-52 „ 

5-0 , 

4-7 „ 


20 

0-75 .. 

8-35 „ 

7-5 „ 


22 

M5 „ „ 

12-0 „ 

12-7 „ 


24 

2-2 

23-3 „ 

26-5 „ 

- 

_ _ 


-- . 




40” C. 




Watts pfjr 

Volts'X Am 

R.M.S. Voi/Es 

R.M.S. Amp. 

. kV ’ 

j*e:r Disc 

j*MR CJm.® 

Cm.® 

PER (^M,® 

8 

0-0«5 X I0-» 

()-26r> X 10-® 

0-2« X 10 

10 

0-11 „ „ 

0-6 „ „ 

0-55 „ 

12 

0-175 „ „ 

1-0 ,, „ 

i-or> „ 

14 

0-245 „ 

1-73 „ 

1-72 „ 

10 

0-34 „ .. 

2-83 

2-72 „ 

18 

0-46 „ 

4-33 

4-12 

20 

0-65 „ 

0-85 

6-5 „ 

22 

1-0 ,, ,, 

10-7 „ 

ll-O „ „ 

24 

1-75 „ 

18-0 

21-0 „ 
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60“ C. 


R.M.S. Volts 
PJOB Diso 

R.M.S. Amp. 

PER Cm.® 

■ Watts per 

Cm.® 

Volts x Amp. 

2 

PER Cm.® 

8 

0-066 X 10-3 

0-266 X 10-s 

0-26 X 10-» 

10 

0-118 

0-6 „ „ 

0-69 „ „ 

12 

0-18 „ „ 

1-07 „ „ 

1*08 „ 

14 

0-266 „ „ 

1-73 „ „ 

1-78 „ 

16 

0*34 

2-83 „ 

2*71 „ 

18 

0-486 „ „ 

4-67 

4*36 „ „ 

20 

0-66 „ „ 

7*0 „ „ 

3*3 »» »» 

22 

0*1 „ „ 

11*0 „ 

11*0 „ „ 

24 

0-16 „ „ 

17-4 „ » 

19*2 „ „ 


80“ 0. 


R.M.S. Volts 

R.M.S. Amp. 

Watts pee 

Volts x Amp. 

I»KR DlSO 

PER Cm.® 

Cm,® 

2 

PER Cm.® 

8 

0-00 X 10-3 

0-33 X 10-3 

0-36 X 10-3 

10 

0-14 „ „ 

0*66 „ „ 

0*7 „ 

12 

0-21 „ 

1*26 „ „ 

1*26 „ 

14 

0-295 „ 

2-00 „ „ 

2-06 „ „ 

16 

0-4 ,, „ 

3*33 „ „ 

3-2 „ 

18 

0-66 ,, „ 

6-06 „ 

4-96 „ „ 

20 

0-78 „ .. 

8-0 „ „ 

7-8 „ 

22 

116 „ „ 

12-4 „ „ 

12-6 „ „ 

24 

2-0 „ „ 

22-4 „ 

24-0 „ „ 

_ 


_ 

_ _ 


case shown it was necessary to divide this product by 2 as two 
groups of discs were employed. 

In order to determine the reverse losses for a given rectifier 
the maximum reverse voltage (r.m.s.) per unit, or disc, must first 
be determined. With, a knowledge of the working temperature the 
watts per square centimetre are then found from Table 13-4. Multi¬ 
plying this figure by the total area of all the discs then gives the 

i 5 --(T.a 89 ) 
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total TOverse loss. As an esample we shall consider the rectifier of 
Fig. 13-34. 

T}n> rectifier, designed by the author, has an output of 26 volts 
160 amps, at an. input of 416 volts 3 phase. The circuit is a sis-phase 
bridge, as described on page 468, connected star-star. The rectifier 
element consists of six units, each unit, comprising two groupn of 



Fia. 13-.?3 

twelve 112 mm, diameter discs in series-parallel, i.e. eadi group 
contains twelve discs in parallel, the two groups being in series to 
withstand the reverse voltage, the maximum r.m.s. value of this 
being 28 volts. The forward volt drop being 6 volts at full load, 
the forward loss is 900 watts. From Table 13-4 the watts lost per 
sq. cm. at 60° C. are 1'73 X 10“®. The total area of tho discs being 
14,400 sq. oms., the total reverse loss is 

14,400 X 1*73 X 10-® = 26 watts 

which is clearly negligible compared with tho rectifier forward 
full-load losses. 
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Rectifier Voltage and Guireat R^tionsliips 

It is evident from foregoing details of the rectification process 
that a rectifier virtually constitutes a s'witching or commutating 
device, roaiTanging the voltage of the a.c. supply in such a manner 



Pia. 13-34 


that unidirectional impulses result. As current only floivs in that 
j)haso the potential of which is higher than the remainder, then, 
from Kg. 13-3.5, it is evident that conduction commences and 
finishes at the intersections of the phase voltages. The resulting 
d.c. voltage being directly derived from the various a.c. phase 
voltages, we may readily formulate the relationship between them 
in tlie following manner. If F, is the r.m.s. value of the transformer 
K(U!OtMlary phase to neutral voltage, then 

e = \/2F, sin fl . 


(13-61 
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where e is the value of the instajitaneous e-m-f. The d.c. voltage, 
Eq, is the mean value of (13-6), and thus 

__T--- + 

I r 2971 

U—zn/m—iJ = V2Vs X ^ sin ddO 

■ _1--1-5-- Jw-2 



U - zn/in — .j 

L_J _L_L_ 



/ 1 \ _ 

! 1 ' 



= V2V, • - sin - . (13-6) 

^ IT m ' 


Fig. 13-36 where m is the number of phases. 

Hence the requisite phase to neutral voltage for a given d.c. 
voltage, is _ ,, 07 V 

V 2m sm Trjm 

If overlap be ignored, then, from Kg. 13-36, it is evident that the 
current persists in each phase for 2nfm of a cycle only. Thus, the 
mean current per phase is m + g 

1 I* 2 m 

I» = X TT- sin ede 


(13-7) 


•f 0 — Im X 


=-Sin — 

IT m 


(13-8) 


where is the maximum value of the phase current. The total 
value of the d.o. current is m/a = I. The r.m.s. value of the secon¬ 
dary phase current is / m + 2 ^ 


I I ( "tt , 1 

V ^TT \m 2 m 

^ ® sin Trim 

I 1 ( TT 1 . 27r' 

_ V 2-77 2 m ^ 


sin Trfm 

77 , 1 . 277 

-h sm — 

m 2 m 


7 n sin 77/m 
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It will be found that for values of m > 3, (13-9) may be approxi¬ 
mately represented by 

= I/Vm .(13-10) 

Utility Factor 

The utility factor of a rectifier may be defined as the ratio of 
the volt-amperes obtained firom the rectifier on the output side to 
the volt-amperes supplied on the input side. Thus, the utility factor 
may be taken as a measure of the degree to which the rectifier is 
capable of utilizing the energy supplied to it. If u.f. represents the 
utility factor, then 


u.f.= 


_ 

mVJ, 
VZm 


^ 1 

V.-Is 


m 


IT 


. If 

sm — 
m 


. 'TT 

m sm -- 
m 


! I f ^ , i \ 27r\ 

W 277 Vm 2 m ] 


Vim 


sm^ 


m 


V 271 


/ TT , 1 . . 27T\ 

o 1-r sm — 

277 \m 2 m J 


(13-11) 


If tho approximate value of the d.c. current is taken, i.e. Zg = IjV m, 
(13-11) becomes 

V2m 


TT 

Sin — 
m 


The relation between u.f. and m is shown by Fig. 13-36. From it 
will be noted that the utility factor is a maximum for m = 2*7. 
In practice, of course, only integral values of m can be taken and 
hence the rectifier with the largest utility factor is that which has 
m = 3. 

The value given by (13-11) is sometimes referred to as the 
secondary utility factor, as tho rectifier transformer primary winding 
has not been taken into consideration. In oases wlioi*e the currents 
flowing in the primary are similar to those in tho secondary (Figs. 
14-3 and 14-6, for example) the utility factor based on a con¬ 
sideration of the T*ating of the primary circuit is tlu^ same as that 
based on a consideration of the secondary. However, as will appear 
later, certain rootifi(u* transformer airangements arc such that the 
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volt-ampere rating of the primary is lower than that of the secondary, 
with the result that the utility factor of the rectifier, referred to the 
primary, is higher than that given by (13-11). 

The voltage relations developed on page 442 are, of course, for 
no-load conditions only, and are based on a sinusoidal waveform 
for the transformer secondary output voltage. Under load various 
volt drops must be considered, one of which is associated with a 
distortion of the transformer secondary voltage wave. A factor of 



considerable importance under load conditions is the transformer 
leakage iaduotanoe. Neglect of this quantity involves tho assumption 
that the arc commutates from one anode to the next instantaneously. 
An instantaneous change of current of this character in an inductive^ 
circuit is obviously impossible. Hence, in practice, the anode current 
gradually decreases towards the end of the conducting period and, 
sin^arly, gradually increases when conduction commences. In 
many cases a smoothing choke is included in the cathode lead and 
a result of this is to maintain the d.c. output current free from ripple. 
Thus, while the current of one anode is decreasing, the current of 
another is increasing, the sum of the two remaining constant and 
equal to the load current. The co-existence of those two currents 
is termed overlap, and the number of electrical dc^groes over which 
the phenomenon persists the angle of overlap, u. As two anodes are 
simiiltaneously conducting, and their arc drops are the same, tho 
voltages of the two anodes must be equal and identical with the 
d.c. output voltage. 
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Tlio vaiiouB conditions may be realized with the assistance of 
Figs. 13-37 and 13-38, which represent a hexaphase rectifier circuit. 
Here e^, ii, etc., represent the various phase voltages and 
currents, and r^, r^, x^, the various transformer resistances and 
reactances. Of course, normally, we have = rj = ^ 3 > 

X == ajj = aig. etc. Also x — wL, where L is the equivalent leakage 


66 65 



inductance per phase of the transformer referred to the secondary. 
Referring to Fig. 13-37, and assuming that resistance effects are 
negligible during commutation, wo have, during overlap. 




or 




But i^-\- i^=z 1 = constiint . 

whero / is the cl.c. load current. Hence 


!?!i + ^ = 0 

dt^ dt ^ 


aiul 




(13-12) 


(13-13) 


(13-14) 


Thus the output voltage, e, during the commutation period is the 
mean of the two anode voltages e^, 62 . 
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Referring to Fig. 13-38, it mil be seen that over the region 
ab anode 1 is condnoting, being larger than e^. At 6, % = 
anode 2 commences to conduct, and over the region be e is the 
average of and At c, ^ becomes zero, 4 equal to I, and e 
sharply rises from + e^) to e^. 

It is evident that an effect of overlap is to depress the rectified 
voltage over the period be and so lower the output voltage. The 
degree to which this is lowered is a function of the overlap u and 



E^a. 1&-38 


may be determined in the following manner. Referring to Fig. 
13-38, and taking the intersection of and as origin, wo have 
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= V 27 * X 

= V2V, X 


m r . 
2^L “ 
m r 


sm u cos 


. . /'TT + . / TT 

S + ““l-2-j“nU-2)J 


^ o ^ tr , u 

sin u cos-h 2 cos^ ^ sm-2 cos — sm -z cos 

m 2 7n m2 


= V2F, • 


m . 77 

— sm — cos 

77 m 



(13-16) 


Comparing this expression with that of (13-6), we see that when the 
transformer reactance is taken into consideration the roctiiier 
Toltage is given by 

jE7 = J?oCos2| . . . (13-17) 

The drop in voltage due to reactance is 

^ 1 — cos* == Eq sin* ^ . . (13-18) 

From the foregoing it is obvious that the angle of overlap is an 
important factor in rectifier performance, and hence we must now 
determine the quantities on which its magnitude depends. 

From (13-12) and (13-14) we have 

_®i “ ®2 

dt 2L 

Also 

C - e, = VIF. [sin V + o) - sin ■ |- fl)] 


= — 2 A/ 2 F 3 sin -- sin 0 
* m 

diy V2F« . TT* , . 

and “77 =-r ® 

at L m 

which leads to 


V2Fa . TT /I , \ry / /, 

■ Sin ™ cos 0 + (as 6 = 


where 0 is a constant and w == 2mf. When ^ — 0 , = 7 , and honco 

the expression for iy becomes 

V2I^ 77 

ii = I -- sin -^{l — cos 0) . . . (LV19) 

where X = wL, i.e. the transformer leakage reactance. 
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From (13-13) 
ii = I-h 


'V/2F, . a\ 

■ sm — (1 — cos 6) 


(13-20) 


No-w when % = 0, 6 = u, and under these circumstances (13-20) 

becomes a/2 F 

I -sin — (1 — cos w) = 0 

X m' ' 


from which 


and 


IX 


cos u = 


u = arc cos 


Also 


cos = 1 • 


and, substituting in (13-21), 

/- 

• 2 Vs 


V2F, sin — 

* m 

IX \ 

VIF* sin — ^ 
* mj 

2 sm®2 


(13-21) 


sm' 


IX 


2V2V. Bin nlm ’ ' 

Thus, it is seen that the angle of overlap is an increasing function 
of I and X. Substituting from (13-22) into (13-18) we have 

J2?o sin* I = —- 

® , 2 2 V 2 F, sin n/m 

which shows that the decrease in output voltage duo to transformer 
reactance is a linear function of the load current. Hence, a rectifier 
possesses a straight-line regulation characteristic. Writing cos u 


= 2 cos* I 


1 and, substituting for cos* ^ in (13-17), 


2 


E = Xjl- 


IX 


2V2F. 


sm ■ 


mj 


® 2'\/2F, sin vjm 


But 


V 2Va — sin — 

” IT m 


and thus 


(13-23) 
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Hence we see that for given values of I and X the decrease in voltage 
under load is directly proportional to the number of phases employed. 


The Efebottve VAtiUB ob Anodb Cctbbbnt with Oveelap 

In addition to the foregoing modification of the output voltage, 
the overlap also modifies the r.m.s. value of the anode ourrent as 
given by (13-9). Referring to Fig. 13-38 the current may be re¬ 
garded as consisting of three parts; two parts, and ig each, ex¬ 
tending over an angle u, and a third intermediate part, 7, extending 
over an angle — u). The r.m.s. value of the current is, there¬ 

fore, 

-I- Pde + . (13-24) 

'0 Ju Jo J 



From (13-19) and (13-21) we may write 

\ 1 — cos u j 

also 4 = l(^ —co^N 

^ \ 1 — cos u J 

Substituting in (13-24) 


iz22! p.)’m [?.;-<»»“Vd,! 

^ 27t l^\m J J \ 1 — cos uj J V1 — cos u) J 

rrj(i-^»y_/i-»osnj -| 

COS-?^/ \1— COS'i6/J J 


ip p 

m TT 


yy Wt L 


'— (2 cos u) sin -et -j- (I 4 2 cos %)« 


2w(l — cos uY 

i — (1 4 2 cos 




1 j r(2 -|- cos «) sum — (1 + 2 cos %)u~{ 

VmV - ^(1 — COR«)® J 




(13-25) 


Thus, a further effect of overlap is to reduce the r.m.s. value of the 
anode current by a factor ■\/\l — mf(w)]. 
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It is now oonvenient to collect together the various equations 
showing the effects of transformer reactance. Thus 


V27,~sin^rcos2~l 

^ TT m L 2J 

= V2F.-sm-fl-/=- 

• TT m]_ 2v21 

m . It rmlXl 

= V2Fj—sm--5- 

® IT m [_iT 2 J 


IX 

2 \/ 2 Fs sin 'Trim. 


/- __ . TT I Jt -a. 

= v 2 F 8 —sm-- 5 - 

® 77 m L ^ J 
Also I, = [ Vl — »»/(«)] 

the terms in square brackets arising due to reactance. Referring to 
Pig. 13-39, it will be found that the following factors have been 



Fra. I."} -35) 


plotted against u ; i.e. cos® 7 i/ 2 , sin® 7 /./ 2 , and Vl — mf{u). It wiD 
be noted that for m > 3 , the reduction in anode current and hence 
transformer copper loss may bo quite pronounced. However, this 
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is seldom applicable to 12-pbase rectification for (as will be shown 
later) in this case star-connected transformers are rarely used. 

Arc and Resistance Drops 

In determining the voltage drop due to reactance, the resistance 
of the transformer windings was neglected. This is justifiable during 
commutation as, due to the rapidly-changing current during this 
period, the resistance drop is negligible compared with the reactance 
drop. During the time the current is relatively constant, i.e. equal 
to I, the reactance drop is negligible compared with the resistance 
drop, and the latter must then be taken into consideration in deter¬ 
mining the rectifier voltage. If i2 is the resistance per phase referred 
to the secondary, then the mean volt drop due to resistance is IJR. 
Assuming the arc drop to be constant and equal to Ea, the total 
rectifier drop is 

IX 


m 




and, finally, 


E = V2V,-&m. 


Under no-load conditions 


7T /m 

m \ w 


IX 


IB-\-E, 


)■ 


(13-26) 


« Wl . IT — 

E.i = 2F, — sm- E„ 


m 


and the percentage regulation is given by 


100 X 


\ Ki ) 


= 100 X 


Eq— Ea 


It will be appreciated from (13-26) that when, in addition to the 
reactance drop, the resistance and arc drops are considered, a 
rectifier stiQ possesses a straight-line regulation characteristic. 
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CHAPTER XIV 

BBOTIBTEiK OIBOXnXS 

Thbbh are possibly in existence some forty to fifty different rectifier 
circuits for connecting rectifiers to alternating current supplies. 
These circuits are, in general, either single- or three-phase on the 
primary side, the majority of circuits appertaining to the latter. 
The cu’cuits are of varying merit, and, in practice, it is probable 
that not more than a dozen different types are used. In the following 
analysis only the more commonly employed circuits will be con¬ 
sidered, the undermentioned assumptions initially being made to 
clarify the treatment— 

1. The alternating supply voltage is taken to be sinusoidal. 

2. The various volt drops are ignored. 

3. The magnetizing current of the rectifier transformer is assumed 
to be negligible. 

Commenting on these assumptions, with modem supplies, the 
first is perfectly reasonable; with reference to (2), allowance is 
easily made for the various drops from previous analyses; the 
effect of magnetizing cmrent is principally to lower the power 
factor of the rectifier, paifiiculatly at light loads. It may be shown, 
however, that the influence of the transformer magnetizing current 
on the rectifier power-factor can be readily calculated. 


-o+ 


Single-phase, Half-wave Ckcuit 

The simplest form of rectifier circuit is shown by Pig. 14-1, this 
giving what is known as half-wave rectification. Actually we have 

a one-phase system and, therefore, m = \. 
However, the conducting period persists 
as for m = 2, and thus this value must be 
employed in the sine term of (13-7). As 
there is only one phase, however, the 
factor TO in (13-7) must be taken as I. 
Hence the secondary phase voltage is given by 


o 

I 


-o- 


Fia. 14-1 




irEi 




V2 sin w/2 
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= 2-22J0n 


(14-1) 
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The same considerations apply in determining the secondary phase 
current, and we have 




sin w/2 

The peak value of the phase current is 


= 1-577 


( 1 ^ 2 ) 


7,„ =-A-p- 7 = 3-147 

m sm TT/m 

Now when current flows in the secondary phase, the ampere-tums 
due to this must he balanced by an equal number on the primary 
side, and hence the primary current 7j, is given by where 

N, and are, respectively, the numbers of turns on the secondary 
and primary windings. It is evident that the line current is equal 
in value to the primary phase current. 


Tramformer Secondary Baiting 

From (14-1) and (14-2) it is apparent that the volt-ampere 
rating of the secondary winding is 

yj, = 2-22^„ X 1-577 = 3-6Fo7 
the primary winding also having the sarao rating. 


A.G. Supply Loading 

The primary line voltage F i, is the same as the primary phase 
voltage Fj,. Also the line and primary phase currents are identical. 
It follows that the line volt-ampere input is 

VtJt. = VJ, = {NJN,)V, X {NJN,)T, 

= F»7, = 3-5.®^ 


Voltage Fluctuation 

The d.c. output voltage periodically fluctuates between V2V, 
and zero. Hence the fluctiiation is V2Fa or 3-1277„. 


Single-phase, FuU-wave Ghreuit 

Two different forms of full-wave circuits exist, the first of which 
is shown by Fig. 14-2. In this case m — 2 and 


V _ ^ 

^ s - 


2'\/2 sin ‘it/2 


= l-llW, 


’■-o 


(14-3) 
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Also 


+ i stair) 

1 .= ^ --^ = 0■’8« 


2 sin 7r/2 

The peak value of the secondary phase current is 


(l4r-4) 



Fio. 14r-2 


Fio. 14-S 


With this circuit it will be noted that the transformer primary 
winding carries current twice per cycle as two secondary phases 
axe successively employed. Hence the primary current is 

4 = V2(NJN„)I, = . (14r-6) 

Transfotmer Secondary Bating 

Hrom (14-3) and (14-4) the secondary rating is 

27J, = 2 X 1-11^0 X 0-786J = 1-74JS?/ 


Transformer Primary Baling 

From (14-6) the primaiy rating is 

Vvh = X l‘U{NJN^)I 

= Ml X l-llEJ = 1-23.®^ 

Thus the mean volt-ampere rating of the transformer is 
(1-74 -f- 1-23)£?//2 = 1-48J?^ 


A.O. Supfly Loading 

In this case it is evident that the a.c. supply loading is equal to 
the transformer primary rating, i.e. 1-23 Bq/. 


Power Factor 

On the assumption that a sufficiently large cathode choke is 
emplcyed to maintain the output current constant, the power 
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output is oonstaut and equal to E^I. Ignoring losses, thk is also 
the input and hence the power factor is given by the ratio of the 
output to the volt-ampere input; i.e. 


1-2ZEJ 


= 0-81 


Voltage Fluctiiaiion 

As with the previous oirouit, the voltage fluctuates between 
'\/2V, and zero. Thus the magnitude of the fluctuation is 1‘11'\/2Eq 
= l-57Eo. 

McKcimwm, Inverse Voltage 

Ignoring the drop in the conducting anode, the non-conducting 
anode must withstand twice the phase to neutral voltage, the 
maximum value of which is 2‘\/2 Fg. 

The Bridge Circuit 

The second form of single-phase full-wave rectifier circuit referred 
to above is shown by Fig. 14—3 and is known as the bridge or Oraetz 
circuit. Contrasting this with the circuit of Fig. 14r-2, it will be 
noted that the bridge circuit permits full-wave rectification to bo 
obtained from a two-terminal source, a tapped secondary winding 
being unnecessary. The metliod by which rectification is effected 
is self-evident. A disadvantage of the bridge circuit when low 
voltages are to bo rectified is that four rectifier elements are needed 
instead of two. Further, it is apparent that the direct ouixent must 
traverse two units in series against one for the circuit of Fig. 14-2. 
This, of course, makes for increased reflation and losses. Howrever, 
there are several advantages to be sot in favour of the bridge ciromt. 
For a given d.c. output voltage the inverse peak voltage per rectifier 
in the circuit of Fig. 14-2 is twice that of Fig. 14-3. Hence if the 
inverse voltage is considerably in excess of tliat which can bo with¬ 
stood by a singlo-roctifier element, the number of elements in the 
circuits of Figs. 14—2 and 14—3 will bo tlie same. Tliis, of course, is 
generally the case with metal rectifiers where the maximum reverse 
voltage per disc is relatively low. In the circuit analysis which 
follows it will bo found that the particular advantage of the bridge 
circuit is the reduced rating of the transformer as compared with 
that of Fig. 14-2. 
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The cixouit of Fig. 14-3 is regarded as a two-phase rectifier, and 
hence m = 2. Then 


F.= 


— 

2\/2 sin it/2 


(14-7) 


However, the single secondary winding supplies current twice per 
cycle, and thus the r.m.s. value of the secondary current is V2 
times that given by (14-4), i.e. l-ll/. 

The peaJr value of the secondary phase current is 




ir 


: I = 1-677 


2 sin 7 t/2 ' 

As the primary and secondary windings have the same number of 
current pulses per cycle, 

7, = {N,/N,)I, = Ml(i^,/i^,)7 


Tramform&r Secondary Bating 
The secondary rating is 

F/, = l-llJ2?o X 1-117= h2ZEJ 
the primary rating having also this value. 


A.C. Supply Loading 

As with Fig. 14-2, the supply loading is equal to the primary 
rating, i.e. 1-231^07. 

Power factor 

The power factor is given by EJ[j\'2%Eff = 0-81. 

Voltage Fluctuation 

This is the same as for the circuit of Fig. 14-2, i.e. l-67JS?o. 
Maximum Inverse Voltage 

In this case the peak inverse voltage is one-half of that for the 
circuit of Fig. 14-2, i.e. V2Fa. 


Three-phase Rectificatioa 

A disadvantage of single-pha.a rectification is, of course, the 
large voltage fluctuation or ripple which exists in the output voltage. 
By employing a three-phase supply and rectification this fluctuation 
may be considerably reduced as indicated by Fig. 14-4. Moreover, 
by the employment of special windings and cormexions on the 
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transformer secondary side, six- or twelve-phase (or even more) 
rectification may be produced with, a corresponding reduction in 
ripple. However, with a three-phase supply particular attention 


m a m s 2 



Fia. 14-4 


must be paid to tlie primary connexions (whether star or delta), as 
the following example will show. 

Considering the star-star arrangement of Fig. 14-5, when one 
anode is conducting, a secondary phase, such as a6, is loaded while 
the other two are unloaded. Due to mutual inductance between 
ab and AB, the imi)edance of AB falls, while that of AD and AC 
remains high. But the algebraical sum of 
the cuiTonts at A must equal zero and 
therefore the sum of the currents in AD 
and AO must ecpial that in AB, Hence the 
voltages on AD and AG must be much 
iiigher than on A /i, with the result that the 
neutral moves along AB. This phenomenon 
is evidently productive of very poor volt¬ 
age regulation and, in addition, leads to 
distoiiiion of the {)rimary supply ouixent. 

The slipping of the tieutral, as it is termed, 
may bo prevented by iitting an extra mesh- 
eonnect(^d tertiaiy winding to the trans¬ 
former. This t(mds to fix the neutral point by reason of the fact that 
any unbalancing duo to a load in ab will cause a ouixent to circulate 
in tlu^ tertiary winding, which will affect all primary phases, tending 
to kesop their impedances e<pial. However, a tertiary winding is an 
additional cost and may be avoided by a mesh-connected primary 
or certain secondary connexions to be described later. 
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'This circuit is shown by Fig. 14-6. As m = 3 we have 


V, - 


■ _ 

3’\/2sin 7r/3 


0-86J?o 
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The secondary phase current is 


I.- 

The peak value of which is 

TT 


AL_ 

3 sin 7r/3 


3; 


I = 0-68/ 




^3/ = 1-21/ 


3 sin w/3 

The primary phase current is = 0-58(N,IN^)I. 


Tramformer Secondary Bating 
The secondary rating is 

3F/, = 3 X 0-86i?o X 0-68J = 1-5^!/ 
the primary rating having the same value. 

A.C. Supply Loading 

Referring to Fig. 14-6, it -will be appreciated that each line 
must carry the phase current twice per cycle, once for each phase 
coimected to the line. Hence the liue current is 

V2{NJN^)I, = 0-82(N,IN,)I 




Fig. 14^6 


The line voltage is the same as the phase voltage and thus the line 
loading is 

V^VlIl = X 0-S2{NJN^)I 

= VZX 0-86.00 X 0-827 
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Power Factor 

The power factor is given by 
1-22J?/ 


= 0-82 


Voltage FlvcUwtion 

In tTiia case the output voltage does not fall to zero as with 
single-phase oirouits, the fluctuation occurring between V 2 Fs and 
ViF, sin 7 r /6 = Fj/V^. The magnitude of the fluctuation is thus 

V2F,- F./V2 



0-6lJSo 


JfflKciwiMm Inverse Voltage 

Ignoring the drop in the conducting anode, the non-conducting 
anodes must withstand Vs times the phase, to neutral voltage, i.o. 

V6F,. 


Thkee-phasb Iothb-stab CteoUIT 

The three-phase circuit to be now described is shown by Mg. 
14-7 and makes use of somewhat special connexions on the secondary 


side. The secondary winding 
consists of six identical coils 
connected in the manner shown 
to form a three-phase supply. 
As any pair of coils forming a 
phase are located on diSerent 
limbs of the transformer, it 
follows that two primary 
phases are simultaneously 
carrying currents of the same 
amount. Hence the algebraical 
sum of the primary currents is 
equal to zero, and either a 
delta- or star-connected primary 
winding may be employed. 
Further, each primary phase is 
utilized twice per cycle, which 
results in a reduction in the 
primary rating as compared 
with that of Mg. 14r-6. This 
reduction, however, is partially 




460 


BLBOTBOiriOS 


ofiEset by an increase in the secondary rating ^due to tho inter-star 
connexion) for the phase voltage is only '\/3/2 of what it would 
be if the pair of connected windings were located on the same 
limbs instead of on two different limbs. 

As with the circuit of Fig. 14-6, m = 3, and wo have 

V, - 0-86J&0 
1, = 0-58J 
= 1 - 21 / 

Now, if N,i and Vn are respectively the number of turns and voltage 
of each of the six secondary windings, then 

V. = Vsv^ 

and = F,/V3 = 0-6^o 

As previously stated, each primary phase carries current twice per 
cycle and thus the primary current is given by 

7, = V2(NJN,)I, = 0-82{NJN,)I 

Transformer Seconda/ry Bating 
The secondary rating is 

6F,i7, = 6 X 0-5Eo X 0-687 = 1-74AV 

Transformer Primcvry Baiing 
The primary rating is 

3F^, = Z(NJN^)V^ X 0-82(NJN,)J 
= 3 X 0-5Eo X 0-827 = l-23i!!o/ 

The mean rating of the transformer is thus 1-4SE^. 

A.O. Supply Loading 

AHannniTig a staj-conneoted primary is employed, the lino cun-ont 
is equal to the phase current, while the line voltage is V3 times tho 
phase voltage. Thus the supply loading is 

If a delta-coimeeted winding is employed, a line wiU carry the 
current for two primary phases (as two are always simultaneously 
in operation) for one-third of a cycle and then the current for two 
phases in succession, each for one-thii-d of a cycle. The instantaneous 
value of the latter current is, of course, one-half of that of the 
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former. Let bo the instantaneous value of the primary current. 
Then the line current is given by 


But 

from which 



— 

*5w/6 

'6n76 *p57r/6 — 


{2i„)He + 

-t- 

— 

tt/O 

tt/C Jtt/G — 



•r.7r/rt 

ij^dO or 


3X2 

27r 


ttIO 



= Vil^ = 1-^2{NJN^)I 


The supply loading is, of course, the same as with a star-connected 
primary. 

For the foregoing circuit the power factor, voltage fluctuation, 
and maximum inverse voltage are identical with those of the simple 
three-phase circuit of Fig. 14-6. 



Six-phase Rectification 

The disadvantages associated with the foregoing methods of 
rectification are flTiotuation in the d.c. output voltage and poor 
power factor on the input side. As> previously stated, when a three- 
phase supply is available, it is possible to employ six- or twelve-phase 
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oonnezions on the secondary side. In this way, d.o. voltage fluctua¬ 
tion may he considerably reduced and the power factor improved 
over that obtaining with three-phase rectifloation. 


The Delta-double Stab Cdbottit 


The simplest form of six-phase rectifier connexion is shown by 
Fig. 14-8. Each transformer Hmb carries two secondary windings 
connected in the manner shown. As only one secondary phase is 
in action at a time, a delta-connected primary must be employed. 
As m = 6, we have 


V,= 


6V2 sin vfG 


0-7iEo 


^ =-A^;; zia -= 0-4U 


6 sin it /6 


I'm 


; I = 1*061 


6 sin 7r/6' 

As each primary phase supplies two secondary phases in succession, 
the primary current is 

I, = V2{NJN„)I, = 0‘58iN,fN„)I 


Transformer SecondfOry Bating 
The secondary rating is 

6F,I. = 6 X 0*74Eo X 0*41/ = l-SiEJ 

Transformer Primary Bating 

The transformer primary rating is 

37^, = 3{NJN,)V, X 0-58(NJN„)I 
= 3 X 0*74^0 X 0*581 = 

The mean rating of the transformer is thus 1’57Eq[. 

A.G. Supply Loading 

As each primary phase has two equal current pulses per cycle, 
each line will have four equal current pulses per cycle, each of 
which is equal in magnitude to that of the primary current. Hence 
the line current is 

= V 24 = 0-82{NJN„)l 
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The supply loadiug is, therefore, 

V3VJl=VB{NJN,)V, X 0-82{NJN^)I 
= Vs X 0-74JS?o X 0-82J 
= 1 - 06 jE?o^ 

A disadvantage of the foregoing eirotdt is the high rating of the 
secondary winding of the transformer. Even when the mean rating 
is considered, it is seen that it is l-WlEJ. as against for the 

circuit of Fig. 14-6. However, when the reduction in ripple is 
considered and the fact that the power factor of Kg. 14-8 is 0-96 
as against 0*81 for Kg. 14-6, the advantages of six-phase working 
Jixo sufficiently evident. 


Power Eactor 

The power factor is 

Voltage Fluctuation 

In this case the output voltage fluctuates between V2F, and 
V2F, sin 7r/3. The amplitude of the fluctuation is 

VsV, — V2Fa sin ir/S 


= {V2-Jl)v, = 0-UEo 


Maximum Inverse Voltage 

As with a two-phase circuit, a non-conducting anode must 

withstand a peak voltage 2V2F, volts. 

Wo shall now consider the influence of the transformer reactance 
oir the various currents and voltages, etc., of the foregoing circuit. 
Korn (13-16) 

F, = 0-742? 

while, from (13-25), J, = 0-4lJ-v/[l — 6/(^.t)] 

Also I„ = 0-n^NJN^)VI[l - «/(«)] 

The secondary rating is 1-84JS'/ 
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and the primary rating 1’29^2 


The line current is 


and the supply loading 1-05^J 


The power factor is 


0-82(2^,mi[\/i-3/(u)] 

rvi^SKn 


L J 


From (13-23) 


l_Vl-3/(«) 


Expressing / in terms of we may write 


p _ TP _ r -1 


For the ultimate purpose of comparing the regulation of this circuit 
with others, we shall now assume a 1 : 1 transformation ratio. 
In these circumstances the reactance referred to the primary is 
identical with that referred to the secondary and X may be replaced 
by Xj,. Hence the last expression becomes 




and the percentage regulation is 1-22/Vi — 6 /(m) times tlio per¬ 
centage transformer reactance. 

The Six-phase Fokx ob Triple-stab Cmotnr 

The fpllowuig circuit, shown by Fig. 14-9, is widely eini)loye(l, 
for, compared with Fig. 14-8, it has a lower volt-amporo rating and 
permits the use of a star-connected primary winding. As before. 

m = 6 and 0-74^o 
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Each of the nine secondary windings has the same voltage rating, 
i.e. approximately the same number of turns, the six various phase 
voltages being produced by two similar windings located on different 
Umbs of the transformer. If and Va are, respectively, the 
number of turns and voltage of 
each of the nine secondary wind¬ 
ings, then 

F, = VzVg, 

and F .1 = F,/V3 = 0-426J?o 
The anode current and that in the ^ 
outer branches of the secondary 
winding are found from (14-2) and 
are 

la = 0-411 

The inner branch or centre star 
windings carry the anode current 
twice in succession per cycle and 
hence the value of the oturent in 
these windings is 

J, = V2x 0-41/ = 0-581 
Referring to !Fig. 14-9, each 
primary phase must carry four 
equal pulses of current per cycle, 
two for a winding such as 6-1 
of the centre star and two for 
outer branch windings such as 3 
and 4, Thus the primary current is 

I, = V2{NJN„)Ig 
= 0‘82(N,JN„)I 

Transformer Secondary Bating 

The transformer seoondai-y .rating is 

6FnI« + 

= 6 X 0-426^0 X 0-41/ + 3 X 0-426J&0 X 0-68/ 
hOSEJ + 0-74rEJ 
= 1-79.B/ 
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Tramforrmr Primary Baling 
The primary rating is 

= Z{N^IN,y)V,^ X 0-H2iN.JN„)I 
= 3 X 0-426^0 X 0-821 
= 1-06jBoJ 

The mean rating is thus l-42£roZ. 


A.C. Supply Loading 

In order to determine the line current, we may note that, when 
anode 1 is conducting, the line connected to the top of phase X 
carries the primary phase current for one-sixth of a cycle. \^en the 
arc shifts to anode 2, the line then carries the current of phase Y. 
When anode 3 conducts, the hhe then carries twice the preceding 
amount of current, i.e. the currents for phases X and Y. Continuing 
in this manner for a cycle, the Hne current is given by 



— 

'*277/3 p27r/3 

'*277/3 p 


1 i^d6 

(2i,2)d0 + 


Jtt/S % 

77/3 Jt 


+ 



3X4 


i/dB 

tt/S 


i^HB 


(^2fjrlZ 


ir/3 


i 2 w /3 — 

+ (2i,®)d0 

Jtt/S — 


277 
’•27r/3 

i„^dB 

tt/S 

ij, = Var, = i-4:2{NjN^)i 


The supply loading is 

VzVJr, = V^N^IN.^)V,, X l-i2{N.JN,)I 
= 3 X 0-426JS'o X 1-427 
= I-O6JSJ0Z 

The line current derived above, of course, refers to a delta-connected 
primary. If a star-connected primary is employed, the line current 
is equal to the phase current, the supply loading being the same in 
both oases. 
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For the foregoing circuit the power factor, voltage fluctuation, 
and maximum inverse voltage are the same as those of the simple 
six-phase circuit of Fig. 14-8. 

In considering the effect of transformer reactance on the various 
cun-ents, we have for the anode current 

I, = 0-41JV1 - 6/(tt) 

For the current in the centre-star wiuding we must take m = 3, 
as this winding carries the current of two consecutive anodes. Thus, 
in this case, 

7, = 0-587Vl — 3/{tt) 

The value of u tends to be small for the triple-star circuit, as 
only one secondary winding is commutated at a time. Thus, when 
the current changes from anode 6 to anode 1, the current in the 
corresponding winding of the central star does not change. The 
effective reactance is, therefore, the same as with a double-star 
circuit, the secondary voltage of which is equal to Fg/Vs. When 
the current changes from anode 1 to anode 2 the sum of the currents 
in windings 1 and 2 remains constant. Hence, as these windings are 
located on the same limb of the transformer, the net reactance 
e.m.f. in each winding is zero. Hence the reactance e.m.f. of the 
secondary is again equal to that of a transformer, the phase to 
neutral voltage of which is VJ Vs. As the reactance varies as the 
square of the number of turns, and hence as the square of the voltage 
rating, the reactance to be employed in the detormination of u is 
X/3, where X is the effective leakage reactance measured between 
the secondary transformer neutral and one anode terminal. 

From (13-23) ^ 

Bemembering that X must be replaced by Z/3, we have 

Expressiog 7 in terms of Ip 

Ip = 0-^2[NJNp)lWl - 2f(u)-] 
r 1-227, r 1 -I 

(NjNp) Lvr- 3/(MjJ 


and 
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Assuming a 1 : 1 transformation ratio, Ngi = NjVs and 

^ ^ [vi- 3 /(«)] 

Thus E = (Eo - 

V ® Wl - 3/(tt)/ 

= *•»<'''-[ivr#lw]) ■ 

The secondary rating is 

6 X 0-426 ^- X .0-41 iVl — 6/(«) + 3 X 0-426- - 

^ cos* I cos® I 

X 0-68JV1 — 3f(tt) 


_ ,.05EJ vIEffi) + 0-um EEJ® 
■ «08>| 0OB>| 


= l-OREI 


V 2 V 1 - 6/(tt) + Vl- 3/(wj’ 


V2 


cos 




and the iirimary rating 

l-0r)EI 


Vl — 3/(«) 

L «°»®2 J 


the supply loading having the same value as the latter. 

Comparing the triple-star circuit with that of the double-star, 
the mean transformer rating of the former is aboTit 9 per cent lower 
than the latter. Furthermore, by comparing (14-9) with (14^8), it 
will be found that the regulation of the triple-star circuit is only 
about 41 per cent of that of the double-star. 


The Six-phase Bkcdge Cmourr 

Whore rectifiers are constructed from a number of separate 
elements (such as is the ease with metal and valve rectifiers), the 
circuit of Fig. 14-10 is frequently employed. From this it will bo 
noted that two groups of rectifiers are star-oonnoctod, the star 
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point of one group being the junction of its cathodes, while the 
junction of the anodes of tlie other group forms a second star point. 
With this circuit it will be found that six-phase rectification is 
obtained from a three-terminal source. In order to follow the 
operation of the circuit, a somewhat different method of approach 
will be taken compared with methods employed with foregoing 
circuits. 

Considering the moment when the voltage of phase GJs zero, 
the voltages of phases A and B are, respectively, + a/ 3/2 and 


a 



— a/3/2 of their maximum values, i.e. they are both acting from 
b towards a and c. At this moment conduction from phase B is 
terminating and commencing from phase A. Tlius current flows 
from phase A through 1 and 1' for a period corI’cs ponding to 
( 27 t /3 — v/:}) radians, i.e. 60°. At 2ir/3 the voltage of phase C 
commences to exceed that of phase A, and thus phase O delivers 
current through 1 and 2'. After conduction for a ])erio(l eoiT(f- 
sponding to 60°, phase B takes over and delivers cui-retit through 
2 and 2'. Continuing in this manner, it will bo foiuid that tlie 
following Hununarizos the conditions over a cycle 


A over from B through .1 and 


0 „ 

„ A 

,, 1 ,, 

B 

„ 0 

2 „ 

A „ 

B 

„ 2 „ 

0 

„ A 

3 „ 

B 

„ c 

3 „ 


r 

2 ' 

2 ' 

3' 

3' 

I' 


As with previous circuits m = 6 and thus V, = 0-74/J„, in this 
case referring to the voltage between linos, (hirront commences to 
flow in phases a and /> for 0 7r/3, continuing until 0 27r/.3. This 

is immediately followed by a similar pulse through a and c. Thus, 
each anode (or rectifying element) carries two pulses of (tiirrent 
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per cycle and the r.iu.s. value of the anode current is VI times that 
of the six-phase circuits previously discussed. Hence 

= V 2 X 0 - 41 J = 0 - 68 J 

Now each secondary phase carries four pulses of current per cycle, 
each of which is equal to that of the anode currents. 

Thus J, = V 2 X 0*681 = 0*827 

Due to the three-phase character of the secondary winding, the 
primary ouirent is given by 

7 , = (N,/JV,) 7 . = 0 * 82 (N./N ,)7 


Transformer Secondary Baling 

For the star-connected secondary shown, the rating is 


7, = 3 X 


« o«T 

—~ X 0*827 

Vs 




the transformer primary also having the same rating. As two 
phases are always simultaneously carrying current, it follows that 
a star-connected primary winding may be employed. 

The circuit of Fig. 14-10 may also be employed with a delta- 
coimected secondary winding. In this case the vector sum of the 
e.m.f.s of any two phases is equal to that of the remaining phase. 
Also if the impedances of all phases are equal, the impedance of a 
pair of phases must be twice that of one. Thus, with a delta- 
connected winding, if a load is connected to one phase, two-thirds 
of the load current is supplied by this phase and the remaining 
third by the other pair. It follows that while the voltage of phase 
A, Fig. 14-10, is higher than either of the voltages of B ox G, A 
is contributing two-thirds of the current to the line and B and C 
one-third. Thus, if Ijjn is the maximum value of the secondary 
line current, the r.m.s. value of the phase current is 

I n2/rrj3 n2i7rJZ —^ 


- 2 
TT 


sina Odd -f (I sin* Odd 




sin* Odd 


-I A 

— J-Lmy Q 


-h^=0*467i™ 
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For six-phase rectification = 1-047J and, therefore, we have 

I, = 0-472/ 

The secondary rating with a delta connexion is 

3 X 0-472/ X 0-74/?o = l-ObEJ 

which is the same as when a star-connexion is employed. As with 
a star-connected secondary, the secondary line and rectifier currents 
are respectively equal to 0-82/ and 0-58/. 

Either a star- or delta-connected primary winding may be 
employed in connexion with a delta-connexion on the secondary 
side. 

A.O, Supply Loading 

With a star-connccted primary and secondary the primary line 
current is the same as the phase current, i.o. Hence 

the supply loading is 

VzVlIl = Vs . VsF, X 0-82{NJN^)J 
= X 0-82{NJN„)I 

= VSV, X 0-82/ 

= Vs X 0-74®o X 0-82J 
= 1-Q5JEJ 

If the secondary is coimocted in delta and the primary in star, then 
the rating is 

V^iVrJr, = Vs . VSF,, X 0-472(iV./JV„)/ 

= X 0-472(i^./i^,)Z 

= 3 X 0-74j®„ X 0-472J 
== honEoi 

Whore a dolta-connootod primary is used with a star-connected 
secondary the primary line current is X 0*82(iV^„/iV'^)/ = 
l•42(W.7^^,)/. The supply loading is, then, 

Vs X X 1-42(2V'.TOJ 

= l-05jS?o/ 

The same result is obtained if a delta-delta connexion is employed. 

16 - (T.a 8 «j) 
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The power factor is, of course, l/l-OS = 0-966 and the ripple 
is the same as with the six-phase circuits previously discussed. 

Oomparing the six-phase bridge circuit with the two foregoing 
circuits, we observe that in the former case the secondary and 
primary ratings and supply loadings are tho same; i.o. 

This is considerably lower than tho primary ratings of the latter 
circuits and very considerably lower than their secondary ratings. 
On the other hand, the specific anode loading of the bridge circuit 
is higher than that of the other two in the ratio of 0-68 to 0-41, 
i.e. it is 41 per cent greater. In this respect the bridge circuit is 
at something of a disadvantage, for it may necessitate a larger 
rectifier or, in the case of metal rectifiers, more discs in parallel 
for a given output than would be the case with the previously 
described circuits. However, the simplicity and low rating of tho 
transformer of the bridge circuit tend to offset this disadvantage. 

Considering tlie value of the anode current obtained in practice, 
due to the secondary windings carrying the ounent of two consecu¬ 
tive anodes, m in (13-26) must be taken as 3. Honce 

= 0-58/VI - tif(u) 

from which it will bo observed that the redu(ttioii in anode cummt 
is not as low as for previous eirciuts for the same value of %. 

A point of particular intei'est of the bridge circuit is the value 
of the peak inverse voltage. Compared with that of the circuits of 
Figs. 14-8 and 14^9, tho value is only ouo-half in this Ciise.' Where 
metal rectifiers are employed tliis is a matter of great importance, 
for tho necessary number of discs in series per phase is e(|ual to 
the peak inverse voltage divided by tho maximuni permissible volts 
per disc. Hence on this score alone, for a given output voltage, tho 
bridge circuit requires only one-half tho nuiuher of discs ikhvIocI by 
either of the other six-phase circuits. . 

Ta king into consideration the eftect of triuisformer roactance 
and assuming a 1 : 1 transfoimation ratio, tho secondary current is 

J, = 0-82/VI — 3/('tf.) (star-connected) 

I, = 0-4727 Vl— 3/(w) (dolta-counectod) 
similar values obtaining for tho ju-imary winding. From (13-23), 
and assuming a delta-star connexion, 

m 1X1 
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connexion we must take for the reactance 
A/3. Tmis ttv-, 


E = Ei 


-[S] 


Expressing 1 in terms of J^, 

1 * 22 / 


/ — r ^ 1 

iN„/N„) LVi — 3/(«)J 

and, am N^= NjV^, 

J = 2-uJ~j=- ^} .. . 1 
LVi- 3/(«)J 




which indicates that the bridge circuit possesses particularly low 
regulation, actually 60 per cent of that of the triple-star circuit. 

The primary and secondary ratings and supply loading are 
given by 



Phase Eanalizii^ 

In the rectifier circuits so far dealt with, it is seen that, provided 
the interval of overlap be ignored, each rectifier anode or element 
carries tho d.c. load current for 2ir/m of a cycle only. This leads 
to poor utilization of the rectifier phases and results in transformers 
which are large and uneconomical. In view of this, circuits have 
been devised which enable two, three, or four anodes to carry 
current simultanoouHly and which, moreover, allow each anode to 
carry cunmt for a longer period than the multi-phase circuits 
previously discussed. 

Now, normally, an anode only carries current while the voltage 
of tho phase to wliich it is connected is higher than the rest. We 
have soon, however, that during overlap two anodes may simul¬ 
taneously carry current and that while they do so their phase 
voltages are equal. Hence, in order that two or more anodes may 
simultaneously carry current, it is essential that the phase voltages 
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shall be of identical value during the common period of current 
conduction. This is effected in practice by means of what is termed 
phase equalizing, i.e. by eleotromagnetically coupling phases ot' 
phase groups in such a manner that two or more phase voltages are 
simultaneously equal. Reference to Kg. 14-11 will indicate the 
manner in which this is carried out for most large six-phase instal¬ 
lations. It will be noted that the phases are grouped into two groups 
of three, star-connected, with a reactor connecting the star points 
of each group. The reactor is known as an interphase reactor or 



transformer, and it wiQ be noted that its electrical centre forms the 
d.c. negative terminal. As (with the circuit shown) two anodes 
simultaneously conduct, two phases arc always connected via the 
arcs and cathode pool. Thus, if the arc drop is ignored, the o.m.f. 
impressed on the interphase reactor is the difference between those 
of the two-phase groups, and hence half this difference will either 
be added to or subtracted from each grouj), thus equalizing the phase 
voltages and peimitting two phases, one of each group, simul¬ 
taneously to carry current. It will be noted that each phase group 
contributes one-half of the d.o. load current, each part of this 
passing through the reactor, the windings of this being so arranged 
that the m.m.f.8 due to the d.o. current oppose each other, resulting 
in an absence of core magnetization. 
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Fig.^ 14r-12 shows the instantaneous voltages and their resultants 
acting in the oirouit of Fig. 14-11. It will be seen that the instan¬ 
taneous d.o. voltage is given by 


V2V, sin 0 -1- ViV, sin (0 — tt/S) Ib 


F, sin (0 — ff/e) 


the mean value being 

fOnfa 

F, sin (0 — iTj6)dd 
Jn/Q 

where the limits refer to phase 1. 




Integrating (14-10) 
Eo 

and V, 


a/Itt 

= O'SQEo 


M7F, 


(14-10) 


which is the same as for a simple three-phase system. It will be 
noted that the triple-frequency fluctuations of each phase group 
combine to produce a smaller fluctuation of sextuple foquenoy, as 
in the six-phase circuit of Fig. 14-8. The amplitude of the 
fluctuation is 


V2F* sin v/3 — (V2F, sin v/2 -1- •v/2Fj sin ir/6)/2 



= 0-162F, or Q-mEo 
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which, is the same as for a simple six-phase circuit. From the fore¬ 
going it will he appreciated that the circuit of Fig. 14-11 behaves 
in one respect as a simple three-phase rectifier -with a relatively 
high transformer utility factor, and in another as a six-phase rectifier 
with its relatively low d.c. voltage ripple. 

The instantaneous voltage across each half of the interphase 
reactor is 


V 27 , sin 6 — V2Vs sin (0 — tt/S) 
2 


Zl 

V 2 


cos (0 — n/6) 


one maximum of this occurring for 0 = 7r/2, referred to phase 1, 
Fig. 14-12. 

The r.m.s. of this voltage is 

f /•ZrrfS 

® ' eos2 (0 - w/6)d0 . . (14r-ll) 

7r/2 


the limits being referred to phase 1. 
Integrating, (14-11) becomes 

J 


277 — 3 3 


Stt 


From (13-7), F, = V2TrEJlW^ and thus the reactor voltage may 
be -written 

'V^TT /27r~— 3 V 3 

/ ^.Eo=0-mEo . . (14^12) 


SVZ! 


Sw 


Reference -to Fig. 14-12 (6) shows that the waveform of the 
reactor voltage is approximately triangular, and that the ma.ximum 
voltage across the entire reactor winding is F,/a/ 2 volts. 


CuitEBNTS AND RATINGS 

As each three-phase* group contributes one-half of. the d.c. 
output current, -the phase current is one-half of that occurring -with 
simple three-phase working, i.o. 0-297. Each j)rimary phase must 
supply two secondary phases in turn during a cycle, and, tlieroforo, 
the primary phase current is 

V2{N.IN„)1. = 0-4.l(NJN„)l 

We may note that as two secondary phases are simultaneously in 
operation, so also must be two primary phases. Thus, in this caso, 
a star-oonneoted primary winding may be employed. 
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Transformer Seamdary BaMng 
The secondary rating is 

= 6 X 0-86i?o X 0-29/ = h^EJ. 


Transformer Primary Bating 
The primary rating is 

= 3 X 0-8Q(N„IN,)Eo X 
= 3 X 0-86^0 X 0-41/ = hOSEJ 
The mean rating is thus 1'27E^. 


IlTTBBPHASB RbaOTOB RaTHTG 

For the purpose of determining the reactor rating it may be 
I’egarded as a 1 : 1 transformer, each ending canying a d.o. current 
J/2, plus a negligible magnetizing current. The voltage across each 
winding is 0-177l?o, and thus the rating is 


Hence the mean rating of the transformer unit as a whole is l‘S6E,yI, 
It may be remembered, however, that the frequency of the reactor 
impressed e.m.f. is three times that of the supply frequency, and 
this generally permits a reduction in the size of the reactor compared 
with mains frequency working. 


A.O. Supply Loading 

On the assumption that a star-coimected primary is employed, 
the line current is equal to the phase current, i.e. 

lL = h = 0-41 
The supply loading is then 

= V3 . V3F^ X 0-41(JV^./JV,)/ 

= 2{NJN,)V, X 0-41(i^,/J^,)7 
= 3 X 0-86Fo X 0-41J 
= 1-06.©/ 

Assuming a delta-connected primary is employed, the line current 
may be determined in the following manner. Referring to Fig. 
14—11, when anodes 1 and 6 are conducting, the line connected to 
the top of phase X cairies the primary currents for phases X and F 
for one-sixth of a cycle, these two currents, of course, being 60 
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out of phase with each other. Next, anodes 1 and 2 conduct, during 
which time the same line carries the current of the X phase only 
for one-sixth of a cycle. Following this, anodes 2 and 3 conduct, 
during which time the line carries the current of the Y phase for 
a further one-sixth of a cycle, but in the reverse direction to formerly. 
Hence the r.m.s. value of the line current is given by 



'67r/0 


sin2 OdO + 

7r/2 


'7r/2 \ 

sin‘*^ Odd 1 


[sin 0 + sin (0 — 7r/3)]^0 + 

JttI2 J 7r/2 Jtt/O 

where the limits of the jGirst integral refer to anode 6, integration 
being taken from the moment anode 1 starts to conduct. Thus the 
first integral refers to the one-sixth of a cycle, while anodes 1 and 6 
are conducting, the second to when anode 1 is conducting for a 
further one-sixth of a cycle, anode 6 having terminated, and the 
third integral to when anode 3 is conducting. Integrating, we have 

[(?++ (i + x )] 

-^r k 
. ~ 6 


+ 


V3 


= V1S{N,IN„)I„ 


We have already seen that for a simple three-phase circuit Z„, 
= 1-217. Hence for the circuit of Fig. 14-11, = 0-6/ as each 

three-phase group provides one-half of the d.c. output current. 
The line current is then given by 

7^ = M8(W,/WJO-67 = 0-708(Z^,/iVJ7 
In this case the supply loading is 

= V3F^i = V:mN,)VJj, 

= V^{N^/N,) X 0-867?o X 0-708(i\r./iVJ7 
= Vs X 0-86£^o X 0-7087 
= 1-05^?/ 

as before. 

Contrasting this circuit with those of Figs. 14-8 and 14-9, we 
note that the rating of the transformer shows a reduction of 19 
per cent on that of Fig. 14-8 and 11-6 per cent on that of Fig. 14-9. 
If the interphase reactor rating is included, then the respective 
percentage reductions are 13-3 and 5-2. It may also be noted that 
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compared with the circuits of Figs. 14-8 and 14-9, the phase- 
equalizing circuit reduces the anode loading in the ratio of 0*29 to 
0-41. This, of course, permits an increased output from a given 
rectifier or a reduction in the rectifier dimensions for a given output. 
As with simple six-phase working the power factor is 0-96. 

An effect which may be experienced with the last-described 
circuit is a reversion to simple six-phase working on very light 
loads, with a consequent increase in d.c. voltage from I'lTF, to 
1-33F,. This is caused by the load current becoming less than that 
needed to magnetize the reactor. If * is the r.m.s. value of the 
magnetizing current, then the d.c. load current at wliich the fore¬ 
going effect occurs is 2^/21 amp., this being kno\m as the transition 
current. Where this phenomenon is objected to, it may be obviated 
by the connexion of a small permanent load to the output terminals. 

Oonsidering the effects of transformer reactance 

J, = 0-29/[Vl - 3/(«)] 

= 0-41/[Vl - 3/(«)] 

The angle of overlap in the above equations is determined from 
(13-22), but / in that equation must be replaced by J/2. Similarly 
in (13-23), J must be replaced by 7/2. Hence 


Expressing I in terms of Ij, and assuming a I : 1 transformation 
ratio r 1 1 

L Vi - sf(u)j 


LVI - Sf(u)J 
- 2-44/^^ • 

.47rVl — 3/(tt). 


The secondary rating is 


L47rVl - 3/(tt)J 


I'sm 


Vl — 3/(w,) 


cos^2 


and the primary rating and supply loading 

1-06.E;/ r 

L 
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Twdve-phase Rectification 

It is evident that the greater 
the number of phases employed, 
the smaller the d.o. voltage fluc¬ 
tuation, or ripple, becomes. It -will 
also have been noted that as the 
phase number is increased so also 
is the rectifier power factor. Hence 
it follows that by employing twelve- 
phase rectification a further reduc¬ 
tion in ripple and increase in power 
factor may be obtained, compared 
with those obtainable with the 
circuits previously described. Dis¬ 
advantages associated with twelve- 
phase rectification are poor utility 
factors and complicated and costly 
transformer windings. In fact, it 
niay be held that, where a particu¬ 
larly smooth output is required, it 
is preferable to employ six-phase 
rectification Avith smoothing eqxiip- 
ment rather than the somewhat 
complicated twelve-phase rectifier. 

The Twelve-phase Fork 
Circuit 

This circuit is a development 
of the six-phase fork circuit of 
Fig. 14-9 and is shown by Fig. 
14-13. The complicated character 
of the secondary windings is at 
once apparent, there being no fewer 
than eighteen secondary winding.s 
accommodated on the three trans¬ 
former limbs. It will be noted tliat 
the phase voltage V, is produced 
by the combination of voltages 
Fj and F 3 . From the sine rule 

V. ^ Vz _ Vj 

sin 120® sin 16° sin 45° 


Era. 14-13 
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and thus we have 

F 3 = 0-3 
Fa = 0-816 F* 
As «i = 12, wo have 
F 




I 2 V 2 HHl 7 r/l 2 


... 0 - 7 in/!,',, 


/ 1 / ^ , 1 . 
w */ ( T5 ” ' *> 1'* j 

/ r., '“^..o-as)./ 

“ I2smw/I2 


/» = 


IT 


I ■■: 1 - 015 / / apprnx. 


12 8in7ryi2 

Now the windings of the contit' stav (uuth sujjply liwo aiiod(5H hi 
succession per cycle and honco 

J, V 2./„ :« 0-U./ 

In order to determine the primaiy-piiasi' (uirreiit we may note that 
phase X, for example, supplies, in HuciM'SMioii, piw tyeUs tlie windingH 
12-1, 2, 6, 6-7, 8, and 11. Thus, remembering t.hat 12 I and 6-7 
each conduct twice per cyolo, tihe {irhnary-pIiaKe mirrent is given iiy 

•7w/ll! 

Hiu“ OdO 

r. 7 r/ll! 

“©Vs-' ((rn'OT 

= 0-61(N,/Nj,)./, or 0-r>(IVK„)/ 


/ 

j'77r/lL» 



«bi2 OdO 

/ 

^ r>7r/1 iJ 

% 


Transjarmcr Secondary lialimj 

The transformer secondary rating is 

12F3l„+ eFa/,.-- 12 X (Kl ()-72/<;„ '■ ()-2i»/ 

4- 6 X U-K16 X 0-72/';„ : ' <1-11/ 

o-inwj •! i-ir>/!,'„/ 

-.== 2-2/<,V 
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The primary rating is 

3F/„ = HNJN,)V^ X 0-61(NJN^)I 
= 3 X 0-816F<, X 0-617 
= 3 X 0-816 X 0-72^0 X 0-617 
= 1-08j©o^ 

The mean rating is thus l-64£(o7. 

A.G. Swpply Loadmg 

In order to determine the line current, we may note that, when 
anode 1 is conducting, the line connected to the top of phase X 
carries the current for this phase for one-twelfth of a cycle, the 
instantaneous value of the current being sin 0. When 

the arc shifts to anode 2 the line current becomes sin 0 

and has the same value, but reversed in direction, when anode 3 
conducts. For anode 4 the line current is sin 0, while for 

anode 6 the value is -f sin 6. Continuing 

in this fashion round the secondary circuit, the r.m.s. value of the 
line current will be seen to be, 

sin^ OdO 

Ji«r/12 

p77r/12 N 

+ 4 [{N,/Np)I„, sin 0 -f {NgJN„)I^ sin 0fdo\ 
J6w/12 ) 

77r/12 \ 

sin^ Odd] 



f 

'777/12 1 

WNjN.nj 

siii2 OdO + 

\ J 

' 677/12 J 



( 

'777/12 p 

U54(N./N,yiJ 

sin* ddO -f 7-52(NJN„)HJ 

[ J 

677/12 Jfi 


f*77r/12 


sin^ OdO 


Js 


577/12 


= {NJN,)I, or 0-816(F./F,)7 
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The supply loading is 

VsFiZi = VSF, X (NJN,)I 

= VZ{N,/N,)V^ X {NJN„)I 
= a/ 3 X 0-816 X 0-716^?o X I 
= 1 - 01 J 2 ?^ 

It will be noted that the algebraical sum of the currents in the 
primary is not equal to zero and, therefore, only a delta-connected 
winding may be employed. 


Power Factor 

The power factor is given by 


Voltage FVuctucUion 


PqI 

i-oi^v 


= 0-99 


In this case the output voltage fluctuates between a/2Fs and 
V2V, sin 77 r/ 12 . The amplitude of the fluctuation is 

V^F, — V2F* sin 7w/12 

V2(l - 0-9669) F, = 0-048 F, 

= 0-034jBo 

Maximum Inverse Voltage 

Ignoring the drop in the conducting anode, the non-conducting 
anodes must each withstand 2 \/ 2 Fj. 


The Qttadettple Three-phase CiEotriT 

The poor utility factor and high transformer rating of the fore¬ 
going circuit has, as with six-phase rectification, led to the intro¬ 
duction of circuits employing the principle of x>hase-equalizing. 
Several such circuits exist but, here, only what is probably the best 
and most frequently employed circuit wiU be discussed. This circuit 
is shown by Kg. 14-14, and, like that of Fig. 14-13, possesses a 
complicated secondary winding which, virtually, consists of four 
three-phase groups coupled by three interphaso reactors. As with 
the circuit of Fig. 14-13, the phase voltage F, is produced by the 
combination of the voltages Fj and F 3 . Hence, as before, 

F 3 = 0-3F. 

Fa = 0-816Fj 
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Each of the three-phase groups of Fig. 14-14 supplies ouo-quartor 
of the d.c. current (four anodes, one from each group, being Himul- 
taneously in operation), each anode carrying current for one-third 
of a cycle. A six-phase group, such as 1, 2, functions in an exactly 
similar manner to that of Fig. 14—11 and hence F, = O'SQUIg. It 



will be noted also that as each three-phase group contributtw oiui- 
quarter of the d.c. output current, the secondary phiiso and anode 
currents are one-half of those of Fig. 14-11, i.o. 0*145/. 

In order to determine the primary current we note that as 
anode 12 finishes conduction (Fig. 14-15), anode 4 is just comnu'nc- 
ing. The four anodes which are at any instant conducting an*, of 
course, those the potentials of which occur in sotpion(!C, such iis, 
for example, 10, 11, 12, 1, — 11, 12, 1, 2, — 12, 1, 2, 3, ~ . The 
value of the primary current may, of course, be dotcrminc<l in a 
similar manner to that employed for finding the lino (iurnmt. of 
Fig. 14-13. However, due to the complicated nature of the trans¬ 
former windings in the present case, tliis method loads to lengi.liy 
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and tedious integration of an excessive number of terms. To avoid 
this difficulty, the simplifying assumption will be made that the 
anode currents are of reotangulaiT waveform of amplitude 0‘267. 
This corresponds to when a cathode choke is employed or an induc¬ 
tive load is supplied. Under these circumstances the r.m.s. value 
of the anode current is 



(0-26/)a X ^ 


Vm Vs 


w + 2 ■ 
/•am 

de 

Jm— 2 _ 
■2m " 

= 0*1447 


which differs by a negligible amount from the figure already derived 
by a more rigorous method. It may be here recalled that it has 
already been shown (page 443) that for m >3, !„ = IjVm, 
approximately. 

Cionsideriog the moment when anodes 1 , 2 , 3, and 4 are conduct¬ 
ing, the current in the primary phase X is 

0*25(iV./i^,)7 -f 0-25{NJN„)l = 0-34(iV./iV^,)7 

As conduction through anode 1 terminates, it commences through 
anode 6 . The X-phase current is now that necessary to supply the 
outer windings of anodes 2 and 6 . This current is, tiherefore, 
0-25(NJN^)I-0-2ry{NJN„)I = 0 

77/6 radians latei‘ anodes 3, 4, 5, and 6 ai-e conducting and the 
X-phase is suppl 3 nng current for the outer winding of anode 5 and 
the inner windiag of anode 6 . The current now is 

- 0-26(i\rjX,)7- 0-25(JV,/iV,)7 = - 0-34{NJN„)J 

Continuing in this manner for a complete cycle, the r.m.s. value of 
the primary phase current is given by 

[(0-34)2 + ( 0)2 4 . (_ 0-34)2 + (_ 0-69)2 
^ + (- 0-683)2 + (- 0-69)2 + (_ 0.34)8 + (o )2 

+ (- 0-34)2 + (0-69)2 _i_ (0-683)2 + (0-69)2] 
= 0^4:8^N.^N„)I or 0-396(7,/F,)7 


Transformer Secondary Bating 

The transformer secondary rating is 

12Fa7„ + 12Fa7, = 12FJ.(0-816 + 0-3) 

= 12 X O- 86 X 0 X 0-1467 X 1*116 = 1-67Xo7 
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The primary rating is 

37^, = S(NJN.)V, X 0-^84{NJN„)I 
= 3 X 0-816 X 0-86jE7o X 0-4841 
= l-01i?o^ 

The mean rating is thus l-34JroZ. 


Interphase Reactor Ratings 

The reactors A and B coimeoting groups 1, 2, and 3, 4, function 
in an exactly similar manner to that of Kg. 14-11. Their udndings, 
however, carry only one-quarter of the d.c. output current and 
hence their rating is 0-044 j&,/. The function of the reactor <7 is to 
couple the two six-phase groups. In consequence, each of its wind¬ 
ings will carry one-haJf of the d.c. load current, while the voltage 
across this reactor will he the difference of the instantaneous e.m.f.s 
across each six-phase group. Reference to Pig. 14r-15 will show the 
twelve phase voltages and combining 1 and 3, 3 and 6, etc., and 
also 2 and 4, 4 and 6, etc., we obtain the instantaneous voltages 
across each six-phase group. The difference between these voltages 
is shown by the smaller triangular wave which, it is to be noted, is 
of sextuple frequency. Its amplitude is equal to the difference 
between the maximum and minimum values of the voltage of either 
six-phase group, i.e. 0-1627, or 0-138£fj. As the r.m.s. value of a 
triangular wave of the form shown is l/Vs times the peak value, 
the r.m.s. voltage across 0 is 0-138i?o/'\/3. One-half of this voltage 
is, of course, across each half of the reactor and thxis its rating is 


0-138i7o I 

-7^ X o 

2v'3 2 


0-02JS7</ 


The total rating of the three reactors is 

2 X 0-044Bo7 = 0-10815?^ 

and thus the total transformer rating amounts to 
l-34®o7 + O-lOHEoI = \-4A8EJl 


A.O. Supply Loading 

A consideration of the circuit of Pig. 14r-14 will show that two 
primary phases are always simultaneously in operation, carrying 
identical currents. Por example, when anodes 1, 2, 3, and 4 are 
conducting, the current loadings in phases X and Y are identical. 
It therefore follows that a star-connected primary may be employed. 
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In this case the line current is equal to the phase current, i.e. 
0'484(2V,/j&7'j,)/. The supply loading is then 

V3Fi/i = Z(NJN,)V^ X 0-484(J^,/JV^,)I 
= 3 X 0-816 X 0‘86Eo X 0-484/ 

= 1-01/?^ 

In the event of a delta-connected primary being employed, the line 
current may be derived in a similar manner to that used for deter¬ 
mining the primary-phase currents. Thus, when anodes 1, 2, 3, 
and 4 are in operation, the line connected to the top of phase X 
must caiTy— 

Anode 1 Anode 2 Arhode 3 Anode 4 

0^26{N,IN,^)I + 0-25(J\r^J\r^)7- - Q^26{NJN^)l 

= 0 

7r/6 radians later the lino current is 

Anode 2 Anode 3 Anode 4 Anode 5 

0'25{NJN^)1 ~ 0-25{NJN^)I - 0-25{NJN^)I - 0^26{Ns/N^)I 

= - 0-592{NJN^)I ~ 0-26(2\r^JVp)/ 



Continuing in this manner for a comploto cycle, the r.m.s. value of 
the lino ciuTont is given by 

II = [(0)* + (- 0-592)2 4 . (_ 1.02)2 + (_ i.]8)2 

^ + (- 1-02)2 + (- 0-692)2 + (0)2 + (0-692)2 

+ (1-02)2 + (1-18)2 + (1-02)2 .|_ (0-592)2] 

= 0-836(i\^.TO/ or 0-68(F,/F,)/ 
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The supply loading Tvith a delta-connected primary is then 
VlVifi, = VlVJt = 3Wi^.)Fa X 0-8Z6{N,lN^)I 
= Vs X 0-816 X 0-86jBo X 0-836J 
= I-Ollf/ 

Voltage Fluctiuxtion 

It -will be noted from Kg. 14^16 that the two six-phase grotips 
combine to produce a fluctuation in the output voltage of twelve 
times the mains frequency, the amplitude of the fluctuation being 

V 2 F, sin -tt/S - (V 2 F, sin 67 r /12 -f- VzV, sin v/4)/2 
= 0-0417 F, or 0-0366i?o 
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GKtD-OONTEOLLBD RBC^TIFIBRS, INVERTERS, AND EBEQDENCY 

CHANGERS 

An extremely important development in the rectification field is 
the application of grid control to the mercury-arc rectifier. The 
principles involved are similar to those of the thyratron and, strictly 
speaking, a grid-controlled mercmy-arc rectifier may be termed a 
thyratron. Various methods of grid control are employed, the 
purpose of which is to permit the establishment of the arc at some 
predetermined moment during the anode voltage cycle by the 
application of a positive potential to the grid, and to prevent 
re-establishment of the arc at some other moment by the application 
of a negative grid potential. The latter potentM is termed the 
blocking potential and the foiTuer the liberating potential. In 
practice, the values of these i)otentials vary with the design and 
voltage rating of the rectifier, the blocking potential usually lying 
between 25 and 250 volts and the liberating potential between 
25 and 150 volts. In older to limit the value of the grid current, 
sexies resistances are emifioyed. In the case of steel-tank rectifiers 
the grid current is of the order of 200 to 500 mA, while with glass- 
bulb rectifiers the current lies between 10 and 50 mA. 


ANODE VOLTAGE 


GRID VOLTAGE 


Soft-control Systems 

Grid-coxitrol systems may bo classified under two headings, 
namely soft-control systems and hard or impulse systems. Con¬ 
sidering the first-named, wo may 
introduce this by moans of the simple 
arrangement indicated by Eig. 15-1. 

Refomng to this, lot it be assumed 
that we have a positive-control tube 
the critical grid potential of which is 
constant as shown. Thus, for the 
case assumed, the giid-excitation 
curve is a straight lino parallel to 
and above the abscissa. If now a 
sinusoidal e.m.f. is impressed on cathode and grid, it is evident 
that when the instantaneous value of this e.m.f. is equal to 
the critical grid voltage, the tube will strike and anode con¬ 
duction will be established. Assuming that Fig. 15-1 represents 



CRITICAL 
GRID POTENTIAL 


Fra. 15-1 
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a single-phase rectifier, it is clear that the eiBfect of grid control is 
to delay striking from 0 to P. The angle corresponding to the 
distance OP, measured along the base line, is known as the igjmtion 
angle and designated by a. It is evident that for the case considered 
a may be continuously increased from 0° to 90° and that any attempt 
to increase a beyond this results in failure to establish an arc. 

Before proceeding farther, the mean value of the current for 
the case represented by Eig. 1^1 will be determined, on the assump¬ 
tion that we are dealing with a half-wave rectifier. Assuming a pure 
resistance load, the value of which is B, the instantaneous value of 
the d.c. current is 

\/ 2 V sin 0 — Pei 
_ 

where is the arc drop of the rectifier. The mean value of the 
current is 

I TT — 0i 

(VlFsin 6-Ba)de 

•whjBre $1 = arc sin BjV^V. Integrating, 

^ ''■■*>] 
which, if EjV2V is small, becomes 

V2V 

^ = + . 

The rectified voltage across JR is, of couim), 

V2V 

■S'=/J? = —(1 + cos a) .... (15-2) 


For the case of full-wave rectification (16-1) and (15-2) respectively 
become 

V2V 

-^{1 + cos a) 


and 


V2V 

-(1 + cos a) 

77 ' ' 


(15-1) and (15-2) immediately show that the value of the rectified 
current may be controlled by the value of a, i.e. the point at which 
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the grid-cathode voltage intersects the critical grid potential. 
This, of course, is true whether a positive or negative-control rectifier 

is employed and is independent of the i- tjt't- 1 

method of initiating the arc. The cond- / ^ voltage 

itions for a negative-control rectifier are / X 

indicated by Eig. 16-2, the critical grid —L - X— 

potential curve being drawn fifom Mg. / \ 

9-10. It is again evident that the maxi- / \ 

mum value of a is 90°. (_) 


Fio. 16-2 


Fhase-shiit Control critical grid 

Although a simple sinusoidal grid- 
cathode method of control has been 
assumed for the purpose of introducing 

grid control, this is seldom employed because of associated dis¬ 
advantages. For example, although (15-1) indicates that I may 
be continuously varied from a maximum, corresponding to a = 0, 

I- 1 - 1 to zero, with the method of control 

assumed a may only be varied from 
0° to 90°. At 90° the current suddenly 

___ fails and it will be appreciated that 

I the current may only be varied from 

j a maximum to one-half this value, 

j This effect is shown by Fig. 16-3. 

o 45 ® 90 ® 135® In order to effect continuous 

Fig. 16-3 variation of I over 0° to 180°, 

what is known as phase-shift control 
may be employed. This is achieved by varying the phase angle 
between the grid and anode potentials. Referring to Fig. 16-4, 
the grid potential is assumed to be lagging behind the anode 
potential by 0 degrees. At a the grid 
voltage intersects the critical grid potential 
curve and conduction occurs. It is evident / \ 

that if the phase of the grid potential / \^current 

may be varied between 0° and 180°, 1 j 

may be continuously varied between a // 

maximum and zero for these limits. In / 1 ^ 

the event of the magnitude of the grid ^ 

voltage being large compared with the ^ 
critical grid potential, oc = 6 and the -*■«[*- 

critical grid curve may be assumed to r^*i I _ 

coincide with the zero voltage axis. Fra. i6-4 


Fig. 16-3 
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Fiirthermore, if is small, then (16—1) gives the relation 

between I and a for all angles, up to 180°, by which the grid voltage 
lags behind that of the anode. Consideration of Fig. 15—4 shows that 
if the grid voltage leads the anode voltage by any angle, conduction 
occurs almost at the commencement of each cycle and I is un¬ 
affected by the phase or magnitude of a. Hence as a passes from 
180° to a value slightly in excess of this, I wiU suddenly rise from 
zero to a TYifl.YiTYniTn in the manner indicated by Fig. 16—5. 

The foregoing considerations of phase-shift control have been 
considered for a negative-control tube. However, it is apparent 
that they are equally applicable to positive control tubes. 



zn 

Fia. 16-6 


37 \ 


PHASB-SHTFTrN-a OiRCIJITS 

In order to employ phase-shift control some form of phase- 
shifter is necessary. For large polyphase rectifiers a polyphase 
phase-shifter is generally employed. This virtually consists of an 

induction motor possessing a 
wound rotor, the latter being 
capable of limited rotation. The 
stator winding is excited from 
a three-phase supply and hence 
produces a rotating field, which 
induces e.m.f.s in the rotor 
windings. The latter are con¬ 
nected to the rectifier grids, 
and by altering the relative 
positions of stator and rotor the phase angle between grid and 
anode voltages may be varied. 

A further method of phase-shifting is indicated by the network 
of Fig. 15-6 and the accompanying vector diagram. Tlie cathode is 
connected to the electrical centre of a transformer secondary, the 
primary of which is excited from the main supply voltage. Assuming 
that and Z^ are, respectively, a resistance R and an inductive 
reactance wL, their voltage vectors will be at right-fingles and are 
denoted by 7^ and F 2 . The vector sum of these two voltages is, of 
course, constant and equal to 27, where 7 is one-half of the trans¬ 
former secondary voltage. The cathode being connected to the 
transformer centre and the grid to the junction of Z^^Z^, the grid- 
cathode voltage vector extremities must fall on the centre of 27 
and the point of intersection of the vectors Hence the grid- 

cathode voltage is constant and equal to 7 and is unaffected by 
variation of its phase relation to, say, the vector 27. Hence by 
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varying either B or L the phase of the grid voltage may be varied 
from 0“ to 180°. Assuming now that the transformer is appro- 
f)riately connected, the grid-cathode voltage will lag behind the 
anode voltage. It will be constant in magnitude and variable in 
phase as already described. Referring to Fig. 15-6 {a), we may note 



_ wL 


It follows that if B is'the variable, for 0 = 180°, B = 0, and for 
d = 0, B = CO. 

If and Z^ arc interchanged, this has the effect of reversing 
the vector 00' and causing the grid voltage to lead on that of the 



anode, with the result that no control of the output is possible. 
This is shown by Fig. 16-6 (6) for the potential difference between 
00' now becomes the vector difference of Oa and 60', or the vector 
sum of Oa and 60' reversed. Formerly it was, of course, the vector 
• difference of Oa and O'a. However, no particular care need be 
taken with regard to the positions of Z-j^ and Z^ in setting ujp the 
circuit, for should an angle of lead be obtained this can be simply 
reversed by reversing the connexions of the primary of the trans¬ 
former. A condenser may, of course, be used in place of an induc¬ 
tance. Replacing Z^ by a condenser gives the vector diagram (c) in 
which 00' leads Oa. As this gives no control, Z 2 and must be 
interchanged, when 00' will be reversed, giving the vector diagram 
shown dotted. From this it is apparent that, in contrast to when an 
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inductance is employed, an increase in i.e. jB, causes a decrease 
in current. Also 

^ e Z, B 

Fig. 16-7 shows the relation of current to angle of lag for the thyra- 
tron of Big. 9-10 when employed with the following components: 



Pio. 16-7 




C =4 fiF, JR= 1000 ohms, supply voltage, 8, 240 volts, r.m.s.; 
ab, 12 volts, r.m.s. It will he noted that the current falls to zero 
before 6 = ISO®. This is due to the arc extinguishing when the 
supply voltage falls below the arc voltage, i.e. 16 volts. 

A further form of phase-shifting circuit is shown by Big. 15-8 (o), 
and takes the form of a bridge network where the two resistances 
and condensers are of identical value. Referring to the left-hand 
branch of the bridge, the vector diagram is shown by the circle 
diagram at (6). The current, of course, leads the transformer voltage 
vector ab, as shown, the latter being the sum of the vectors IR 
where is the reactance of 0. Now, from a consideration 
of BHg. 15-6 (c) the potential of the point e, B^g. 1.5-8, to an imaginaiy 
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centre tap on the transformer is given by 00', Pig. 15-6 (c). Simi¬ 
larly the potential of the point / is equal to 00' reversed. Hence 
the potential difference between e and / is given by 2 00', and t.ln'g 
is equal in magnitude to ab. Hence, for the circuit of Pig. 16—8, the 
vector diagram is given by (6), 0 being the angle between grid’and 
anode voltages. Also q ^ 

tan 2~ 'x~~ 

Bias-shift Control 


It is, of course, possible to control the moment of arc ignition, 
in the case of a negative-control tube, by moans of a variable d.c’. 
bias voltage. Referring to Pig. 16-9, if is 
the value of the steady negative bias voltage 
the point of intersection of this with the 
critical grid curve gives the moment of igni¬ 
tion, It is evident that control can be effective 
only from approximately 0° to 90“ and that 
the output current will be varied from a maxi¬ 
mum to half-maximum, followed by sudden 
extinction. 

In order to overcome the limitations of the 
foregoing method of control, what is termed 
bias-phase or bias-shift control is employed. 

This consists of combining a d.o. and an a.o. 
voltage and applying these to the grid. The relative phase of the 
a.o. component remains constant with regard to the anode voltage, 
while the magmtude and polarity of the d.c. component are capable 




of variation. Bias-shifb control may be applied to either positive or 
negative control-tubes and its principle may be appreciated from, 
Pigs. 16—10 and 16-11, Referring to Pig. 16—10, the purpose of R 
and C is to provide a fixed phase-shift between grid and anode 
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voltages. Thus, the voltage on R is combined with the d.c. voltage 
from the battery and the combination applied, via the potentio¬ 
meter, through the grid resistance, i2^, to the grid. 

If R and C are such that R = then the a.c. ^d voltage will 
lag 46° behind the plate voltage, ^suming the critical grid curves 

coincides with the zero line and that. 
Eg = 0, the ignition will occur foi* 
a = 46° as shown by Kg. 16-11 (<?). 
If d.c. negative bias is now applied, the 
a.e. voltage, the abscissa of which is 
now lowered by an amount will 
intersect the zero line later in the cycle, 
as shown at (6), resulting in a shorter 
conduction period and a reduced out¬ 
put. By progressively increasing tlu^ 
negative bias it is clear that a condition 
will be reached at which the peak a.(^ 
grid voltage is just equal to the d.c. 
negative bias. Under this condition 
the output current is a minimum and 
any further increase in bias results in 
failure to establish an arc. For th(^ 
case shown this occurs for a = 11^6°. 

If a positive bias is applied, the a.c^. 
grid voltage will intersect the zero liiu^ 
earlier in the cycle, as shown by (r). 

Fig. 16-11 This, of course, increases the conduction 

period and output current (iomiianul 
with the conditions expressed by (a). For the case shown, wlum tlu^ 
value of the positive bias is equal to 1/^2 times the peak a.c. grid 
voltage, conduction will occur at zero and continue over tho full 
half-cycle. It is evident that the range over which control is (dfcHd.ivc 
depends on the phase-shift angle. For the case under consid(irai.ion 
effective control is obtained over 136°. It is apparent that conlrol 
over the full half-cycle occurs for a == 90°, a condition which, wiih 
the phase-shift circuit shown, is practically impossible of ai-tainnuMil.. 

GltID-CONTB.OLLlD POLYPHASB RbOTIFIEES 

The foregoing phase-shifting circuits are principally applicable 
to half-wave and full-wave rectifiers. Phase-shift control applied 
to polyphase rectifiers, as mentioned on page 492, is shown by 
Fig. 16-12. The phase-shift transformer is of relatively low capacity, 
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usually less than O-l kVA, and control is simply effected by altering ' 
the relative positions of stator and rotor. The system readily lends 
itself to remote control. 



Fia. 15-12 


IJias-shift control as applied to polyphase rectifiers is shown by 
Fig. lS-13. A small potential transformer is employed, the sliding 



Fia. I.5-13 


arm of the potentiometer being connected to the neutral point of 
the secondary winding. The potentiometer can, of course, be readily 
adapted to remote control. As previously shown, the range over 
which control may bo effected depends on the phase-shift angle. 
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The foregoing methods of controlling polyphase rectifiers are, 
of course, soft-control methods. Hard, or impulse, systems of 
control are shown by Figs. 16-17 and 16-18. 


Relation Between Output Voi/taqb and Ignition Angle 
We nil n il now derive an expression for the relation between the, 
d.c. output voltage and the ignition angle a for the case of the 
polyphase rectifier. Reference to Fig. 15—14 shows the no-load 
voltage waves of an «i-phase rectifier where, in the absence of bias, 

commutation commences at A 
and finishes at B. In these circum¬ 
stances, as we have already seen, 
the mean d.c. voltage is given by 

+ 2 



E. 




sin OdO 




= Viv, 


m , 7T 
— sin — 

TT m 


If commutation is retarded by an angle a, then the commutating 
points are G and D, the interval CD being identical with AB and 
equal to In this case we have 

m + 2 


E, 


Oa 




-TT + 01 


sin 6dd 


Jm— 2 


TT + a 


/att ^ 

= V2Vs — sin — cos a 
TT m 

= Ef^ cos a 

where Ef^ is the no-load voltage corresponding to an ignition 
angle a. 

Now if there is no inductance present, the angle a is restricted 
because the upper integration limit above cannot exceed 77 for, at 
this point, the anode-cathode potential difference becomes negative 
and, in the absence of inductance, the arc is extinguished. Hence 
in the non-inductive case a may be continually increased until 

TT OL IT 


2m 
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at which time D will reach tt. Having reached this point a, as 
measured from A, Fig. 16-14, may he increased until 

m— 2 

-S—7r + ix = 7r 


at which time will become zero. The value of «, say a^,, when 
D reaches tt is given by m, 2 


and 


= 



TT 


If a is increased beyond this value, the direct current will not pass 
continuously through the load because anode conduction will 
cease between the angles ocj^ and a. Hence if a > athe load 
current consists of portions of sine curves separated by zero-current 
regions. Assuming a > the mean d.c. output voltage is given by 


= V2F. X 


^Oa 


271 


sin did 


2m 


• TT + a 


= V2F,|^ri-sin(oc-- 
‘ 2irl_ V »» 

with a final limit for a of w (^ at which value the d.c. voltage 
becomes zero. ' 

Generally speaking it is undesirable in practice to allow the 
cuixent to fall to zero and it is, therefore, usual to include an in¬ 
ductance in the d.c. circipt to prevent this happening. It will be 
noted that an effect of grid control is to increase distortion of the 
d.c. output voltage, particularly if the voltage range over which 
control is exercised is large. Where this is objectionable, voltage 
variation is sometimes effected by means of a tapped transformer. 
The advantages of grid-control are, however, so obvious that it is 
scarcely necessary to detail these. A particularly useful feature in 
certain applications is that the voltage may be gradually raised 
from zero to the normal value. In this manner sm-ges may be avoided 
which might otherwise occur. 



CiROTOT LeraEBBUPTioiT BY Getd Conteol 

A valuable feature of the grid-controlled rectifier is the possi¬ 
bility of causing it to act as its own ciromt-breaker. Thus, in tho 
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event of a short-eircuit or back-fire, the automatic application of a 
negative potential to the grids rapidly causes an interruption of 
the d.o. supply, thus safeguarding the rectifier installation. This, 
of course, obviates the necessity of high-speed circuit-breakers on 
the direct-current side and large capacity oil-filled smtches on the 
alternating-current side. In the- case of a rectifier in which grid 



control of the voltage is not normally employed, cvuxont intorruption 
is effected by the sudden application of a negative, or blocking, 
potential to the grids, the latter, while a fault docs exist, being 
negative. A system of this kind is indicated by Fig. where a 

high-speed relay may either be energized by a divertor in the d.c. 
circuit or a current transformer (as shown) in the a.c. circuit. Should 
an overload or back-fire occur, the relay is closed, thus applying a 
blocking potential to the grids. No anode can now pick up the arc, 
with the result that the current can persist only until the end of 
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the half-cycle at that anode to ■which it was passing at the com- 
mencement of the overload. Thus, in the case of a three-phase 
rectifier, the maximum period of overload is 160° and in the six- 
phase case 120°, these periods respectively corresponding to Sj- and 
Of milliseconds. 



employing grid control for voltage-regulating purposes is shown by 
Eig. 16-10. In this case an overload has the effect of opening the 
relay, tlius intemipting the supply of positive impulses which, 
normally, are essential for liberating the grids. 

Hard Control Systems 

The foregoing methods of grid control, when applied to meremy- 
vapour rectifiers, suffer from the disadvantage that they do not 
permit ])rociBo determination of the moment of arc ignition. This 
is evident from Eig. 0-19, for from this we see that the critical grid 
potential is a function of the morcTuy-vapour temperature. Hence 
the critical grid cui-vo depends on the temperature and loading of a 
rectifier. For example, from Fig. 9-19 it will be noted that an 
increase in mercury-vapour temperature lowers-the critical grid 
potential, thus causing an earlier intersection of the cathode-grid 
potential with the critical grid curve. This reduces a, causing an 
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increase in output voltage. From this we may infer that an increase 
in loading may cause an increase in output voltage. Referring to 
Fig. 16-1, it is evident that the effect of a change in loading and 
temperature may be reduced if the obliqueness with which the grid 
voltage intersects the critical grid curve is increased. 

From the foregoing it follows that in order to obtain precise 
control of the moment of arc ignition, potential impulses must be 
applied to the grid of such character as to intersect the grid curve 



Fig. 16-17 


practically at right-angles. Reference to Fig. 16-1 will show that 
in these circumstances variation in the critical grid voltage has an 
inappreciable effect on the ignition angle. A manner in which this 
may be effected is indicated by Fig. 15-17, which shows impulse 
control applied to a half-wave rectifier. The method consists of 
alternately applying negative and positive grid impulses by moans 
of a synchronously-driven contact-breaker. It will be seen that 
while the contact is open the grid is negative to the cathode by 
volts. On contact closure a current flows in r/g given by 


. Cg 

t = ■ amperes 

^1 H " ^2 

and hence the voltage drop on rg is 

^ ^2 volts 

V^l+^2/ ^ 

Thus the grid is now positive to the cathode by 


Cl 4" ^2 
(^1 + ’’a) 


*•2 



volts 
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These voltage chatiges, of course, occur almost iustautaiieously aud 
in consequence the moment of ignition is particularly precisely 
defined. This moment is varied as desired merely by rotating the 
normally fiixed contact with respect to the rotating one. 



The application of the foregoing scheme of impulse control to 
a polyphase rectifier is shown by !Fig. 15—18 and the conditions 
obtaining by Fig. 15-19. It will be noted that the positive impulse 
need be only of short duration, this being arranged by the time of 



I ... . 

Fia. 16-19 


overlap of the distributor contacts. Whore only manual control 
of the outimt is roejuired, this is effected simply by moving the 
distributor. Tf romoto or automatic control of the output is desired, 
the angular j)osition of the disti-ibutor is adjusted by means of a 
small motor operating tlirough a worm gear. 

i7-<T.a89) 
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A farther method of hard, or impulse, control employs grid- 
excitation transformers possessing a peaky secondary voltage wave 
for providing the potential impulses. This is effected by arranging 
conditions to be such that the transformer cores are saturated. 
The general arrangement as applied to a three-phase rectifier is 
shown by Fig. 16-20. From this it will be seen that as many trans¬ 
formers are needed as there are anodes. Of the three windings on 



each transformer, windings 1 are connected in delta, while windings 
2 are star-connected through a variable resistance Each delta 
winding carries a sinusoidal magnetizing current whicli is limited by 
the resistance B-^. As the voltages on windings 1 and 2 have a phase 
displacement of 150°, it follows that the star-connected windings 
carry a magnetizing current which is displaced in phase from that 
of the delta windings by approximately 150°. The magnitude of this 
current is controlled by the resistances B^. Assuming the grid- 
transformer magnetizing cuirents lag behind the voltages of the 
main rectifier transformer by angles 0^ and 6^, the conditions may 
be represented by the vector diagram of Fig. 15-21, where and 
rrii are, respectively, the m.m.f.s of the delta and star-connectod 
windings and the resultant m.m.f. The (lux dxie to the latter 
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induces an e.m.f., eg, 90*^ ahead of itself in winding 3, this e.m.f. 
being of a peaky waveform due to saturation of the grid-transformer 
core. Hence by varying tlie magnitude of and (by means of 
and R^ the phase of the e.m.f. in 
winding 3 may be varied, and, con¬ 
sequently, tlie angle of ignition. 

The mode of operation of tlie foi‘e- 
going system of control will be clear 
from Fig. 16-22. The grids are normally 
held negative by a steady d.c. voltage 
upon which is su])orimposed the positive ' 

impulses of the grid-excitation trans¬ 
formers. The resultant m.m.f. is shown 

by the curve and the flat-topped abc=mI?ns^transforme“ e.m.f.£ 
flux wave by It will be noted that the I 5 _ 2 i 

potential impulses occur as and are 

passing through their zero values. Whether a negative or positive 
control rectifier tube is employed (a positive type is showir), it is 
evident that the potential impulses intersect the critical grid curve 
sufficiently steeply to render the moment of ignition indo])endent 
of variations in the critical gi‘id potential. Following a positive 




Fxa. 16-22 

impulse from any transformer is a negative impulse from the same 
transformer 180*^ later. However, this is immaterial in the operation 
of the system. 

By a modification the foi’cgoing system may he made automatic 
and a comj)ouiuling effect produced. Pig. 16-23 shows a manner 
in which this riiay bo cai*ried out. instead of the variable resistances, 
/ig, ch()k(‘/S are employed consisting of coils wound on cores which 
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are saturated by means of two sources. One of these provides a 
constant d.c. m.m.f., while the other is variable and is derived from 
a diverter resistance in the d.o. load circuit of the rectifier. As a 
result, the impedances of the chokes vary with varying load condi¬ 
tions, thus varying the ampere-tums of the grid-excitation trans¬ 
formers. Hence the potential impulses applied to the grids may be 
varied in phase and any degree or form of compounding produced. 



It will be appreciated that such a method is entirely automatic 
and static, being extremely suitable for traction rectifiers. 

The Mercury-arc Inverter 

In addition to its normal function of converting alternating to 
direct current, a rectifier may be caused to effect the reverse process, 
i.e. convei't direct to alternating current. When this occurs the 
rectifier is termed an inverter, is said to invert, the process being 
known as inversion. In some respects inversion differs considerably 
J&rom rectification. For example, with the latter a d.c. voltage is 
produced from the a.c. source of supply by rectification of the supply 
voltage. The inverter is unable to produce an a.c. voltage, but only 
an a.c. current. Hence inversion necessitates an a.c. voltage source, 
which, however, need only be of small capacity. In addition to 
providing the necessary voltage, the a.c. supply also provides the 







JFig. 16-24(a) 
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wattless kilovolt-amperes of the arc transformer and fixes the 
frequency of the inverted current. A further function of the a.c. 
supply voltage is to extinguish the arc at the coiTect instants as 
required by commutation from anode to anode. 

In order to present the method by which inversion is effected 
we shall consider Fig. 15-24 (a) and (6). From (a) it will be noted 
that the d.c. source has been so connected to a rectifier that the 
transformer neutral is positive and the cathode negative. This, of 
course, is necessary in order that the d.c. source may pass current 
from anode to cathode (conventionally speaking) in the customary 
way, the reverse direction being, of course, non-conducting. The 
grids are given a negative potential, with positive impulses occurring 
at an ignition angle which is so advanced as to cause commutation 
to occur at some point such as A on the negative half-cycle of the 
anode voltage wave as shown. When ignition occurs, it will be 
appreciated that due to the magnitude of the d.c. voltage being 
greater than that of the arc droj) and tlie opi)osing negative half¬ 
cycle, a current will be forced against the latter through the appro¬ 
priate anode and transformer secondary winding. It will bo seen 
that the negative anode voltage constitutes a back e.ni.f. to the 
current supplied from the d.c. source, and hence the ])rodu(^t of the 
values of this voltage and current is a measure of the power being 
transferred from the d.c. to the a.c. side of the system. Considering 
the conditions from the point A, the ouiTent i, will rise to a maxi¬ 
mum at a finite rate due to the ])resence of the choke. It will then 
decline as the magnitude of the transformer ])hase voltage increases 
towards its maximum. At some point B this voltage will bo ocpial 
in magnitude to that of the d.c. source, with the result that extinction 
of tho arc will tend to occur. The presence of the choke will, lu)W- 
ever, cause tho cutrent to i)ersist until some point such as 0 is 
reached. If at tho point B a positive impulse is applied to the suc- 
cooding phase, this will commence conducting at D and continit(‘. 
to do so until the point E is reached. Oncf^ tlu^ are is extinguished 
at a point such as C, it remains extinguished because tho grid lias 
now a negative bias and restriking cannot occur until a positives 
impulse is again applied. It will now be ap])rociated that providing 
the magnitude of the d.c. voltage is suitable, and positive voltage 
impulses are applied to tho giids at the appropriate moments, com¬ 
mutation will automatically occur, the arc transfeiring itself from 
anode to anode in sequence in a manner similar to that in a rectifier. 

From tho foregoing considerations it is evident that gi*id control 
is essential to the process of inversion for, by means of grids, the 
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successive instants of commutation are determined and re-ignition 
is prevented at unsuitable points in the phase-voltage cycle. Tims, 
although the current at any anode is naturally terminated when its 
phase voltage becomes equal to that of the d.c. source, cunent flow 
to that anode is forced by means of cyclical positive grid impulses. 
We see, therefore, that in order to make a rectifier inveH, the poten¬ 
tial of the d.c. source which it may have been previously supplying 
must be reversed and the ignition angle, a, retarded. It is also 
evident that the point to which the ignition is retarded depends on 
the magnitude of the d.c. voltage. The higher this voltage, the 
greater is the retardation for a given d.c. current. It is further 
evident that there is an upper limit for the d.c. supply voltage which 
generally should be somewhat lower than the maximum value of the 
transformer secondary voltage wave. In practice, for a given d.c. vol¬ 
tage, the value .of a may be initially larger than that actually desired 
and then gradually reduced until the desired d.c. current is flowing. 

The amount which a may be retarded must be less, than 180° 
from the original zero. This is because any one anode must take 
over the arc while its potential is positive and greater than that of 
the preceding anode. For example, if the ignition impulse should 
occur at 180°, i.e. at T, Fig. 15-24, with the d.c. voltage in excess 
of the peak value of the transformer secondary voltage, the anode 
preceding that receiving the impulse will still bo carrying current. 
Slightly beyond this point the ])otential of the anode due to pick 
up the arc is less than that due to transfer it, witlx the result that 
the latter continues to carry the current. The back e.m.f. now 
continually decreases with the current consequently increasing, and 
it is evident that the latter may reach a dangerously high value, 
particulai’ly if the point P slxonld be approached. It is evident that 
precise grid control is essential with inverters to avoid such possi¬ 
bilities and this implies impulse control. 

It is of interest to note that the form of the ])haso voltages 
(luring inversion is that shown by the heavy lines of Fig. 15-24 (5). 
Thus at A, when commutation starts to occui*, the pliase voltage 
of the anode relinquishing the arc drops sharply as shown. This 
anode and that ])icking xip the arc then have a common voltage 
during the commutatioTi pci'iod, at the (md of whicli the phase voltage 
of the former anode rapidly rises to the appropriate jKxint on the 
silica wav(^, while the latter increases towards the point fi in the 
manner indi(*.ated. The average phase voltage is shown by a line 
drawn through th(^ ])hase voltages, this voltage also being o(|iial to 
the d.c. input voltages minus the arc drop. 
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Applications of the Mercury-arc Inverter 

Apart from the obvious property of converting direct to alter¬ 
nating current, the inverter has several important applications. 
One of these is speed and direction control of direct-current motors. 
The basis of the method of effecting this is shown by Fig. 16-25, 
in which two identical six-phase rectifiers are cross-connected through 
the motor undergoing speed and direction control. Referring to 
Fig. 15-26 and assuming A to be rectifying, this rectifier is provided 
with impulse control, thus permitting any voltage from zero to a 



Fio. 15-25 


maximum to be applied to the motor armature, the motor field 
being excited from a separate source of supply. B is also provided 
with grid control, the distributor rotors of both A and B being 
driven by a common synchronous motor, the distributor of B being 
phase-displaced in the opposite sense to A so that if a is the ignition 
angle of A, (180° — a) is approximately that of B. Assiime the 
motor is being driven from A while B has a negative bias only on 
its grids. Then any motor speed from a maximum to standstill 
may be obtained by varying the ignition angle of A. To slow th‘ 
motor down, all that is necessary is to suppress the positive im])ulses 
on the grids of A and apply them to B. The latter will now invert, 
and, providing a is continually (lecreased as the motor speed Falls, 
regeneration may bo obtained practically down to standstill. If 
a is sufficiently reduced, the motor will again speed up, but in the 
opposite direction, B now acting as a rectifier, while A may, if 
desired, be caused to act as an inverted*. 

Regbneeation 

It is evident from foregoing roniarks that the invortei* may be 
used for regenerative purposes. The field to which regeneration is 
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particularly applicable is, of course, traction motors. As the polarity 
of the traction system must remain fixed, the connexions of the 
motor oaimot be changed and thus the connexions of the rectifier 
must be reversed. In particular the following sequence of operations 
must occur if regenerative working is desired consequent on a given 
percentage rise in d.c. busbar voltage— 

(a) Disconnexion of the rectifier from the d.c. busbars. 



(6) Reversal of the rectifier connexions relative to the track 
system. 

(c) Adjustment of tlie grid-control gear, making this appropriate 
to inverting. 

[d) Reconnexion of the rectifier to the d.c. busbars. 

In order to effect the foregoing, a relay must be employed which 
will initiate the sequence in either direction as I'oquiied. 

A disadvantage of tlie foregoing system of regeneration is the 
difficulty of satisfactorily effecting the above sequence of operations. 
Because of this, a more usual method of obtainiiig regeneration is 
the employment of two units, one acting as a rectifier and the other 
as an inverter. The scheme is shown by Fig. 15-26, where A and B 
re])Tesent tlu^ two units which are operated from a common trans¬ 
former primary. Tho grid distributor rotors are driven by a common 
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synchroaoTis motor, the distribTitoi*s being arranged in op])osito 
phase. The adjustment of the grid chouits is such that the inverter 
comes into operation when the d.c. busbar voltage exceeds a j)T*e- 
determined value. Thus, under normal conditions, the j)ositive 
impulses to the inverter grids would-be arranged to occur after the 
value of the negative-phase voltage was in excess of the d.c. voltage. 
In these circumstances no driving e.m.f. would be available and 
inversion would not occur. When the d.c. busbar voltage exceeds 
a certain figure the positive grid impulses occur before the negative- 



phase voltage is ec^ual to the d.c. voltage, with the result that 
regeneration takes place. The amount of energy returned to the 
supply system depends on the amount by which the d.c. voltag(^ 
exceeds the input voltage of the inverter. It will bo a])pre(uated 
that the system is enthely static in operation and in this respe(*.t is 
superior to that employing a single unit with relays and reversing 
switches. 

Static Fbequen-oy Chanqinq 

An important property of the grid-controlled mercury-arc recd.ifitn- 
is its capability of connocting two supplies of different frecpumcy; 
for a rectifier reduces the incoming frequency to zero while an 
inverter raises it to the outgoing frequency. In particular a servict? 
for which a rectifier and invertor have proved valuable is the con¬ 
version of alternating current from tlireo-])liaso 50 cycles i)cr second 
to single-phase Ififj cycles per second for traction purposes. One* 
method of effecting this is shown by Fig. 15-27, in which a polyphase 
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rectifier is connected via a large smoothing reactor to a single-phase 
inverter. The grid-control system of the latter is such as to cause 
current from the rectifier to flow alternately in each phase of the 
inverter transformer primary winding. The effect of the reactor is 
to tend to maintain the d.c. input current at a constant value, thus 
keeping harmonics in the three-phase supply to a minimum. The 
constancy of the d.c. current results in the power component of the 
single-phase supply being of a rectangular waveform. As an inverter 
cannot generate an a.c. voltage, a synchronous machine is necessary 
for this purpose and also to fix the frequency of the single-phase 
system and supply the reactive and harmonic power. 

The transfer of the current from one anode to the other in tho 
inverter is, of course, effected in the manner previously described. 
However, as commutation can occur only 
while the voltage of the idle anode is higher 
than that of the working anode, the positive 
impulse must be applied to the grid of tho 
former just before its voltage passes through 
a zero value. The ignition angle, a, is in¬ 
dicated by Fig. 15-28 and will be seen to 
be composed of two parts, u and v. u is 
tho angle Of overlap and is a further 
period necessary for the de-ionization of 
the anode relinquishing tho current and the consequent regain 
of grid control, u and v are functions of tho load and henco 
under all load conditions we must have a > {u ?;). Assuming 
the single-phase voltage wave to bo approximately sinusoidal, 
this will result in a sinusoidal load current which, generally, 
will be inductively reactive. Tlio load current will then consist 
of two components, tho j)owor component and the reactive 
component 7^. As tho latter cannot bo HUf)])lied from tho rectifier 
it must bo furnished by the synchronous machine, as must also be 
the magnetizing current of tho iuvortor transformer. Denoting the 
latter by 1^, the total reactive current is 1 As the output 

current from tho inverter is assumed sinusoidal and the input 
current rectangular, it follows that tho synchi‘onous machine must 
also generate tlie necessary liarmoiiics in order that a sinusoidal 
output may be obtained. Thus, the total current to bo delivered by 
the synchronous machine is / --= V(/r I JrtY^ I whore //^ is tho 
harmonic current. 

In order to obtain an id<^a of tho conditions prevailing, Fig. 
J5~29 may be consulted. In this tho commutation period has been 
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ignored, the load assumed inductive, and the input current from 
the rectifier taken to be rectangular in form. The rectifier current 
is, of course, approximately in phase with the inverter voltage, 
whereas the load current is lagging behind this as shown. The 

synchronous machine current is given by 
the difference of the load and output 
currents and is shown by curve (6). 

A disadvantage of the foregoing 
method of frequency conversion is the 
necessity for a synchronous machine for 
frequency-fixing and the supply of reactive 
kilovolt-amperes. The method of fre¬ 
quency conversion to be now described 
is free from such disadvantages, as it both 
fixes the frequency and supplies the 
necessary reactive power. Fundamentally 
it merely consists of periodically reversing 
a d.c. potential, a process which, incident¬ 
ally, in the form of what is known as the 
vibrator-converter, has been employed 
for small radio supplies. The method of* 
effecting the reversals may be appreciated 
by Fig. 15-30. It will be seen to consist 
of two six-phase grid-controlled rectifiers 
the secondary windings of the ti*ans- 
formers of which are both supplied by a 
common primary winding. The outjmt 
terminals of the rectifiers are cjon- 
nected as shown and a singlo-])haMO 
supply of lower frequency is obtained 
from the two cathodes. Tlio grid control of the rectifiers is 
such that each comes into oj)eration alternately. For example, th(^ 
left-hand rectifier operates for one-and-a-half cycles, [unducing tlu^ 
positive half-wave of the lower froquoncy single-phase supply, whilc^. 
in a similar manner the negative half-wave is produced by tlu^ 
right-hand rectifier. Henc(^ in tho case shown tho singlo-phas(^ 
frequency is 16| cycles per second. 

A disadvantage associated with tliis method of frequency chang¬ 
ing is, of course, the nature of the resulting waveform, which is 
roughly trapezoidal. Tho eft*oct of an inductive load is to reduce thv^ 
harmonics in tho waveform, with tlie result that the load curi'cmt 
wave is generally more sinusoidal than that of the voltage. In 
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th.e case of a non-inductive load the current and voltage waves 
have identifical shapes and the. rectifier secondary-phase currents 




tend to 1)0 ol' roctaugular waveform. The voltage and current 
rolationsbipH arc shown hy Kg- 16-31, where a sinusoidal 
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single-phase load current is assumed. The r.m.s. value of the 
output voltage is 



= = 1-057 


Thus V = 0*96Fi and the r.m.s. value of the single-phase voltage 
is 0-76 times the peak value. The instantaneous value of the output 
current is, of course, equal to the instantaneous value of the various 
secondary currents. If respectively, the r.m.s. 

values of the primary-phase currents then 

whoTO I is tho output cun’ent. If, as a first approximation, tho 
primary oun’ents are assumed to be ecjual, then 

T /TT *^1 T 1 r ^ "^2 T 

Z = V3 ^ I„ and ^ ^ / 


If the ])rimary is dolta-connoctod then J j, = a.iid tho siii)ply 

loading is 


= VoAVA 






:»! 

^2 




Vfi O-OSFi 



o-{)5v'2yiZ 


but \\1 is tlvo singlo-phasc output and, thorofoTO, tho distortion 
factor of the frocpioncy convortor is 




= 0-75 


which is conHidoral)Iy lower than for a normal six-phase rcctilioi*. 


Reactive Power 

With the foi-egoing typo .of fro(|uency convortor when roacitivo 
power is drawn from tho low-froquoncy side, it must ho supplied at 
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higher frequency on the input side of the converter. Now reactive 
power is a function of frequency, and if the relation between flux 
and magnetizing cun*ent is linear, then the reactive power varies 
inversely as the frequency. Hence if and are, respectively, 
the reactive and active components of the line current, then 

tan^ft =. . . (15-3) 



where cos is the displacement factor on the high-frequency side 
<>f‘ the convertor. On the low-frequency side the ratio of reactive 
to actives ])owcr will bo three times as great as that expressed by 
(15-3), and thus 

tan <l)h == I h • • • 

whores cos <l>i is the displacement factor on the output side. As 
oosis X ”1/(1 1 - tan^ re), wo may write 

cos • “ l/Vl -1- tan^ (f>h = 1/Vl + i) tan^ <f)i 

and the i)ower factor of the converter being the product of the 
disphu^emont and distoH.ion factors is then 

0-75/Vl '-Wlan^z 
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Thh Envelope EEBQtrBNOT Convbrtbe 

The somewhat poor waveform of the previous converter led to 
a system in which the transformer secondary windings are graded 
with the object of obtaining a closer approach to a sinusoidal wave. 
The effect of this wiU be clear from Eig. 15-32, where the amplitude 
of each phase voltage on the input side varies as sin 0 where 0 is 
reckoned in terms of the lower-frequency cycle. Thus phase 1 has 
a voltage of 38’27 per cent, phases 2 and 6 have voltages 70-7 per 
cent, and phases 3 and 5 have voltages 92-39 per cent of that of 
phase 4. It will be noted that the resulting single-phase wave forms 

(4^ THIRD HARMONIC 

(b) resultant 
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an envelope of the various phases on the secondary side which is, 
of course, responsible for the descriptive term applied to this form 
of converter. 

As with the previous converter the frequency ratio is 3 : 1 and 
cos <f>n = 1/V1 + ^ tan* <l>i 

A further method of improving the waveform of Pig. l.T-30 
consists of injecting a 33^ per cent negative third harmonic into 
the output voltage. The frequency of this hai-monic is, of course, 
equal to that of the higher-frequency side of the convertor. The 
general effect of this injection may be appreciated from Pig. 16-33, 
where it will be noted that a considerable improvement in waveform 
results. The third harmonic is derived from an induction rogulator 
connected to the three-phase supply, the regulator possessing a 
single-phase secondary winding. The regulator rotor is adjustable 
and thus the relative phase position of the injected voltage may bi^ 
varied and with it the resultant output voltage. 




CHAPTER XVI 

ELECTRONIC MEASURING INSTRUMENTS 


The limitations of many measuring instruments working on electro- 
dynamic principles have been largely overcome by the employment 
of instruments operating on electronic principles. A typical example 
of this is the voltmeter which, in its purely electrodynamic form, 
has a somewhat high power consumption and, when used on alter¬ 
nating current, possesses waveform and frequency enurs. By the 
employment of magnet materials such as Alcomax, the moving- 
coil voltmeter may be j)rovided with a resistance as high as 10,000 
ohms per volt. Large as this may seem, it is possible to construct 
electronic voltmeters with input resistances of several megohms 
with a full-scale deflexion of only a fow volts. Furthermore, the 
latter instruments will function on either a.c. or d.c. supplies and 
are almost independent of frequency eiTOi*s. 

The number of electronic measuring instruments is now very 
large and hence only a fow basic types can be considered here. 
They may, however, serve to show the possibilities of this class of 
instmment. The majority of sucli instruments usually employ some 
type of valve, although not nccosHarily for its rectifying propeities. 


-AMA^ 


<^-0 



Valve Voltmeters 

A diode-valve voltmeter intended for use on high-frequency 
supplies is shown by Fig. KV-l. Ft consists of a high-vacuum diode, 
a sensitive d.c. galvanometer,.and a high resis¬ 
tance JB, connected in series. If the slope ^ 
resistance of the valve is small compared with 
jR, then the galvanometer reading will be 
pi’oportional to tlie moan value of the voltage 
undergoing measurement. As the same mean 
value can have diHereiit r.m.s. values, i.e. 

(lifleront form factors, it is clear that the 
instrument will possess waveform errors if 
calibrated on a waveform different from that under working 
conditions. The instrument is usually calibrated on a sinusoidal 
wave of low frociucncy and is practically indo])on.dont of frequency 
errors. 

Another form of voltmeter employing a high-vacuum triode is 
shown by Fig. 16-2. The valve is biased in the manner shown in 
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order to bring the quiescent point down to the lower .bend curvature 
of the anode-current/grid-voltage characteristic. Asannoing that 
this characteristic can be represented by 

i — av^ + + c 

then, if a sinusoidal e.m.f. sin pt is applied between grid and 
cathode, 

i = aV^ sin® pt -{■ bV^ ^ pt c . . (16-1) 


where' i is the anode current, 
cycle is 

1 r 

- (aVj8m^pt + bV„ 


The mean value of (16-1) over a 


sin pi + c)dt = 


+ c 


and as c is the anode current 
when V = 0, the increase in the 
mean value of the anode current 
due to sin pt is aV^1%. Thus 
a nuUiammeter in the anode cir¬ 
cuit may be calibrated in volts 
and will give a deflexion propor¬ 
tional to the square of the applied 
voltage. The input impedance of 
the voltage is, of course, equal to 
the value of R and may bo of the 
order of 10 megohms. 

Kg. 16—3 shows a valve voltmeter in the form of a two-valve 
ampliflor, this type of instrument being particularly useful for the 
measurement of very small a.c. voltages. If is the amplification 
factor of the first valve, then the input voltage to the second valve is 
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where Fi is the input voltage to the first valve and pj tho slope 
resistance of the latter. Providing the reactance of C is small, tho 
voltage developed across F is 

where pa is the amplification factor of the second valve and R is 
the voltmeter resistance. If the valves are worked on the linear 
portions of thoir characteristics, the voltage across F will bo a 
faithful reproduction of the input voltage. The extent to which 
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the voltmeter readings will be free from waveform and frequency 
errors will then depend on the voltmeter characteristics only. 



Eio. 10—3 

Peak Voltmeters 

An electronic voltmeter for measuring peak voltages is shown by 
Fig. l()-4. I’his consists of an electrostatic instrument, a diode 
valve, and a condenser connected as shown, o 
On connecting the voltmeter to an alternat¬ 
ing supply, rectification will occur and the 
condenser will gradually build up to the 
maxiniiun value of the supply voltage. This 
maximum will bo indicated by the electro¬ 
static voltnuiter. Bocauso of leakage the 
insulation ixwistanco of the entire appara¬ 
tus must be high and to ensure this it is ^ 
somet/inies lUHJessary to enclose the volt¬ 
meter in a luiated box which contains 
sonu% moist.ure-absorbing substance, such as calcium chloride. 

TlIW Wl.IDW-BAOK Voi/rMKTKa 

Tli(^ principle of this form of voltmeter is shown by Fig. 16-6, 
wluu-(^ 1' aiuUf are, respec^tively, a d.c. voltmeter and a galvanometer, 
liy suitable^ adjustment of the potentiometer, P, a negative potential 
may b(^ produced which will just ocpial the peak value of the positive 
half-wav(^ of tlie volf<age undergoing measurement. The value of 
the latt(u’ is f.hen giv(ui l)y the reading of V. The method is clearly 
iudepend(uit of frecpieiujy and waveform and only puts an in- 
appreciabli^ loading on tlie supply. 
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Another example of the slide-back method using a tiiode is 
shown by Fig. 16-6. In this case, before applying the voltage to 
be measured, the valve is biased until the microammeter reads zero. 
Let the value of the bias voltage to produce this effect be T^. The 
voltage to be measured is now applied when the effect of each positive 
half-cycle will be to deflect the microammeter. The bias is again 
adjusted for zero deflexion and, if is the value of this, the peak 
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vahu' of the voltage is (Kj — F,) volts. This form of voltmeter has 
been employed by the writer for measuring magneto voltages up 
to 20,00(> volts, employing the circiiit shown by Fig. 16-7, where 
is a 20-mogohm potentiometer, 20 megohms thus constituting 
the input impcvlamio of tho voltmeter. The complete instrument 
is shown by Figs. 16 - 8 a and 16 - 8 B (interior view). 

A furtlior method of i)oak-voltage measurement is indicated by 
b’ig. 16 Tn order to carry out measurements the switches 8i and 
A’a ar<( l)oth moved to the left, the milliammetor being adjusted 
to give full-scale (lollexion before tho voltage to be measured is 
a])plie(l. On applic-ation of this, rectification will take place by 
means of l.lie diode, and a eondoiiser, say, C',, will be charged to the 



Fig. 16 - 8 b 
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crest value of the voltage. is now switched to the right, when 
C\ will ho placed in parallel with the grid condenser and also the 
grid and cathode of the triode, thus giving the latter a negative 
bias and reducing the anode current. 

Ill order to calibrate the instrument, ‘8^ is switched to the right 
and a series of known voltages applied to the terminals F. 8^ is 
then operated as before and the relationship between the miQi- 
ammeter readings and voltages obtained. A curve may be drawn 



showing this or i.h<^ niilliarnmotor may be directly calibrated in volts. 
1\) (»xt(^nd i\u\ range of the instrument either the transformer ratio 
may be varied or s(w<^ral condensers used as shown. 

Peak Voltage Measurements with the Thyratron 

Por voltage measurements by this method the triode in Fig. 
l()-b is r(^pla(ied by a tliyratron. To operate the instrument the 
bias, V, is set t.o a value in excess of the ])oak voltage to be measured, 
the latt(H- i.luMi apjiliiul, and tlu^ bias then slowly reduced. If Fj, is 
the pciak valuta ol’ the voltage, K,,. the anode voltage, and G the 
control ratio, (ion(lii(?i.ion through the thyratron will occur when 
V'{Vp I I'„/<"')• Hence V.„ ■- V — VJO. The moment that 
conduction ocuuirs may b('- indicated by a lamp placed in the anode 
circuit., this a.lso a.(‘.ting as a current limiter. 
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The Ryall Cebst Voltmbteb 

A method of measuring peak voltages with a neon lamp is shown 
hy Kg. 16-10. Two condensers are employed, one of which is 
variable. The ratio of the voltages across 0^ and is inversely 
proportional to the ratio of their capacitances. Hence if F, is the 
striking voltage of the lamp, the voltage across 0^ when the lamp 

strikes is V,OJG^ volts. If V„ is the peak 
voltage to be measured then, when the 
lamp just strikes. 
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Electronic Ammeter 

In general no particular difficulties exist in measuring moderate 
or large alternating currents at commercial frequencies. For the 
measurement of small currents at high frequencies, however, facilities 
are somewhat limited. For such measurements there exist thermal 
instruments, the oscillograph, metal-rectifier instruments, and the 
eleotronio ammeter to be now described. This last mstrumont 
depends for its operation on the variation of anode current with 
cathode temperature. The relationship between these quantities 
for a state of saturation was derived in Chapter IF, and is o.\.- 
pressed by (4-7). Now the cathode temperature is a function of 
the heater current and resistance, the cathode rate of energy dissi¬ 
pation being PS, where I and S are respectively tho heater current 
and resistance. If the heat is dissipated solely by radiation, then 
the rate of energy loss wiU be governed by the Stefan-Boltscmann 
Law and we shall have 

PS = a{T„^—To*) . . . (16-2) 

where is the cathode temperature and Tq the ambient temjiora- 
ture. Hence if the left-hand member of (16-2) is increased by an 
iuorease in current so also will be Tg and tho saturation current of 
the anode circuit. 

A practical form of ammeter is shown by Fig. l<i-l I. A diode 
valve is employed as one arm of a bridge network, the cathode being 
fed through a choke and a variable resistance S^. Tlio voltage 
applied to the heater is lower than its rated figure in ord<!r i.o produce 
easily a saturation current. The bridge is balanced for d.c. conditions. 
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the galvanoinoter Q giving no deflexion in the absence of an alter¬ 
nating current. The latter is applied by the cathode via a condenser, 
the purpose of the condenser being to isolate the a.o. from the 
cathode heater supply. To prevent the current under measurement 

R3 



from by-passing the cathode, the iron-cored choke is employed. 
If 7,1,,.. is the value of the alternating current to be measured and 
7,1.,.. tire cathode current due to the d.c. supply E, then the cathode 



heat(»r current is giv<m by VIAlo.® + presence -^^o. 

iiicrotiHos the (iuthodo toinperature with a resulting increase in anode 
saturation current. This unbalances the bridge and the value of 
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the a.c. current may be read on O when the latter is suitably cali¬ 
brated. 

The effect of superimposing an alternating oiirrent on trio cl.e. 
filament current of a PM6 valve is shown by Fig. 16-12, in which 
anode resistance is plotted against superimposed a.c. currmit and 
total filament current. The normal filament cun‘ent of this valve 
is 0*1 amp. but, to produce saturation effects, this was reduced to 
0*07 amp. The anode voltage was 116 volts. Fig. 16-111 gives the 
relation between superimposed a.c. current and dofioxion (with a 
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0—100 microamp. galvanometer) with the same valve employed in 
the circuit of Fig. 16-11. The values of the vaiious components a.i*e 
as follows— 

100,000 ohms JSg 60,000 ohms 

50,000 „ B^ ;U) „ 

Choke 50 henrys 

It will be noted that (as with most thermal instruments) tlu^ s(*.ale 
tends to be closed at the origin, opening out as tlio deflexion iuciH^ascis. 

Zeeo Drift 

The ammeter of Fig. 16-11 may suffer from tlie disadvautagt» 
of zero drift due to the valve cathode current not remaining st-rietly 
constant. This tends to limit the lower range of the instnimcmt 
because slight variations in the d.c. current may bo as larger as tlu^ 
a.c. current undergoing measurement. The purpose of the resistance^ 
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JB 4 is for zero adjiiatincnt, but tends to be inadequate wliero it is 
desired to measure very small currents. 

In order to obviate zero drift the arrangement of Fig. 16-14 
may be cmidoyed. Here the resistance is replaced by a diode 
valve, which must be matched to the operating valve. It will be 
noted that the filaments of the two valves are in series, so that a 
change of filament current affects each equally. Assuming the 
valves to be matched, a change in filament current, common to 
both, will so affect the intemal resistances of the valves that the 
state of balance of tlic bridge will tend to remain iiiiaffootcd. Further- 



more, f.lu^ (compensating valve increases the sensitivity of the volt- 
nucUcr. '!rhus, when an a.c. current is i)assed through the cathode 
of the operating valv(c, its inticrnal resistance falls and the cathode 
resistances iner(^as(^s. The latter (vffecit reduces the value of the d.e. 
current through the cathode of the compensating valve, with the 
result that, its internal resistance rises, furthei* unbalancing the 
bridge. 

The amnu^ter outliiuHl by Fig. 16-11 is capable of acjcurate 
o|)eration over a wi(l(^ fVecjuency range, the principal limiting factor 
being tlu^ chok<^. At low friupiencies th(^ reacjtance of this will 
fall and a projmrtion of the curremt under measurement will tend 
to pass througli th(^ (dioke rather than through the cathode. Hence 
low Headings may Ix^ (^\peri<m(?od as the freciuemiy falls. At high 
fr(U(U(uuii<w th<'- sc^lf-capaeity of the chok(^ will fend to lower its 
reactance, so, again, low nuwlings may lesult. However, by suitable 
<!hoke<l(^sign it. appears that satishu^tory n^sults may bo obtained over 
a fr(Hju(mcy range varying from 25 to cycles per second. In 
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addition to the wide frequency range, the instnunent is also inde¬ 
pendent of waveform, as the operation arises from the thermal 
effect of the current. 

Calibration of the ammeter may be carried out by comparison 
with another instrument at 50 cycles per second. K desired, a 
number of ranges may be obtained by the use of parallel and series 
resistances in conjunction with the galvanometer. 

The Electronic Wattmeter 

The advantages possessed by the electronic wattmeter are 
•similar to those of the voltmeter, i.e. small power consumption and 



negligible frequency error. In addition it has a relatively high 
sensitivity compared with the normal type of wattmeter. One typo 
of wattmeter is indicated by Fig. 16-15. Fundamentally it consiats 
of two vacuum valves of similar characteristics and a differential 
galvanometer arranged as shown, JRR are identical non-inductive 
resistances, and i?, a non-inductive potential divider. The gal¬ 
vanometer, Q, indicates the difference of the anode currents of the 
two valves and it will be appreciated that a difference is brought 
about by changes in grid bias due to the load cuirent. Tho i-esistance 
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B, is sufticiontly high to make the ourrent flowing in it inappreciable 
compaied with the load, ourrent so that when the latter equals I, 
the voltage across each of BE is JB. The voltage between the 
junction of BB and the tapping point of iJ, is rVjB,, and hence the 
giid voltages (apart from the biasing voltage E^) of the two valves 
and are 

frV \ 

and ( ^— EJ \ respectively 

When / = 0, these voltages are identical and hence the grids are 
similarly biased, with the result that the galvanometer reading is 
zero. 

Now assuming the valve static characteristics can be expressed 
by a square law, the anode current of either valve may be written 

la = oiEg + 4 * 

- aib + Vaf 



where a, /^ h, and c are constants and V„ is a change of grid voltage 
on either valve. The individual anode ciuTonts of either valve are 
accordingly given by 

A = + + . . (16-3) 

f rV V 

Li — a U> -I- ^ — BTj . . . (16-4) 

1’he diffcrenco of (10-3) and (16-4) is tho galvanometer current J„ 
and is given by 

tR 

= 4a6i?J-]-4a-.y- VJ . . (10-6) 

If V and I aro alternating quantities, thou tho mean value of 
(16-5) is 


and tho galvanometer reading in pro{)oi‘tional to tho moan value of 
tlie power. 

It will be Jioted tliat tho voltage across tJie load is less than V 
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by an amount IB. Hence the power load, W, is the mean value of 
{VI — PB) and we have 




. (16-6) 


Generally, however, the second term of (16-6) is negligible, with the 
result that the instrument is direct reading. 


Effect of Different Valve Characteristics 

In the event of valve characteristics differing, the galvanometer 
no longer gives a reading proportional to the mean power of the 
load. For example, suppose the two valve currents may be repre¬ 
sented by the following equations— 

A = «i(6i + 


' / rV 
I2 == ^2 (62 " 4 " 

Then 

tV 

Ig = ^2^2^ 4 " 2 (% 6 i — <3^62) —H 4 ~ 

" rR 

+ (Oi— < h ) 4- K— 4- 2(01 + <3^2) g 

and the average value of this is 

+ (oj _ ttg) ^£5 72 J22j2) + 2(01 + Og) ~ 7 / 

The first term of this expression may be regarded as a zero error, 
which can, if necessary, be eliminated by adjustment of the gal¬ 
vanometer. The second term is proportional to the watts lost in 
r and B, while the third term is proportional to the mean power 
as before. By making R and rJB small, it is possible, except for 
small powers, to make the second term negligible compared with 
the last, when 

= 2(01 + « 2 ) ^ ^ 

Where difference in the characteristics cannot be reduced to a 
negli^ble quantity in the foregoing manner, an adjustment for 
the different slopes may be made in the manner indicated by Jfig. 
16-16. Here a high resistance is shunted across an ordinary gal- 
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vanometer and a variable tapping point taken' to the battery 
connexion. In this case the galvanometer cmTent is 


of wliich the numerator is 


/ = A *1 — 

” ^1 "I" ^2 + -Kff 


(16-7) 


rV 


Sia/V — SattaV + + 2(«iai6i + 


,.ap 2 

+ (®i®i V'a) 2 'I' -|- 2(8^0]^ + «2®2)^^ 



Now if the tiH)|)ing point is twljnstod so that 

«i«i «a«2 = A', say, 

’■ =i.-T »tTTi; ["'■ - '■»’ ■' - «t 


rV 


the average value of whicli is 

AW-V) 


H- 2 ( 6 i + '> 2 )i 2 ^H- 4 ^ yj 


I 


4K rB 


^ ^ *'^2 


J^a “1“ ^*2 -Af/ 


Ki 


Tho first term of this may bo oliminatod in the manner previously 
dos<u*ibcMl when the galvaiioinctor will indicate the mean power as 
with valvc^s with identical characteristics. 

Ill order to vary the range of tlie wattmeter, it is only necessary 
to change HR and tlu» tapping point on R^, However, when it is 
desired to rnoasun^ low powers with small currents in tlie scries 
rc^sistancoH HR, the laiitcu* may have to be of such value as to cause 
the J*^R loss to be of tlu^ same order of niagnitiido as the power 
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undergoing measturement. Correction may, of course, be made for 
this as indicated by (16-6), but may be avoided by altering the 
equality of the two resistances B. CaUing these and B^, we have 

( rV V 
ia ~ ®2 ( ^2 “t" -^2^ ) 

and the numerator of (16-7) now becomes 

rV 

«2®2&2® + 2(sjajbi— Safla^a) ^ + 2{8^ajbiBj^ + 

rzyz ‘ r 

(* 1®1 ® 2 ® 2 ) 2[S](ljB^ -|- VI 


Again, making = a^Sz = K 
we have 

^0 — ^ |^( V ~ V) + 2(6i— 62) ^ + 2 {hiBx + 

+ (^2_ jj^2)j2 + 2(U^ + J?,) I- F/] 

The mean value of the second and third terms is zero, and eliminating 
the first term by zero adjustment of the galvanometer 

^ ^{B,^-Bz^)P + 2(i?i + Bz) n] 


®1 + ®2 "H 


’ ®1 "h ®2 “t“ ^P 


2 (-®i + ■Ba)’’ 
B, 


y :?* 7 

/ iJa + i?! ■ 2 >- 


Now the load voltage is F — B^l and, hence, if 


i 2 ,= 


Bz^-By^ B, 


(16-8) 


i2a + -Bi ■ 2r ’ 

the galvanometer will read the load power direct without correction. 
Tho relation of to JZa is found from (16-8), viz. 




jBo 


The relatively high sensitivity of the foregoing form of watt¬ 
meter has already been mentioned, and it may be added that an 
instrument has been constructed for a power as low as one milliwatt 
full-scale deflexion. 
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Electronic Ohmmeter 

An electronic ohmmeter which is particularly suitable for the 
measurement of high resistances, such as insulation resistances, is 
shown by Fig. 16-17. It will be noted that the indicating device 
consists of a cathode-ray tuning indicator.* The resistance under¬ 
going measurement is connected between the terminals AB^ and 
the resistance current then flows through thus altering the grid 
potential and shadow angle. If the value of the resistance under¬ 
going measurement is denoted by Z, and E is the voltage between 
AB, the current through X is jS?/(Z + iJi). Thus, the effect of this 

current through is to decrease ^_ 

the potential dijBFerence between . fV vvJ 

^id and cathode of the tuning > rs 

indicator, consequently increasing x 

the shadow angle. Denoting the I 

change in grid potential by Vgo, 

we have uj? bq >-■ -' 

Z + iJi J 

and X = 1"^ 

^ ao 

Thus, for a given change in grid 

potential and shadow angle, X is L_J_ 

l)i*oportional to jR^ and the value ofZ 10_17 

may bo determined from that of jB^. 

Normally the ohmmeter shown is only suitable for the measure¬ 
ment of largo resistances because the voltage between AB cannot 
bo loss than the target voltage, i.e. about 200 volts. Where the 
instninu^nt is employed for the determination of insulation resistance 
tlio working voltage will generally be at least 500 volts. In this 
({{ISO the 1 ‘esistaTice is employed to obtain the correct target 
voltage. ''Fo avoid shoH-circuiting the h.t. supply, should X be 
abnormally low, B^ may be incorporated. 

In order to o])crato the ohmmeter, jB^ is initially set at zero 
and, with AB on open circuit, JB 4 should be such that the »shadow 
angle is, say, 15'^’ ( 5 oi‘resi)onding to a grid potential Vg-i. X is now 
connected and jR^ adjusted until a shadow angle of, say, 45 ° 
is ol)tained, corres])onding to a grid potential of Vg^- Then 




(F.1- Vg,)] 


* Soo p. 082 . 
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If the same shadow angle (46°) is always employed, then (Fji — 
may be determined for all time and, knowing E, X may be found 
from the Talue of A better plan than this, however, is to connect 
known resistances across AB, adjust JZj for the same shadow angle 
. in every case, and calibrate the ^al of in terms of X. Alterna¬ 
tively, the dial of may be divided into a number of equally spaced 
divisions (say, 100 ) and a cahbration curve drawn. The latter plan 
is better as the calculation of X from (F^ — Fj 2 )> E, and is com¬ 
plicated because, due to the' regulation of the h.t. supply, E will 
be different for every value of X, especially if is incorporated. 



The range of the instrument may, of course, be extended by em¬ 
ploying a number of resistances for jB^, selecting the appropriate 
one by means of a switch. 

An example of a typical ohmmeter for the measurement of 
resistances up to 600,000 ohms may be given by the following details. 
The tuning indicator employed is a Tungsram 6 XJ 6 with a target 
voltage of 260 volts. JB 4 is 6400 ohms and, with a supply current 
of 2niA, tills gives a bias of lO-S volts and a shadow angle of about 
20°. is adjusted for a 45° shadow angle and in these circumstances 
the grid bias is 6 volts. Thus the change in grid potential is 4‘8 

volts and „ ' 

X = 52Bi approx. 


The values of B^ and iJj are respectively 1 megohm and 2500 ohms, 
while the maximum value of Bj^ is 10,000 ohms. Kg, 16-18 shows 
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the experimentally determined relation botwoon X and which, 
it will be noted, is linear. 

Electronic Harmonic Analysis 

A form of harmonic analyser, electronic in character, is shown 
by Pig. 16-19. An iostniment similar to a dynamometer wattmeter 
is employed as shown at E, The moving coil of this is connected 
to the voltage to be analysed and thus carries a current propoitional 
to this voltage. The fixed coil of the instrument carries a curi'ent, 



HT- HT+ 

Fxa. 10-10 

called the analysing currout, the frequency of which can be made 
equal to that of tlio fiindanieutal or any harmonic ii» the wavc^ 
undergoing analyKsis. The freciuoncy of the analysing cui*ront is 
produced by means of a synchronously drivon (jontact disc, the 
latter possessing concentric rings of contacts, oacih (iontact allornating 
with an insulating seginout. Prom the arrangement of the grid bias 
it will bo a])|)i*eciatecl tliat, as i.lu^ disc revolves, altoniatt^ positive 
and negative bias voltages an^ impressed on thc^ triode grid for 
equal periods. Tims, if tlu^rc^ is one contact oii disci occupying 
ono-halF of its periphery and the synclironous motor runs at 3000 
r.]).ni., a r)0-(iycle r(r^f(m.(fnl(ir voltage wave will be im|)rosso(lbetw(i(in 
gri(i and ciatliode. By iiuireasing thci number of contacts evidently, 
any clcisircid freciuenciy citui bci produccid. 
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The rectangular voltage wave on the grid will, of course, pi'oducc 
an alternating component in the anode current of the same frequency, 
but, due to the inductance of the variable-coupling transfonnor, 
this component wiU have a closer resemblarico to a sine wave. 
The waveform in the transformer secondary winding is further 
improved by tuning the secondary circuit to the harmonic frequency 
by means of the variable condenser 0. 

Now it is well known that a steady deflexion of a dynanionieter 
instrument results only when the currents iii the fixed and moving 
coils are of the same frequency. Thus, if the analysing cru'ront is 
ia = la sin (nd + 4>a) 

and the current in the moving coil due to the «.th hai‘moni<i is 
* = sin {nO + 

the instantaneous torque is given by 


The mean torque is 
T = — 

2ir 


iiadd 


T oc iia 



sin {nO -f sin {nO -f <l>,„)dO 


= KIaI„, cos <l>a) 

As the deflexion is proportional to the torque, w(' may write 
■D = COS — <(,„) 

where D is the deflexion. The phase of the analysing eurrenf. is 
adjusted by the contact arm of the rotating dis(t until (</>,„ </)„) (». 

At this point Z) is a maximum and 

I,a = 

where is the maximum deflexion obtained. 'I’o obliiin l lu^ vahu* 
of the harmonic voltage, F„, wo have 



where p = 2mf, f being the froquency of the fundamental, and Z. 

and M the inductance, capacitance, and I’osistance of trla* moving' 
coil circuit. 

Where the phase relationship of the Jiarmonics is m)t. mwah'd, 
harmonic analysis may be effected by means of an ehxd ronio volt¬ 
meter. The voltage to bo analysed is apidied in series wit h a. local 
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oscillator to the grid and cathode of the valve, in the anode circuit 
of which is the usual milli- or micro-ammeter. The frequency of 
the oscillator is adjusted to the frequency of the harmonic to be 
measured and, as this adjustment is made, the milliammeter indi¬ 
cator will oscillate slowly in response to the heterodyne frequency 
difference. The oscillation frequency is, of course, the difference 
between tlie harmonic and local oscillator frequencies, and when, 
by adjustment, this difference is made sufficiently small, the ampli¬ 
tude of the anode current variation may be read directly. From 
this amplitude and that of the local oscillation (as found from the 
voltmeter when the input is zero) the amplitude of the harmonic 
may be calculated. 

Assuming that the giid-voltage/anode-current characteristic 
follows a quadratic law we have 

i = . . . (16-9) 

provided that the ciuiescent current has been balanced out. If Vq 
is the voltage of the local oscillation and that to be analysed, 
then (16-9) becomes 

i = 0 ^ 1 ^^ I- -1- OjjiV 'h • (16-10) 

Now lot Vfi = Vq cos <f>Q 

and == cos H- Tg cos 2^^ h cos + . . . . (16-11) 

This, of coxirso, presumes that the local oscillator waveform is 
sinusoidal and that the phase angles of the harmonics are zero. 
The modification nocossaxy when the latter is not true will be shown 
later. Substituting (16-1 i) in (16-16)— 

i = (i^ Vq cos <^q |- a, Ft cos | a, Fg cos 2 (f>i + . . . 
ttg I 0 ^ cos® <f>Q f Ug cos® <j>i + (i^ V 2 ^ cps®^i + • • • 

2 rf 2 FoFi cos ^0 <5os -|- 2(12VqV2 cos ^0 cos 2<f>i . . . 

^a^V^V^ cos <j>i cos 2 <^jl 2 a 2 ViVQ cos ^ cos 4--*- 
■••• + ••• "h ••• + •• • 

(li*()iiping terms— 

n n 

i = K„ cos cos® 

-|- 2 a 2 ^ Vq Vn cos ^ cos 

\h m 

-H cos n^x 

n 


. ( 16 - 12 ) 
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it being understood that when n = 0 in the first two terms, cos 
is replaced by cos <^q. 

Changing the trigonometrical terms we may write 
i = F„ oos 7^1 + ^ I F„a — ^ I V,;^ cos 

-I- OgS FoF„ cos Vf^V^ cos ((^q— Md 

nm n m 

■ + cos (JK^ + »w^) + OaSS V„ V„ cos (»i^— (Ki-l») 

n ^ m 

Now the milliammeter will indicate the steady components of 
(16-13), plus those of such frequency that their effect is easily 
readable, i.e. 

||F„2 + «a|FoF„oos{^o-n^) . . (16-14) 

Now by adjijsting ^ to be approximately equal to the beat 
frequency may be made so small that its effect on the motor is 
easily discernible. Other beat frequencies, of course, coexist, but, 
Tfith the adjustment effected as described, their effect caivnot bo 
detected. Referring to (16-14), the swing of tho milliammotor 
indicator is 

Ij, = 2a2FoF„ 



which thus determines the amplitude of tho 7tth hannouic. ,/„ is 
read dirodtly, while Fq is found by employing the analyser as a 
voltmotor to read tho oscillator voltage in tho abstmee of that 
xmdorgoing analysis, is found by employing tho instrument as a 
voltmeter and applying a Icnowir voltage. If V is the peak value 
of this voltage 

• • • • (lf>-l'''') 

where i is the anode current resulting from F. Thus (Hi-15) deter¬ 
mines a^. 

Where the phase angles are different from zero wt* must write 
®1 = cos {4>i + Vi) + Fg cos (2^1 -1- I/Ijj) I • . . . 



ELECTEONIO MEASUBUTG ITSTSTKUMENTS 


641 


in which case the reading of the iniUiammeter will be 

-f cos Wn) • (16-16) 

i.c. it will not differ from that indicated by (16-14). 
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CHAPTER XVII 

OATHODB-RAY TUBBS AND ASSOCIATED CIRCUITS 

The cathode-ray tube may be justly regarded as one of tlio most 
important applications of electron optics and dynamics that exists. 
In what is, perhaps, its best-known form it consists, fundamentally, 
of a glass tube in which are housed a cathode, an anode, or gun, 
an electron optical system, and two or more deflecting plates. 
This arrangement is shown by Fig. 17-1, and in this example the 



domed end of the tube is coated with a fluorescent powder m order 
that a trace may be formed thereon by an electron beam. The 
electrons are produced thermionically, as described in Cha})tei* IV, 
and, under the influence of the positive potential of the anode, 
pass up the tube towards the fluorescent screen. In so doing they 
pass through a small hole in the anode, which tends to restrict the 
electrons to a narrow beam, in order that a small patch or spot of 
light may result from the impinging of the electrons on the screen. 
Following the anode is some form of focusing system by means of 
which the beam is brought to a fine focus at the recording surfaces. 
Between the latter and the lens arc deflecting plates or coils in 
order that the phenomena under consideration may deflect th(^ beam 
and so record its characteristics in a manner which may bo readily 
interpreted. 

Cathode tubes , may be classified under three headings - 

1. Low-voltage tubes, which are of the gas-fooiisod tyi)o. With 
these the accelerating voltage seldom exceeds 1000 volts. 

2. Medium-voltage tubes employing accelerating voltages 

542 
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between 1000 and 10,000 volts. These are of the liigh-vacunm type 
and are focused by an electrostatic lens as described in Chapter VI. 

3. High-voltage tubes in which the accelerating potential is 
from 10 kV to 80 kV. Such tubes usually employ a cold cathode 
and are focused by a magnetic lens. 

Gas-focused Tubes 

Considering first the gas-focusod tube, as stated above, the beam 
is restricted in cross-section by a small a])ertiiro in tlu^ anode before 
focusing occurs. This an*angoment, however, is somewliat ineffi¬ 
cient, in that the majority of electrons are collected by tlio anode, 
only a small proportion pass¬ 
ing up the tube to the screen. 

This state of affairs is 
remedied by suiTomiding the 
cathode with a small metal 
tube known as a Wohnelt 
cylinder, or, more commonly, 
as a shield or grid. This is 
negatively biased to about 50 
volts and the resulting electro¬ 
static field has a converging 
effect on the initially diverging 
electrons as they leave the 
cathode. The result is that a 
much larger proportion of the vg ^ ° 

electrons pass into the deliect- 
iug space which, of course, ' 

leads to a gi'oater concentration of electrons in the beam. 0|)tically, 
the shield is equivalent to a convex lens of short focal longtli, 
which produces an image of the cathode just in fVont of the 
anode aperture. 

In many respects the action of the shield is similar to tliat of 
the grid in a triodo, for variation of the value of thc^ biasing voltages 
varies the anode cxirrent. If tlie bias is continually in(u*(«isofl, a 
value is reached at which the anode current doci’eases to the extcnit 
that the spot vanislu^s from the fiuoresceiit sci*(^on. Evidently the 
brilliance is also controllable by the shield bias and, in pi*acti(je, 
cathode-ray tubes are provided witli continuously variable biasing 
arrangements for controlling tlio brillianee and sharpness of the spot 
and for putting it out of existence when desired. 

The relationship between anode cun’ont and shield voltage for a 
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typical case is shown by Fig. 17-2, from which the similarity to the 
static characteristic of an ordinary triode valve may be noted. 

Ebfeot of Gas Fillestg 

From the nature of the deflector plate circuit it might apjxiar 
that the cathode-ray tube imposes only a small capacitive load on 
the circuit producing the phenomenon undergoing examination. 
In gas-filled tubes, however, a resistive loading is also imposed, 
due to the flow of electrons and ions to the deflector plates when a 
potential difference is applied to the latter. Where the impedance 



Fjq. 17-3 

of the source of supply is low, this is unimportant, but should it 
be high (say, of the order of lO*^ ohms), distortion of the applied 
waveform is hkely to occur. In general, it may be said that when¬ 
ever the supply impedance is of the same order of magnitude as 
that of the plate circuit, some distortion will result. Due allowance 
could be readily made for this if the plate circuit impedance were 
constant. Actually this impedance is far from constant, as will bo 
apparent from Fig. 17-3, which shows plate resistance plotted as 
a function of plate potential in a typical case. It will be noted that 
the resistance is a minimum at zero voltage, i.e. when the beam is 
undeflected. It follows that with a high-impedance supply the tube 
is less sensitive near the origin than with more remote positions of 
the beam. 

In order to minimize tho variation of plate impedance it is 
customary to connect fixed resistances across the deflector plates 
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in the manner indicated by Fig. 17-33. This also ensures that the 
tube is not operated on an open circuit, for in such circumstances 
charges would be acquired by the plates leading to spuiious results. 

.^though it lias been stated above that tho finite impedance of 
the plate circuit is due to the presence of electrons and ions, it 
appears that it is principally electrons whicli are responsible for 
this condition. The electrons are secondaiy in character and arc 
dislodged from tho screen by the impacting beam electrons. Tho 
secondaries return to tho anode, but to roach this must jiass tho 
deflector plates, where they will be either attracted or repelled by 
the charges thereon. This results in a relatively high current for 



Kio. 17-4 

positive ])lato ])()tontials as shown by Fig. 17-4, Cuvvo I. TIk^ 
current may be reduced to a low figure by e.^touding tlu^ anode, 
in tho form of a tube, beyond the dolloctor plates. This intoro-epts 
and collects tho secondary oloctrojis, resulting in tho low platen 
current shown by Curve 2, Fig. 17-4. With this structur<j tho plate 
impedance may l)o as high as 2 x 10’ ohms. 

OiuoiN Distortion 

A further form of distort/ioii in gas-filled tubes is known as 
origin didortim. When a dellecting ])ot(Mitial is applied to th(^ 
plates, electrons and ions tend to eolloet in their neighbourhood, 
thus forming spaco-chargos. Because of their lowcu* mobility, tho 
interplate space is chiefly occii|)iod by positive ions. Tho resulting 
I)Ositive sj)aco-chargo distorts tlio electrostatic field, causing a 
cathode fall of potential at whichever plate hapy)oiis to be negaf.ivo. 
An effect of this is to absorb part of tho potontia.1 aj)pliod to tho 
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plates to balance the space-charge drop, with the result that the 
tube is less sensitive to low plate potentials than high ones. 

A deflecting system overcoming origin distortion is indicated 
by Fig. 17-5, and is due to von Ardenne. It will be noted that one 
of the deflecting plates is equally divided and equal but opposite 
biasing potentials applied to each half. The plate division is prefer¬ 
ably and generally applied to that plate which is at earth potential. 
If the value of the bias potential is at all times higher than that of 
the deflecting potential, then the resultant potential of the system 
is always different from zero and origin distortion will not occur. 
In practice the bias voltage applied to each half-plate is rather 



greater than that necessary to 
deflect the spot to the edge of the 
fluorescent screen. 


I 



Fio. 17-5 


Fia. 17-6 


The action of the biasing potentials on the beam in the absence 
of a deflecting potential may be appreciated with the assistance of 
Fig. 17-6. On entering the plate space the beam is deflected through 
the angle a and, but for the influence of the positive bias, would 
continue along the broken line. However, due to the positively 
biased half-plate, the beam is subsequently deflected through an 
angle equal to a, but in the opposite direction. Thus the beam 
merely undergoes a small lateral displacement y, which is easily 
corrected if necessary. 

High-feequency Dbeootjsing 

An effect experienced with gas-filled tubes is defocusing at high 
frequencies. This is because liigh-frequency deflexion of the beam 
may not give sufficient time for an adequate supply of positive ions 
to be formed to constitute the core of the beam. The effect may be 
countered to a limited extent by certain measures, such as increasing 
the beam current at high frequencies and employing a gas-filling 
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of low molecular weight. However, the frequency limit of the gas- 
tilled tube is about 10® cycles per second, and for frequencies beyond 
this a liigh-vacuum tube must be employed. 

Medium-voltage High-vacuum Tubes 

Because of the various limitations of the gas-tilled tube, detailed 
above, high-vacuuin tiibes are largely employed and are actually a 
necessity for television puiposos. These tubes are evacuated to 
about 10“® mm. Hg, and focusing is effected by an electrostatic lens 
of the form described in Chapter VI. Magnetic lens are seldom 
used because, tlie tube being short, the stray field would extend 

_Az_ 
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over a considerable length of the beam, and because of the d.c. 
power needed for the coil excitation. 

A result of the relatively high voltage employed with vacuum 
tubes is a reduced sensitivity as compared with the gas-focused 
tube. Thus, it is desii*able from the sensitivity viewpoint that tlie 
defieeting system should be near the cathode while for a sharply 
focusc^d beam the lens should be near the lucording surface. How¬ 
ever, the lens must precede the deflector plates, and hence a 
compromise must be ofifected between high sensitivity and sharj) 
foeusing. 

The typos of lenses usually employed are the two and throo- 
diaf)hragm and coaxial cylinders. With low voltages the two- 
dia])hragin type is largely employed because of the smaller imago 
it pi'oduces due to the axial acceleration of the beam. A typical 
cylinder Itiiis is shown by Fig. 17—7, the two cylinders and 
being, ros])octively, referred to as the first and second anodes. It 
will be uot(«l that the first anode is fitted with a number of baffles, 
the purpose of tlu^sc! being to collimate the beam. A Wohnolt 
cylinder is invariably fitted in high-vacuum tubes, this producing 
an imago of the cathode between itself and the Ions. The latter 
then produces a further imago of the fii'st one at the screen or 
reconiing surface. 
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Vacuum Tube Distobtion 

Although the vacuum tube ifl free from origin distortion and 
defocusing a|t high frequencies, it does, however, possess certain 
shortcomings peculiar to itself. 'Due to the relatively low sensitivity 
of such tubes, comparatively high potentials are necessary on the 
deflector plates. One of each pair of plates is normally connected 
to the anode (in both gas-fillcd and vacuum tubes), while the others 
periodically fluctuate above and below anodo potential. Thus, as 
the beam is deflected, it will undergo an additional acceleration or 
retardation, this effect being greater the greater the amplitude of 
the deflexion. The change produced in the axial velocity naturally 
tends to defocus the beam, the defocusing increasing as the beam 
approaches the edges of the screen. A remedy is to arrange matters 
so that a symmetrical deflexion is obtained in which one plate of 
each pair rises above the anode potential, while the other is falling 
below it by the same amount. In this manner the moan ]Jotential 
of the plates relative to the anode remains unchanged. Methods of 
effecting this will be disoiissod after desciibing a further form of 
distortion. 

Teapezium Distobtion 

As previously shown, the sensitivity of a oathodo-ray tube 
depends on the axial accelerating voltage. However*, in a high- 
vacuum tube this voltage is either sensibly increased or* doerriased 



Exg. 17-8 Eio. 17-e 


by the deflecting voltage and thus the sensitivity is affoctod according 
to the magnitude of tlio voltage on the deflector ])latos. ’'Fhus, witJi 
a positive deflecting voltage, tlie accelerating potential incr<^asos 
and the sensitivity ajid resulting deflexion are snialUn* than when 
the deflecting potential is lu^gative. The term “trapezium distor¬ 
tion’’ results from the shape of tho television raster i)roducod wlion 
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this form of distortion is i)resont. Tho raster is produced by two 
simultaneous detloxions, one vei*tical and the otlier liorizontal, the 
frequency of tlie latter being much higlicr tlian that of the former. 
The deflecting voltages ar(> })roduced by saw-tooth wave generators 
(see page 5(H)), witli tho result that, providing distortion is absent, 
a series of horizontal lines appear on the sci'oen in the maimer 
indicated by 17-S. However, with trapezium distortion present, 
if we assume that -1- y and -|- x deflexions are i)roduced by positive 
potentials on tho Y- and X-platos, tlio longtli of the vertical deflexion 
will be less to the right of tho centre line than to tho loft of it. Tho 
result of this is to in'oduco a raster similar in shape to tlxat shown 
by Fig. 17-1). Hence tho toj’in ‘‘trapezium distortion.” The ])icturo 
is symmetrical about ^VyO — y be¬ 
cause of tho solf-centi*ing i)i‘oporty 
of tho tube (see ])ago 552). 

Symmetrical Deklexion 

Tra])ezium distortion may be 
avoided in tho same manner as 
defocusing, i.e, by tho omploymout 
of symmetrical dollexion. This means that the electrical centre of 
each plate pair must be connected to the final anode so that tho 


1 ^ 
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mean potential between this and the plates is zero. One method 
of effecting this is shown by Fig. 17-10, where the plates are 
connected by a high resistance the centre of which is coimected 
to the final anode. It is found in practice that satisfactory 
results are usually obtained if symmetrical defiexion is only 
applied to the plates nearest the final anode, i.e. the X-plates. 
A method of application is shown by Fig. 17-11. The time-base 
condenser is divided into two parts, as shown, and the fluctuating 
voltage on 0^ applied to the grid of an amplifying valve whose stage 
gain is M. If G■^^ is equal to {M — l)G, then the voltage applied to 
the grid is 1/ilfth of the voltage on {G + C'l)- The amplifier output 
voltage is equal in value to that on the time-base condenser, but, 
due to the phase-reversing action of the valve, it is opposite in 
phase. Tlius, if the deflector plates are connected as shown by 
Fig. 17-11, their potentials will at every instant be at equal amounts 
above and below the anode potential. Thus the mean potential 
difference of the plates and the anode will bo zero. 

The High-voltage Tube 

For the recording of very liigh-froquency phenomena, such as 
transients lasting only a few microseconds, the two foregoing types 
of tubes cannot bo employed. This is because the intensity of the 
trace is too low to register on a photogi-aphic plate. The ])enctrating 
power of the beam varies as the square of the accelerating voltage 
and this, of course, is the reason for the employment of anode 
voltages between 10 kV and 80 kV for high-speed work. A schematic 
diagram of a high-speed tube is sliown by Fig. 17-12, from which 
it may be noted tliat a magnetic lens is employed and also that the 
photographic plate is included within the tube. The* latter feature 
necessitates that the tube is demountable and continuoxisly con¬ 
nected to vacuum })umi)s. Because of the difficulties of employing 
a hot cathode at liigh voltages (such as positive-ion bombardment), 
high-voltage tubes invariably possess a cold cathode, the electrons 
being produced fi’om tliis by secondary emission caused by positive- 
ion bombardment. Thus the discharge chamber contains air at a 
pressure of about 10“‘‘^ mm. of Hg, in order to permit the production 
of the necessary ions. 

For making visual observations prior to pliotographing pheno¬ 
mena under examination, it is usual to employ a fluorescent screen. 
This can be raised from outside when desired, thus exposing the 
photogi-apliic plate to the incident electrons. For presenting the 
electrons from reaching the recording surface, the beam traj) and 
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diaphragm are employed as shown in Fig. 17-12. In many instances 
high-voltage tubes are constructed of metal, this naturally giving 
a much more robust structure than when glass is employed. A 



typical tube is shown by Fig. a few dimensions being includod 

to give some idea of the lai-go size of high-voltage tubes. 

Beam Deedexion 

Having formed a satisfactory electron beam by moans of a 
suitable eloctron-oi)tical system, it is necessary to deflect the beam 
by the phenomenon under examination in order that a trace may 
be formed on the recording system at the far end of the cathode-ray 
tube. This is effoctod by either an electrostatic or magnetic field, 
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or sometimes by a combination of both. In order to form an electro¬ 
static deflecting field, a pair of plates is fitted inside the tube, as 



sho'wn by Fig. 17-1, and a deflecting potential V„ ai)plie<l thereto 
(Fig. 17-14). The electrostatic field stmiigth between the plates is 



VJd and an electron entering the fi(<l(l o-KperioncoK a vortical 
accelerating force (say, downwards) 

r.VJd 

The acceleration of the electron is consetiuoutly 

a = e Vpfdm 
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At any time / aft(U‘ entering the plate space, the axial distance 
travelled by tlie electron is 

x=-vt .... (17-1) 

whore v is the electron velocity at tlio nioiueuo of eiiburitig. In the 
same time tlie electron acquires a downward velocity component^ 

cut ^ xeV^,lmv(l , . (17-2) 

and travels a vertical distance which, from (17-1) and (17-2) is 
equal to 

. . . (17-3) 

Thus the trajectory of the electron between the plates is a parabola. 

From (17-1), the time of (light of the electron botwoeii the 
plates is 

t = Ijv 

and the downward velocity component at this time is 

VyleV . . . (17-4) 

Referring to Fig. 17-14, the exit velocity of the electron is given by 
tan a = vjv which, from (17-4), is equal to 

But = 2eVlm and, therefore, 

tan a I V 

Fi*om (17-3), tlie vortical displacement is 

I IV, I. 

wi- ruv ’2*“"“ 

Thus the base of the triangle of Fig. 17-14 is equal to 1/2, i.e. half 
the length of the plates. Honco the eloctrem path and beam may 
bo regarded as linear and originating at a ])oint M midway alojig 
the ])late axis. This means that M is, in offoot, a virtual cathode 
and that electrons appear to omergo from tliis '^cathode” indo- 
pendent of the values of V, and* V. If L is the distance between M 
and the recording surfacci, the deflexion of the beam at the latter is 

I) ^ L tan a 

=-•= LI V,l2d V cm ./volt . . (17-5) 

The deflexion on the recording surface is therefore proportional to 
the plate voltage V,, and is free from amplitude distortion. The 
deflexion per volt is defined as the sensitivity of the tuh(s and, from 
(17-5), is 


IJI2dV 


( 17 -()) 
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The deflexion factor of the tube is the reciprocal of the sensitivity, i.e. 

2dV 

hi 

and gives the potential necessary to cause unit deflexion at the 
screen surface. 

It will be noted that the sensitivity of a cathode-ray tube is 
inversely proportional to F, the accelerating voltage. Hence if 
high sensitivity is desired, F, should be small. Tliis, however, 
conflicts with another requhenient, i.e. high energy of the electrons 
where they strike the fluorescent screen or recording surface. These 
conflicting requirements have been met in certain tubes by moans 
of an additional electrode known as an intensifier or post-ac?celeruting 



electrode. This arrangemoiit is shown by Fig. 17-16, where the 
electrode takes the form of a conducting ring on the iniun* surface 
of the tube close to tlie screen. Its purposes is to impart to the 
electrons a further acceleration after tluur dcHexion by the deih^cting 
plates. Tims increased sensitivity may be attaincul by a relatively 
low value of F and the energy of the b(ia.ni incrc^ascul after <l(^lloxiou 
by a post-accelerating potential \\, The valuer of the lattt^r is 
usually equal to that of V with the n^sult that th(‘. b('.a,in eiuM’gy is 
equal to that of an oi*diuary tube, hut the sensitivity is Uvm\ as 
great. In order to avoid axial acc(^l(u*ation in t-he vicinity of the 
deflecting plates, tho anode is connected to a fiirtlnu- (di^id^rodc in 
the manner shown. 

The foregoing theory of eleetrostatic <lell(^xion is basc^d on the 
assumptions of a uniform lield and an abscaice of spa.c(^ (thargos 
between tho idates. With rx^gard to tho former a lring(% fi<hl, of 
course, exists at the plate (algos and tho im[)orta.nc<^ of this in 
modifying tho result increase's with an incnaiso in tlu^ ratio dJL 

Formulae of tho form , , , . 

I h(t 
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have been given, where is the effective plate length and £ a 
constant. In practice the discrepancy between measured and 
calculated deflexions may amount to as much as 30 per cent. 
However, one seldom depends on calculated values of the sensitivity 
but derives this from measured deflexions with known steady 
potentials. 

Magnetic Deflexion 

In order to produce a magnetic dofloxioii, a magnetic field is 
created at riglit-anglos to the beam, usually by moans of a pair of 
similarly wound coils attached to the neck of the oscillograph tube. 
Referring to Eig. 17-Hi, the field is assumed to bo contained in a 
circular space and to bo perpendicular to the plane of the paper. 



As shown in Chapter 111, an electron entering the field oxporiouces 
a force, perpendiculai* to its direction of motion, equal to Hev. 
The acceleration imparted to the electron is 

a -- Hevim . . . (17-7) 

At a time t after entering the field, the axial distance travelled by 
an electron is 

X vt . . . . (17-8) 

In the same interval the electron acquires a transverse velocity 
component equal to 

yjj aZ = Iloxim . . . (17-9) 

and travels a vortical distance which, from (17-7) and (17-8), 
is equal to 

}JJelm,xyv . . . (17-10) 

Thus the trajectory of the electrons (and the beam) within the field 
is a parabola. 
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From (17—8) the transit time of an electron in the field is 

t = IJv 

and the Tertical velocity component acquired in this time is 

v^ = Hdlm . . . (17-11) 

Referring to Fig. 17-16, tlio exit velocity of ah electron is given hjr 
tan a = vjv which, from (17-11), is equal to 

Heijmv 

But V® = 2eF/m and, therefore, 

tan a = Hlvl2V 

From (17-10), the vertical displacement is 

J . He/m . lyv 

Hlv leV I Hlv I ^ 

~ — • — — . — tan a 

2F 2 2K 2 

r 

Thus, as with electrostatic deflexion, the base of the triangle of 
Fig. 17-10 is equal to 1/2, i.e. half the length of the field. Similarly, 
the electron path and beam may be regarded as linear and originating 
at a virtual cathode, M, midway between the edges of the field. 
Hence the. deflexion of the beam at the recording smfaco is 

D = L tan a 
= Lmvl2V 
= ILHVejMV 

The sensitivity in this case is inferred to unit field strength and 
hence is 

ILV e/27n,V 

or 0-lilLfVV cm ./gauss . . . (17 12) 

As in the electrostatic (tase, piwii.ieal results am lil<el,\’ 1.0 dilhu* 
from those indicated by (17-12). This is because of the fringing 
effect of the field and tlie ditliculty of maintaining a uniform fiehl 
over the whole operating length. As Ihe sensitivii.y is proporl.ional 
to L, the coils are ])Iacod as far from the nxiording surliWic jis is 
practicable. The deflexion factor is, of com-se, given hy 

V VfO-‘ML cm./gauss 

Effect of EoECTROtr Transit Timk on Sensitivity 

The formulae of (17-6) and (17-12) have been developed on 
the assumption that the transit time of the electrons hetwi'en i/he 
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plates is small compared with the periodic time of the wave iinder- 
going examination. Thus those formulae represent what may be 
termed the static sensitivity of a tube. If the transit time is of the 
same order as the periodic time, errors occur because the sensitivity 
is no longer given by (17-(i) and (17-12). To consider the conditions 
under these circumstances let a sinusoidal voltage, represented by 
Vv — Vvm he api)lied to the deflecting plates, whore p — 27 r/, 

/ being the frequency. If the voltage is I ',,,, sin at the moment an 
electron ont<^ the ])lato space, it will bo Fp„Hin^)(h 1) when it 
leaves, t being the electron ti'ansit time equal to Ijv. Hence the 
aocoloi'ations at the entrance and exit of the plates are, respectively. 


(>V 

dm 


win 2^1 


and 


-I- 1) 


and at time (4-h #) „t/ 

■^;^sinp(^ + 0 
Integrating „ 

pl/w 1^®"” 


Tlio tan^c^iii; of tlui 
tho fi(»ld is 

ta.n a, 


anglo (so(i pago at wliioli tlio oloctiroa loaves 

■■ V • ■ pmZ. ~ 


Now in th<i stal.ic case, tan a leVj„„ sin ptjmdv^ and hence 

tan«, I , 

, . • , [cos -I-/.)—cos 

tan ff. pfMxipli /Ml/ I jj 

Ibit according to page rif).'! tho deflexion of an electron is propor¬ 
tional to tan (t and thus 

^ 1) I - pfp 

" sin 2>ti pl'l'ii 


. (17-12) 
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■where and D, are, respectively, the dynamic and static deflexions 
for the same peak voltage If f^® ratio of the 

dynamic and static sensiti'vities as being proportional to the ratio 
of the respective deflexions under the same peak voltage then 


sin (pti + pt/2) Bmpt/2 
•* ® sin. pti ‘ ptl2 


whore 8a and 8„ are, respectively, the dynamic and static sensitivi¬ 
ties. This result at once shows that 8a only equals 8, when p, 
i.e. 2Trf, is very small. It is also e'vident that the dynamic sensitivity 
depends on i.e. on the value of F, at the moment the electron 
enters the plate field. This is, perhaps, not altogether unexpected 
for the change in Vp during the transit time depends on the rate 
of change of Fp„ sin pt, i.e. on pVp„ cos pf. Considering the peak 
deflexion, this occurs for pt^ = 7r/2 and 


Da = D, cos pt/2 


sin pt/2 


sin^t 
* pt 


. (17-15) 


Thus, the deflexion ■will have peak values for pt = %ir/2, each of 
which will be inversely proportional to the frequency of the deflecting 
voltage. For pt = mT the deflexion ■will be zero, n being any integer. 
If we replace t in (17-13), (17-14), and (17-15) by l/v, it is evident 
that Da and 8a in addition to depending on frequency also depend 
on the plate length and the velocity of the electron. As the latter 
varies as VV, Da and 8a are, therefore, functions of the anode 
accelerating voltage. Hence for high-frequency work the plate 
length should be short and the anode voltage high. This, it will 
be noted, is the reverse of the conditions desirable for large deflexions 
at low frequencies. 


Time Bases 

When ■the beam of a cathode-ray tube is subjected to the influence 
of a single electric or magnetic field only, the result is tlie expansion 
of ■the fluorescent spot into a line. The length of the line is a measure 
of the magnitude of the electric or magnetic field causing the 
expansion, but, beyond this, yields little other information. The 
general purpose of a cathode-ray tube is, of course, to indicate the 
variations of one quantity "with respect to another, and to effect 
this, composite deflexion is necessary by two or more simultaneous 
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doliexioiis. The resulting imago on the screen or iJiotograpliic plate 
is, of course, two-dimensional, and may he required in either car¬ 
tesian or polar co-ordinates, generally the former. Where oaitesian 
co-ordinates are required, the deflexions are arranged to occur along 
mutually perpendicular axes. Naturally the deflexions must be 
quite independent. 

The most commonly employed deflexion is doiihlo-electrostatic. 
In these circumstances the fields may be super imposed by the 
arrangement of Fig. 17-17 or staggered by nutans of the plate 




system of Fig. 17-5. Fig. 17-17 does not secure complete indo- 
])endene(^ of th(^ fields and this I'osults in the ari’angomont of Fig. 
17-5 being commonly employed. With the latter the distance of 
adjoining edges of the plates must be greater iriian tlio extent of the 
fi(dd fring(\s if iiKk^peudoiiee is to be sociu'od. ''Plie distance between 
the plates nearer the anode may be smallcn* than that between the 
further pair if desinul on ae.coiint of tlie smaller movement of the 
beam at the former. Froiti (17- fi) it is api)arout that tlio sensitivities 
of the two s(^f.s of })hites may he (liflbrent unless the plaio dimensions 
are such as to avoid this. 

As stated above, a cafiliode-ray tube is (unployed to (examine the 
variation of o]i(» quantity with rospoet f^o another, this resulting in 
a two-dini(^nsional image. If the result is desired in rectangular 
(}()-ordinat(^s, then it is clear that the independently variable quantity 
must form tlie Jiorizontal or .r-ordinate and th(^ dependent variables 
lh(^ vorticnil or //-ordinate. In a groat many instances it is, of course, 
desired to trace some plKMionunion against a bas(^ of time. In th(^ 
majority of instances this necessitates an X-plate defioxion which 
increases linearly with time. If an image is n^quired for visual 
examina.i.ion (rather than for ])hot()graphic recording), then a single 
excursion of tlu^ spot must undergo rapid ro])etition over the same 
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path in order that the persistence of vision may create the illusion 
of a continuous figure. This evidently necessitates the periodic 
return of the fiuoresoent spot to its starting point, the time of 
return being negligible compared with that of the forward motion. 
The desired characteristics, then, of the X-plate deflexion may be 
represented by Fig. 17-18, in which the amplitude of the deflexion 
varies directly with time until a predetermined maximum is reached; 
whereupon the spot returns with great rapidity to its starting point 
and the cycle is then iudefinitely repeated. As the brilliance of any 
portion of the image varies inversely as the velocity of the fluorescent 
spot, it is evident that the return of the spot, or ‘‘fly-back,” may 
be made at such speed as to be imperceptible. Where the speed is 
such as not to secure this condition, the return trace may be rendered 
invisible by “blacking out ” the spot by the automatic application 
of excessive bias to the grid of the cathode-ray tube. 

In addition to the linear time base outlined above, other time 
bases exist, such as sinusoidal and circular bases, etc. However, 
the linear type will first be treated in some detail followed by a 
description of the characteristics and uses of various other forms. 

Linbab Time Bases 

A description of the necessary action of the linear time base 
having been given, it is now necessary to consider how this action 
may be brought about. From Fig. 17-18 it is apparent that the 
time-base mechanism must generate what may be termed ‘‘saw¬ 
tooth ” oscillations. The relatively slow traverse may be obtained 
in either one of two ways, viz. (1) by the change in potential across 
a condenser due to a constant charging current, this being termed 
a capacitive time base, (2) by the change in current through a pure 
inductance due to the application of a constant voltage (inductive 
time base). Both forms reqtiire some switching arrangomont in 
order, at some predetermined moment, to change rapidly the 
traversing action to the fly-back condition. The switching may be 
effected by the time base itself or by some external agent. Circuits 
will first be considered in which the switching is self-operated by 
means of an arrangement of valves. The valves may bo of eithei* 
the soft or hard types and we shall now proceed to a study of linear 
capacitive time bases of the soft-valve type. 

Probably the earliest form of linear time base is that indicated 
by Pig. 17-19. Fundamentally this consists of a non-inductive 
resistance B, a capacitance C, and a neon lamp N, arranged in the 
manner shown. The lamp is of the two-electrode, cold-cathode. 
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type, and is filled -with neon at a low prossuro with a sliglit trace 
of argon or hydrogen added. Such lamps are exemplified by the 
Osglun beeluve or honeycomb lamp. These lamps have a striking, 
or ignition, potential of about 170 volts and an extinction potential 
of about 130 volts. At the moment of closing the switch 8, the 
circuit conditions are given by 

iB + V — E 

whein i and v arc, respectively, the instantaneous values of the 
condenser cuiTent and voltage. Now i = Gdvjdt and hence 



t’lo. I7-Ii» 


InUigratiug lo(jr. E{IiI — v) ~ — IfGJi 

and A’(A’ 

wheu! A' is a constant. When t = 0, v — 0, and thus K = J/A’. 
Hence 

?; == AXl - e-. . . (17-16) 


Now when v readies the striking potential of the neon lamp, a 
discharge will occui’, the condonsor voltage rapidly falling to 
the lamp extinction potential. At e,xtinction, the condenser no 
longer being shuniiod, the voltage will again rise to the lamp striking 
jiotontial and the cycle of voltage variation, i.o. to will be 
indefinitely reiioated. If 1^ is the time for the condonsor voltage 
to rise from to then 
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and assuming the discharge time to be negligible compared with l^, 
the oscillation frequency is 


/ = 


1 


OB log. 


B — v, 
E —Vs 


(17-17) 


The foregoing analysis shows that the circuit of Fig. 17—19 is capable 
of generating relaxation oscillations having a frequency given by 
(17-17) and an amplitude equal to («, — «,) volts. The voltage on 
G at any instant after the initial curve, given by (17-16), has been 
traced rnay be found from the initial conditions v = when t = 0. 
Thus 

v = (E-Vs){l-s-fl<^’^) + Vs . . (17-18) 


Now, although the circuit of Kg. 17-19 has been termed a linear 
tirrift base, it is evident that the term as applied here is a misnomer 
for (17-18) is clearly not a linear function of time. What is ‘desired 
is, of course, that dv/dt should be constant. Differentiating (17-16) 
and (17-18), we have 

dv E 




dt OB 


t 

OB 


(17-19) 


dv 

di 


E — Vs 

CB 


f OR 


. (17-20) 


which show that the slopes of the curves are only constant at (5 = 0. 
As the velocity with which the spot crosses the screen is proportional 
to dvfdt the difference in the velocities of the spot at the commence¬ 
ment and the end of its travel is proportional to 


E — Vs 
CB 


_ ji_ 
(l-S OB) 


For given values of and v,, it is clear that if approximate linearity 
is to be achieved, e' must be as near unity as possible. This 
means that GB should be large, also E. 

In order to a])‘[)ly the voltage oscillation on C to the X-])lates ol' 
the tube, the combination G^B-y is employed. The purpose of this is 
to ensure that when the spot is expanded by the time base to a lino, 
the centre point of tho latter coincides with the centre of the sci-cen. 
In the absence of Gy the mean d.c. potential of C, i.e. (% | ■/v)/2, 
would deflect the beam from the centre of the screen to a given 
position and a line with an amplitude corresponding to (o, — v^) 
would appear with its centre at this position. Thus, if a Y-plato 
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deflexion were produced, the resulting image would be non-central. 
With present, the d.c. potential is. absorbed by this, only the 
a.c. component occurring across As the amplitudes of the 
half-waves of the a.c. component are each equal to {Va — Va)l2, the 
mean position of the spot is the centre of the screen with equal 
deflexions, corresponding to — Ve)/2, to left and right of this. 
Hence with a Y-plate deflexion a centrally placed image results. 

The effect of two simultaneous deflexions is, generally, to cause 
the fluorescent spot to describe a curved path. Providing the 
deflecting frequencies are sufficiently high, persistence of vision 
causes a curve to appear on the fluorescent screen.. For visual 
observation it is, of course, desirable that the curve shall appear 
motionless, a curve in this condition being termed a stationary or 
'‘standing ” flgure. To ensure this, the frequency of tlio time base 
must be a sub-multiple of the frequency of the phenomenon under 
obseivation. Li these circumstances an integral number of waves 
will appear on the screen and a standing figure will result. If the 
above frequency condition is not realized, then the result may vary 
from a slow motion of tho image either backwards or forwards 
across the screen to comideto confusion. It follows that control 
of tho time-base frequency is essential to produce standing figures. 
In practice tliis is achieved by variation of B and C. B is continu¬ 
ously variable while a bank of condensers is employed, the appro¬ 
priate condenser being selected by means of a selector switch. 

In Pig. 17-19 there will be noted a resistance-condenser com¬ 
bination li^G 2 - The purpose of this is to secure exact synchronism 
of tho signal and time-base frequencies in order to “lock ” the image. 
Witliout this feature, it is extremely difficult to obtain a perfectly 
stationary image by variation of the product BC, The subject of 
synchronization will bo dealt with at gi*oator length after further 
time-base circuits Iiave boon considered. 

Tlio lack of linearity of the circuit of Fig. 17-19 may be overcome 
to some extent by replacing the resistance iJ by a saturated diode. 
In this case tho coiulcnser charging current tends to be constant, 
I’c^sulting in the voltage on (J increasing linearly with time. Because 
of ihe lack of tnio saturation with valves having coated cathodes, 
a. valve with a plain tungsten filament should bo employed. The 
condenser (iharging current and time-base frequency are varied by 
vai*iation of tho filament temperature. As an alternative to, and 
an improv(unent on, this arrangemont, a pentode, operating above 
tho kiuio oi* the anode-voltage/anode-cuiTcnt characteristic, may bo 
omjjloyed. In this case tire time-base frequency is controlled by 
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variation of either the screen or grid potential. In general, with 
both the above methods, the value of E required is less than with 
a resistance condenser combination, but care must be taken to 
ensure that the valve anode voltage does not pass into the curved 
portion of the anode-voltage/anode-current characteristic during 
the charging of the condenser. If ^ is the condenser charging time 
and I the constant charging current, then. 


from which 
and 


t = 


/ = 


G(lh — 'i^e) 


I 

I 


G{v, - 


where / is the time-base frequency and G is expressed in fai'ads. 


The Thybatron Time Base 

The voltage efficiency of a time base is expressed as 
Voltage Excursion of Condenser 
Voltage of d.c. Supply 

Because of the low value of (v^ — v^) in Fig. 17-19, it is clear that 
this time base has a low voltage efficiency. A further disadvantage 
is the small scan produced. The value of (Vg — v^) is about 40 volts 
and with a tube sensitivity of 1 mm. per volt the length of the scan 
is only 4 cm. Both of these shortcomings are largely removed by 
replacing the neon lamp of Fig. 17-19 by a thyratron, preferably 
of the gas-filled typo. The method of employing a thyratron for 
time-base work is indicated by Fig. 17-20. By varying the value 
of the bias, the striking potential may bo varied and with it the 
amplitude of the scan or sweep in the cathode-ray tube. It will be 
appreciated tliat a much greater scan is possible with a thyratron 
than with a neon lamp. For example, with a bias of 4 volts, a 
control ratio of 50 and an ionizing potential of 20 volts, the voltage 
variation on the condenser is [(4 x 50) — 20] ISO volts, which 
applied to a tube having a sensitivity of 1 mm. ■|)or volt gives a 
scan of 16 cm. Of course, the maximum scan obtainable^ with a 
thyratron is that corresponding to the maximum anode-cathod(’‘. 
potential that the thyratron will withstand. 

A further advantage of the tlxyi*atron time base is its method 
of synchronization. As indicated by Fig. 17-20 this is elleetod by 
applying a portion of the work voltage to the grid in the maniuu* 
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shown. This, of course, has the effect of varying the striking potential 
of the tube. Because of the large contrel ratio, it follows that 
synchronization may be effected with a far smaller voltage than 
in the case of the neon lamp and with a consequently smaller loading 
on the work voltage. It will bo noted that a resistance is included 
in the anode lead. The })iuposo of this is to limit the discharge 
current through the valve which, if allowed to exceed a certain 
value, has a detrimental efiFoct upon the life of the valve. The 
minimum value of tliis resistance is given by EJl, whore HJ is tins 



maximum scan voltage and I the instantaneous peak current rating 
of the valve. I^ho value of this rt^sistance should not bo Irighor thaii 
is absolutely necessary, for it retards the rate of dischai’go of the 
condenser, thus reducing the velocity of the fly-back. As arr altei'- 
native method of limiting the discharge eumuit, a separate induct¬ 
ance may be connected in series with each of the various condensers 
in the time-b{is(f banU. H’he maximum energy stoied in a condeuscu' 
is and, if / is again the peak cummt, then 

- lOE^ 

and ]j =-= ,, 

In addition to tlie anode resistance it will be soon that a resist.ance 
is also included in the grid circuit. This, as explained in (!ha|)ter 
rX, is to limit the* grid current during the ionizing period. TJio 
value of this resistancM*. should not be too high, for a high grid 
resistance tends to render the grid potential susceptible to pick-up 
from other parts of the circuit, such sis the mains su])])ly. etc. 'Phe 
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purpose of the combination is for the application of a portion 
of the work voltage for synchronization. is large to avoid unduly 
loading the work voltage, wliile isolates the grid from the d.c. 
component in this voltage. 

A modification of the thyratron time base, due to Blumlein, is 
shown by Fig. 17-21. It will be noted that inductances are included 
in both the charging and discharging circuits. That in the latter is 
relatively small, while L is of the order of 30 henrys. Tlio circuit 
conditions during charging are expressed by 

di 

L Ri -|- V = JEI 

dH Rdv V E 
“ d¥'^Zdi^Ld""LG 


where v and i aro, respectively, the instantaneous vahu^s of the 
condenser voltage and current. The general solution of the above 
equation is 


V ^ e 



< + J5 cos 


/j_ _ \ 

V LO 4L^ 7 


4 /i? 


and, taking the initial conditions as ^ = 0, v = — and d>v/di, = 0, 
we have 


or 


where 


V = E — a -\- E) sin wt -f cos wt)j 
u = — e- «* -f y 1 -1- j sin {wl -[ 4 ,) 

« = BI 2 L, w — jJ<f> = arc tail 


In order to simplify the xindorstanding of this circuit w(^ sha.ll assume 
R to bo negligible and to bo equal to E. Then 

V ~ E(l — 2 cos wt) 

and, if the charging time is such that wl -- 7r/2, tlio (ioiidoiisor 
Toltage ohangoH from — /? to 1 JS, i.e. a total oliaiigc* of 2 E vo1(.k. 
The simplified cxproHsioii for v is not, of coui'so, a liiioar funct ion 
of time, but in practice the effect of E is to liavo a straightening 
effect on the oharactoristic. It also reduces the totial ehauge in 
condenser voltage. However, the ])oint which it is (hwired to ma.k(i 
is that a much greater scan is possible with the circuit of Fig. 17 21 
than when the condenser is charged through a pui’o resistance. 
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It remains to bo considered why the initial condition was taken 
of ^ = 0,«; = — At the moment the condenser discharges through 
the thyratron, the voltage on the latter drops to the ionizing 
potential of the gas-filhng of this. The discharge circuit is then 
the essential oscillatory one of LjO with, of course, the proviso 
that, because of the valve, the cuiTent cannot reverse. The current, 
then, is intemipted when about to 
make its first reversal, i.e. half a period 
after the commencement of the con¬ 
denser discharge. But if the condenser 
voltage were + % a,t the commence¬ 
ment of the discharge, it must be — Vi 
half a ])eriod later. The periodic time 
of the discharge is approximately 
^'jtVLxC and hence the discharge 
period is irVL^C seconds. 

Hard-valve High-Frequency Time 
Bases 

The foregoing time bases are of the 
soft-valve type and, providing the 
desired irequoncy range is not too 
high, that of Fig. 17-20 in particular may be relied upon to give 
<^x(^olleiit results. It will be noted that due to the small discharg¬ 
ing time it is only necessary to switch the discharge circuit, the 
charging circuit actually functioning continuously. However, if such 
i.inu^ bases are operated at high frequencies, the charging time 
becomes comparable witli the discharging time and ultimately the 
tinui base cc^asos to function. This is because the charging rate 
IxKiomc^s so ra])id that sufficient time is not available for de¬ 
ionization to take place and, in consequence, the supply current 
l)n.ss(w (continuously through the thyi’atron. In general, it may be 
said that thcc uppeu* frequency limit of a time base employing a 
tliyrati'on is ol’ tluc order of 10® cycles per sc^cond. 

Hard-valve time bases may be classified under two headings: 
{(t) thoHc^ which are self-operated, usually taking the form of a 
inodiKccd valv(i oscillator; {b) those which are ciischarged by an 
ind(q)ond(mt voliag(c control. Considering those under (a), those 
a.i’e similai- to a thyratron base in that they consist of a condonser- 
(cliarging (hevico and a discliarging or triggering device. In many 
(cinaiitiS the cosidonsor charging is effected in an exactly similar 
maniun* to that of a soft-valve time base, i.e. by means of a non- 

i«)—(T.aK«)) 
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inductive resistance, saturated diode, or pentode. The princinal 
point of departure is in the triggermg circuit employed for dis¬ 
charging the condenser. The main difficulty in the design of hard- 
valve time bases is the imitation of the abrupt action of the thyratron 
discharge. It might appear that a thyratron could be replaced by 
a hard valve biased to cut-off at an anode potential equal to that 
at which it is desired to discharge the condenser. However, when 
it is remembered that ionization is negligible in hard valves and 
that in consequence the grid has continuous control, it is evident 



that this is impossible unless by some means the grid bias may bo 
suddenly reduced and, preferably, driven positive at the dc^sirod 
moment. This last proviso contains the method by which many 
hard-valve time bases operate, the change in grid condition being 
brought about either by the time base itself (self-operated) or by 
some external agency. 

As an example of a self-operated time base working on the fore¬ 
going principal, Fig. 17-22 may be considered. Across the condenser 
(which may be charged by any one of the methods ])revi()nsly 
described) is connected a triode with the primary of a transi’oi'nuu* 
in the anode lead. The transformer secondary is connected in tlu^ 
^d circuit in such a manner that a discharge from the cjondcmsei* 
through the triode reduces the steady bias and drives tlu^ g!*id 
positive. Considering now the circuit from the moment that tlu^ 
voltage on G is zero, the condenser will commence to (diarge through 
the resistance jB. At a voltage depending on the valium of tlu^ stc^ady 
bias, anode current will commence to flow, the c.m.f. induced in tlu^ 
secondary will drive the grid positive, causing the anode (uirrent to 
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increase cumulatively and rapidly discharge the condenser. The 
e.m.f. induced in the transformer secondary winding is Mdifdt, 
where M is the mutual inductance between the windings and di/dt 
the rate of change of anode current. As the condenser becomes 
discharged, dijdt will ultimately decrease and become zero. At this 
moment the discharge current is a maximum and the steady bias 
alone aifects the gi*id. Beyond this point the anode current com¬ 
mences to deci'ease, difdt becomes negative, the grid very rapidly 
regains control, and the discharge ceases. The cycle of events is 
then repeated indefinitely. It is clear that the amplitude of the 
swoop witli this time base depends on the value of the steady bias 
and may be conveniently adjusted by varying this. If automatic 
giid bias is employed, the bias resistance smoothing condenser 
should be large in order that a steady bias may be developed. The 
value of tliis bias is proportional to the average anode current and 
tends to stabilize the time-base frequency. Thus, if the supply 
voltage should increase and in consequence the time-base frequency, 
the bias and scan will also increase, this tending to counteract the 
frequency increase. 

The time base may be synchronized by a third transformer 
winding, upon which a portion of the work voltage is impressed. 
Alternatively, a resistance may be included in the grid circuit in 
the manner shown. 

The foregoing description of the operation of this time base has 
ignored the possible effects of the self-capacitances of the trans¬ 
former windings. Because of these, the circuit may act as a high- 
frocjuency oscillator, the grid being swung alternatively positive and 
negative, atid the condenser discharged in a series of impulses. 
Actually it is found that the circuit tends to give better results 
when opei’ated by means of a low or audio-fro(iuenoy transformer, 
l)^M^ause then the discharge occurs for one cycle of grid voltage only. 
This, of (u)urse, rediujes the frequency range of the time base, with 
the result that, its application is chiefly to low-froquenoy work, say, 
up to 20 kilocycles. In onlcr to obtain satisfactory operation it is 
import.ant that the transformer should bo damped, this being 
('llcHd-cul by (M)im(^<5tiug a non-inductive resistance in parallel with 
th(^ primary winding. The o[)timum value of this resistance must 
b(^ dehu'minod expc^rimentally. 

Th(^ tijne base in its low-frocpiency form finds application in 
tehwision c.irc.uits, such as pindiicing the scanning frequency. 

A high-frcuiiKUKy time base, due to Buckle, is shown by Fig. 
17 '2:>. In this circuit tlu^ c.ondenw^r is charged by moans of a pentode 
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and discharged by a pair of hard valves which, in combination, 
imitate the action of a thyxatron. During charging, the triode 
is biased to cut-ofiF by the volt drop on the anode resistance of 
the discharge pentode, F 3 . Under these conditions there is no 
current in and, consequently, Fg is free of bias and the cuixent 
in JZ 2 is a maximum. This, of course, results in the bias on the 
grid of Fg also being a maximum. Thxis, it is quite possible with 
a supply voltage of, say, 500 volts to have the grid of Fg 400 volts 
or so negative with respect to the positive supply line. As the 



condenser C becomes charged, the cathode of Fj will lun negative 
and the voltage on C will ultimately reach a point at which ouiTont 
will commence to flow in F 2 and The effect of the volt <lrop on 
Bx will now send the suppressor grid of Fs negative, resulting in a 
reduction in current through iZg- The* change in potential on B.^ 
induces the bias on the grid, drives it positive, increasing tlie current 
through F 2 . It will be readily appreciated that these actions between 
F 2 and F 3 are cumulative, leading to a rapid discharge of O. With 
G discharged, current in jB^ ceases, bias is removed from the 
current regains its maximum value in JSg and full bias is again applied 
to F 2 . Hence the cycle of events is indefinitely repeated. 

Actually the rate at which 0 can bo discharged is limited by 
the fact that when the grid of the triode goes positive grid current 
from this valve flows in the anode load of F 3 . Thus the rata at 
which the anode of F 3 (and the grid of Fg) can go positive is limited. 
As the grid of F 2 is going positive so also is the cathode of this valve, 
and it appears in practice that they both travel positive at approxi¬ 
mately the same rates. 
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It is evident that the value of J ?2 controls the moment at which 
G discharges. Hence the amplitude of the scan may be varied by 
varying R^. The effect of varying is to affect the fly-back velocity. 
If R^ is increased, then the fly-back velocity is decreased. However, 
the greater the value of R^ the greater is the rapidity with which 
the change-over from the charging to discharging state occurs. 
Some values given by Puckle for various components of the circuit 
are— 

= 2000 ohms (max.) 

iJg == 0-25 megohm 

Oi = 0-1 

jRg = 1-0 megohm 

Synchronization is effected in the manner indicated by Pig. 
17-23. A portion of the work voltage is fed to the control grid of 
Fg. Tliis is amplified by Fg and causes the potential of the grid of 
Fg to fluctuate above and below that value determined by jBg, thus 
varying the condenser discharge potential. 

It may be mentioned that voltage impulses of approximately 
squai'e wave-form may be derived from either R^ or Eg. If desired, 
these may be employed for blacking-out the fly-back on the cathode- 
ray tube. This is efected by connecting the anode of Fg to the grid 
of the tube by means of a condenser. 

The foregoing time base will operate at frequencies up to 10® 
cycles per second. 

TriK Transitkon Time Base 

A single-valve time-base circuit, operating on the principle of 
the transition oscillator, is shown by Pig. 17-24. Assuming the 
eondensc^i* to bo discharging through the pentode, the voltage 
oil th(^ latter will continually fall, the discharge current at first 
rimiaining approximately constant. As tho knee of the anode- 
voltago/anodo-current characteristic is apjiroached, the anode 
euri’out will commence to decrease. As, however, the total cathode 
(jurrent tcmcls to remain constant tho screen current will increase, 
(iausing tlio screen voltage to fall. ‘'Phis causes tho condenser 
to (liseharge through E., and tlie valves witli the result that tho 
upper (^nd of E, becomes negative relatives to the cathode, this, of 
(iourse, driving the suppre^ssor negative. ''Phe oHect of tho redneed 
seiHMni voltage and the negative suppressor reduces tho anode 
(uirremt still lurthor, and the process becomes rapidly cnmulativo, 
resulting in a. (mt-ofF of t.lu^ anode cumnit. The condenser Oi now 
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commences to recharge through the negative potential of the 
suppressor slowly decreasing as discharges. At some voltage on 
C-i current will commence to flow to the anode, which current will 
be withdrawn jfrom the screen circuit. This causes the screen 
potential to rise and a charging current to flow from the h.t. supply 
through -Bj into This reverses the direction of current flow in 



jKg and, in consequence, the suppressor potential rapidly changes 
from negative to positive. The rise in screen potential and thc^ 
reversed suppressor potential now cumulatively increase the anode 
current, with the result that is again rapidly discharged. 

The various waveforms during the circuit operation an^ shown 
by Pig. 17-24. The rate of change of voltage on de])onds, of 
course, on the time constant However, while discharging, 

the valve is included in the circuit with tlic result that the I’ate of 
change of potential on iig is loss than when 63 charging. It is 
evident that in order to hold the suppressor negative during tlui 
charging stroke of G-^, G^ should not bo too small. Kynclironization 
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may bo effected by impressing a portion of the work voltage on thB 
grid. Tor the purpose of considering the characteristics of the 
circuit the following components are suggested— 

El = 0-1 to 2-0 megohms Oi — 0-1 /iF 
= 0-05 „ 0-25 megohm = 1-0 /dP 

= O-Ol „ 0-25 „ F = MuUard SP4 

H.T. 500 volts 

Synchronization 

Reference has akoady been made to the subject of synchroniza¬ 
tion of the time-base and work frequencies. Synchronization is 
effected by the application of the work voltage to the time base id 



such a manner that it initiates either the scan or the ffy-back. In the 
wise of a eapjicitativo time base it is tho latter wluch is initiated. 
Ri(»f(MTing to Fig. 17-10, it will be noted that tho work voltage, or 
a poi+ion of it, is aiiplied to a resistance in series with the noon 
lamp. 'Phis means that a portion of the work voltage is STiperimposed 
on the timo-baso voltage and thus the moment of fixijig of tho noon 
lamp may bo varied by tho work voltage itself. Tho manner in 
whi(!h this is oftbetod will be clear from Fig. 17-25, in which tho 
time-base voltage is roprosented by Curve 1 and the superimposing 
work voltage by Curve 2 . Assume that synchronism has been 
effiMsted, the lam]) iiriug at with a striking potential of 160 volts. 
With a 60-cyclo per sticond sinusoidal wave applied to tho oscillo- 
graj)h }''-])lai.es, ojio coin])lote wave now appears on tho screen, tho 
time of the sweep being 20 milliseconds. Now although small 
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changes in time-base and work frequencies may occur, or changes in 
the stri king and extinction potentials of the lamp, synclnonism will 
be automatically retained, as will now be shown. 

Let it be supposed that for some reason the time-base freciueiicy 
falls, the broken line OQ now representing the time-base voltage. 
However, due to the superimposition of the work voltage, the lamp 
fires at instead of Q, because at this point the sum of the time 
base and superimposed work voltages are equal to the lamp-striking 
voltage. Thus the scan time is less than it would bo if striking 
occurred at Q and for the case shown is approximately 21 milli¬ 
seconds. The next oscillogram commences at and terminates 
at Pa after a period of 20-7 milliseconds. The following oscillogram 
commences at Pg and terminates at P 3 after approximately 20 
milliseconds. But this period is equal to that of the work voltage 
and thus, at this stage, sjmehronization again results. It will be 
readily appreciated that with each succeeding cycle firing occurs 
at a later moment on the work-voltage curve. This permits a larger 
portion of the work voltage to be added to that of the time basc^ to 
cause striking, thus permitting a reduced scan to compensate for a 
reduced rate of rise of condenser voltage. The appearance of the 
wave on the screen is now that shown between P 3 and P^ instead 
of 160— Pq. Further, it may be noted that the scan voltage has 
dropped from 160 to 147 volts, resulting in a shortening of the pic¬ 
ture by 3/30 =10 per cent. This means that the work voltage has 
added 3 volts to that of the condenser in order that si.riking tnay 
occur after a 20 -milJiseoond period. It will be noted that the wavci 
shifts sonxewhat to the left of its original position, as indicia-ted by 
Curve 3. 

For the case of an increase in time-base frecpu^ncy we may 
consider the initial operating conditions to be tliose oi* Tluai, 

if the rate of voltage rise of the time-base condenser eorn^sponds to 
that of OPq, the conditions will tend to revert to tJiose of* wh(a*e 
synchronization will again result. Summarizing, it may be said 
that any small change in time-base frecpiency rosiilt.s in an auto¬ 
matic phase displacement of the work and time-base waves result/ing 
in a continuance of the synchronized state. Similar (dfecti-s (xkuii* 
should the work frequency change, tlio scan shortening for an imM-(^as(^ 
in frequency and lengthening for a doci*caso. 

The foregoing results may be formulated as follows: TIk^ bunp 
voltage between striking and extinction is v v,. | a/, wlHn'(^ /. is 
time and a a constant. At striking 

H- oUo 
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where Iq is the timo-baso period. If the velocity of the sweep alters, 
then V + cnj, and at time Iq 

V = v„ + ^(v^— v„) 

The difference between the striking voltage and v is 

{Vs-v,)(l--oLjaL) . . . (17-21) 

Thus, if < a (slow iniiming), the phase shift is such that a positive 
voltage, derived from the work, is added to that of the tifne base. 



If Oil a (fast running), the phiuse shift is such as to add a negative 
voltage to tliat of the time base. 

Jt will bo ap])rooiatod that changes in the amplitude of the 
sw(^op duo to variations in or are compensated in a similar 
inannor as changes in woi'k frecjuoncy, i.c. an automatic phase shift 
oiuuirs in ordcu* to keep the timo-baso frocpioncy constant. An 
example of the olfect of a change in is showji by Fig. 17-26. Here 
it is assumed that the normal value of is 150 volts and that for 
some n^ason this drops to 147 volts. Tlien in the absence of the 
inlluence of the work voltage the lamp discharges at Q. However, 
IxMiause of the inlluence of tlie work voltagc^ the discharge occurs 
at 7^,, n^sulting h\ an increase in the time-l)aHe fre(|U(mey (19-milli- 
s(uu)nd p(u*iod) and a distiirbaiuu^ of the synchronized state. The 
next discharg(^ occurs at after a period of aj^proximately 19-5 
millis(^coiids, followed hy a third discharge at Tig. By tliis time the 
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phase shift is such that the time-base period is practically equal to 
its original value, with the result that s 5 uichromzation again results. 

Amplitude ant> Phase of Synchronizing Signal 

Prom what has been stated regardmg synchronization, it is 
evident that the amplitude of the synchronizing signal is a matter 
of some importance. For example, according to (17-21), the voltage 
to be introduced by the work to maintain synchronization, should 
the time-base frequency vary, depends on aj. Thus the amplitude 
of the voltage introduced must be at least equal to (17-21) and 
preferably considerably larger. If less than (17-21), synchronization 
cannot be effected. As for other reasons it is desirable that the 
synchronizing signal shall be small, it is necessary to employ means 
to adjust the signal to the minimum which wiQ give effective locking 
of the picture. This is usually, effected by means of variation of the 
resistance in Fig. 17-19. The purpose of the series condenser is 
to isolate the neon lamp from any d.c. component in the waveform 
undergoing examination. If the amplitude of the synchronizing 
voltage is too large, then it may trigger the time base too early 
during one of the positive half-cycles. This will result in the timo- 
base period no longer being a multiple of that of the work voltage, 
and synchronization will fail to occur. It, of course, follows that 
if the time-base period is less than that of the work voltage (time 
base running too fast) synchronization is again ineffective. 

The phase of the synchronizing signal is self-adjusting with respect 
to the time base as previously demonstrated. Hence the initial 
phase relationship is of no moment, as automatic adjustment rapidly 
occurs. When a disturbance of the synchronized state arises it is 
evident from Figs. 17-26 and 17-26 that automatic adjustment is 
offbotive within a few cycles of the disturbance arising and heiuu^ is 
generally quite imperceptible to the eye. The rapidity with wliicii 
adjustment is effective depends on the steepness of tlu^ wavc^-fVont 
of tho signal voltage, being greater the steeper the wave front. 

Kynoiibonization of a Thyratron Time Base 

As previously stated and indicated by Fig. 17-20, synchroniza¬ 
tion of thyratron-operated time bases is effected by a])plying a 
portion of the work voltage to the grid of the valve. This, of cours(^ 
has the effect of varying the striking potential of tlu^ txdx^. Hie 
method of synchronization in the ])reHont case may ho appreciatcKl 
with tho assistance of Fig. 17-27. Beforring to this, and assuming 
a steady bias of 6 volts and a control ratio of 25, tho firing point 
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of tho tliyratron is 150 volts. If 1 volt of the work voltage is super¬ 
imposed on the steady bias, then the firing point of the relay will 
periodically vary between 175 and 125 volts as shown. Let it be 
assumed that synchronism has been effected and that the time base 
then commences to run slow. The time-base voltage will then change 
from the full line of 1 to tho broken line of 2, the firing point changing 
from Pq to i?,. It is apparent that at the end of each sweep the 
relay fires at a lower voltage than that of the preceding one. Finally 
at jB^ the time-base period is again the same as that of the wave 
xmder observation, and synchronization again results. 

As in the case of the neon lamj), it is clear that an automatic 



|)has(‘. shift occurs in order to lower tho striking i)otential of the 
relay so that tho scan time may bo maintained constant. Boca use 
of tho i*(^due(Ml scan, it is also evident that a slight eompi'ossion of 
th(^ |)ietur*o occurs. Assuming tho condouHor voltage drops to zero 
at each discharge, tho ecpiation to (1), Fig. 17-27, is V = ocl and 
to (2), l\ -= oLyt. I f the scan time for synchronization is 

Vq — xIo 
Fi = 

From which K,, ~ — K, 

and (1^1- l^o)--■= (ai-a)<o • • • (17-22) 

« 

vvlien^ and Vy i*espo(d/iv(ily ooT*rospou<l to and ''riuis for 
the <uiso sliown by Fig. 17-27 — Vq) - ■ -- 22 volts, which indi- 

<?at(^s that tlu^ phase shift must be such as to lowcn* th<^ striking 
voltages of the replay by this amount. An increases in time-base 
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velocity would mean > a, in which case (17-22) would bo ponitivo, 
and the shift would be such as to raise the striking potential, 'rhe 
oases of a change in work-voltage frequency or of striking potential 
may be easily worked out with the assistance of a diagram similar 
to that of Pig. 17-27. 

The phase shift due to a slackening of the time-base velocity 
is shown by (3) in Fig. 17-27. Such shifts are readily demonstrated 
with a normal oscillograph. For convenience a sine wave is produced 
on the screen and synchronized. The velocity control is then slowly 
altered, whereupon the phase shift of the wave may be clearly seen. 



The compression or expansion of the wave is also observables a.(HK)r(l- 
ing to whether the time-base velocity is decreased or in(a‘c«is(Ml. 

Comparing the thyratron time base with that of tlu^ lu^on hiinp, 
it is obvious that, because of the control ratio, a. much smalhu* 
portion of the work voltage is needed for synchronization in the 
former case. Thus, for the instance given by Fig. 17-27, tlu^ pca.k 
alternating voltage needed on the grid is only 22/25 " 0-ss volt, or 
0-62 volt, r.m.s. Again, in the former case it is clear thai/ the ampli¬ 
tude of the synchronizing voltage must not bo b(^Iow a cH^rta iii va.lue 
to effect synchronization. With the thyratron tim(» ba.s(^ a. somc^what 
interesting ])henomenon occurs if the ami)litiide* oFtlu^ sym^hronizing 
signal is continually increased. Assume thai. a group of wa.v(vs has 
been produced on the screen and synchronizc'.d as shown by Kig. 
17-28. Now, if the synchronizing voltage is oontimially inc-n^asi^l, 
a moment will occur when the negative peak of tlw^ wav(^ H makers 
contact with the time-base voltage curve at A, At this momejit the 
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sjmolironizing point will suddenly jump from J.i to A and one cycle 
will disappear from the screen. This phenomenon, of course, indi¬ 
cates that the synchronizing signal is too large and is termed “tight ” 
synchronization. 

Synchronization of Hard-valve Time Bases 

The synchronization of the time base of Fig. 17-23 is effected 
in a similar manner to that of a thyratron base. A portion of the 
work voltage is applied to the grid of Fg and an amplified and phase- 
reversed version of this is impressed on the grid of Fg. Thus the 
“striking” voltage of 1 ^ will periodically vaiy in a similar manner 
to that of a thyratron. The conditions are similar in Fig. 17-22, 
whore a portion of the work voltage fed to the grid of the valve 
again causes the “striking” voltage of this to vary in the manner 
of a thyratron. 

Circular and Elliptical Time Bases 

In certain applications a circular or elliptical time base possesses 
advantages over those of the linear type. For example, a much 
longer trace is obtainable, no fly-back is needed, and the trace may 
be produced by sinusoidal wave forms instead of by the usual 
saw-tooth. If sinusoidal e.m.f.s are applied to the X- and Y-plates, 
then the co-ordinates of the fluorescent spot will be given by 

X = a cos pf, 
y =:= h sin pi 

whore a and h are the anii)litudes of the e.m.f.s. S<piaT*ing and 
dividing, we liave 

^>2 

-j = cos® pi, 

:= sin^ pt 

and -h ^ — sin*** pi \ cos^ pi I 

whi<‘.h is tiio e(|uatioii to an ellipse. Honeo the trajectory of the 
spot is an (ellipse, tlu^ (elliptical path Ixung traced onco for every 
(iy(*l<% of the applic^d (Mn.f. If b - a, then 

;r‘** -1- ?/^ - 

and ihi'i spot/ is at a coiisiiant distarioo from the centre of the tube, 
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a circle appearing on the screen, a now constitutes a radius vector 
and the angle formed by this and the ox axis is given by 


or, as 6 = a, 


tan 0 = ~ 

X 


b sin pt b , 

-- = - tan pt 

a cos pt a ^ 


6 = pt 


(17-23) 


where 0 is the angle formed by the radius vector and the ox axis. 
Hence the radius vector drawn from the spot to the centre of tlie 
screen rotates with constant angular velocity. 

In order to form either an elliptical or circular trace it is necessary 
to apply e.m.f.s to the plates which differ in phase by 90°. This 



may bo conveniently done by tlie phase-splitting device showji by 
Fig. 17-29. The current is constant in magnitude and ■i)haso 
throughout the resistance-condenser combination and hence tlm 
(^.ni.f.s on jB and C are 90° out of phase with each other. The 
voltage on B is IB and on C, I/ivG, Hence for the amplitude of 
these two voltages to be equal wo must have B = l/wO. For this 
(iotidition, and with equal sensitivities for both pairs of plates, a 
(jirciilar trace will result. II B ^ l/wO the trace is elliptical. In 
|,)rac3tice it is desirable to make B variable, as shown, as tlien dilferent 
forms of ellipse may be obtained and compensation made for dillering 
semsitivitios of the two pairs of plates when a circular trace is desirecl. 

Jf harmonics are present in the supply source of Fig. 17-29, 
variations in the velocity and circularity of the time basc^ will occur. 
''I’liis is because the value of B is unaffected by harmonicis while 
\/w(! is reduced. These disadvantages may be largely avoided by 
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replacing i? by a tuned circuit LG-j^ as shown by Fig. 17-30. With 
this circuit tuned to the supply frequency it is equivalent to a pure 
resistance of value where is tlie resistance of the Inductive 

branch. At harmonic frequencies the impedance of the inductive 
branch increases, while that of 6^ decreases. Hence the impedances 
of both G and are reduced by harmonics and the trace is 

less affected than with the arrangement of Fig. 17-29. With plates 
of equal sensitivity, and for a 
circular ti*ace, wo must have 

i JL 

or making G-^ = C', 

jB^ = wL 

But = IfLC and, therefore, 
wL = 

wC 

and jR, = 

^ wO 

Wavkfor]vi Injection 



With the foregoing methods of producing elliptical and circular 
time bases both pairs of plates are employed, thus leaving no plates 



Kifi. 17 :m 


available for the waveform to be examined. 
It is, however, ])OSHible bo a]>ply the wave¬ 
form voltage ill series with tlie Y-pIatos, 
as shown by Fig. 17-29, in which case the 
waveform is jierjiondicularly superimposed 
on the time-base trace. With a circular 
tracje or a small ellipse this firocedure is 
not very satisfactory, as indicated by 
Fig. 17-31 (a). Wliore an elliptical trace 
is om])loyod, witJi a wide horizontals wee j), 
and a major axis which is large compared 
with the minor axis, better results arc 
obtainable as shown at (6). 

The usual method of applying the 
work voltage is to place it in series with 
the anode potential of the tube. In this 


mannoi- the anodes potential is modulated 
and with it th(^ delh^xional sensitivity of the tube in accordance 
with (17-()). llius, witli a circular trace, a radial motion of the 




582 


BLEOTRONIOS 


spot is produced and the waveform is spaced round the trace ia a 
symmetrical manner. An effect of the work voltage when applied 
in this manner is a tendency to defocus the beam. Hence only 
small deflecting voltages are normally permissible. Larger voltages 
may be employed if applied to the potentiometer feeding the 
tube; for in tMs mamier both the anode and grid potentials are 
simultaneously affected. 

A considerably superior, but more complex, circular time-base 
circuit than those just described is that shown by Pig. 17-32. A 
phase-sphtting circuit is again employed to provide two e.m.f.s 



which are 90° out of pliasc. Tliese e.m.f.s arc applied to two iden¬ 
tical transformers having contre-ta])])ed secondaries. Across the. 
Hocondaiaes arc four valves arranged for ])usli-i)iill working, the 
secondaries providing a four-phase supply to the catliodi^s and grids 
of these valves. The work to bo examined is simultaneously ap|)lied 
to all four grids and tlius modulates the four-])liase injHit and vaiies 
tlxe diameter of the circular trace. As the valves are worked in 
])ush-pull it may he noted that, in the absence of the ])has(^-s])litior 
sup])ly, the work voltage clocks not prochice a dolloxion of tlu^ spot, 
''riie purj)ose of the condonsors C\ is to providt^ a low 

impedance for the work voltage should this be of high frecpieney. 

A paiiiicular use of a circular time base is the comparison or 
nunisurement of frocpiencies. The time-base IVe(|uency is adjustcnl 
until a standing figure is obtained, when the frequency of work 




. 17-33 
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may be found by counting the complete number of waves round the 
circular trace. 

Oscillograph Construction. 

Where a cathode-ray tube is employed as an oscillograph the 
complete structure may be considered as being formed of throe 
units: the tube, the time base, and the power supply. As most main 
supplies are a.o., the power unit must comprise a rectifier and suitable 
smoothing equipment. A transformer is necessary, possessing a 
number of secondary windings, several of which will supply the 
indirectly-heated cathodes of the valves and tube, while at least 
one winding will be employed in conjunction with a rectifier. !Fi‘om 
the latter is derived the tube anode supply, the time-base supply, 
various biasing potentials, and possibly the h.t. supply for a signal- 
amplifying circuit. The values of the various voltages are generally 
derived from resistance potentiometer networks, as indicated by 
Kg. 17-33. This circuit is that of an oscillograph designed and 
constructed by the author and may serve to illustrate design and 
construction procedure. It comprises a 4J- in. gas-filled tube, a 
gas-disoharge time base, and a single-stage amplifier. The h.t. 
supply is at 850 volts and is smoothed by OiCq and X. The tube is 
of spht-plate construction to avoid origin distortion, the biasing 
potentials of ± 90 volts being derived from Jt^ and Jt^, The shield 
bias is of the order of — 60 volts and is derived from JJg. 

Time Base 

The time-base oondenset*H are charged tlirough a vai'iablo resis¬ 
tance in series with a fixed resistance. The latter is 0-25 megohm, 
and the maximum value of the former is 2 megohms, so that a 
time-base frequency variation of 9 : 1 may bo obtainocl with oacjli 
condenser. -Koni (17-16) we have 

E 

t = OB log, -y 

i.c. the time for the condenser voltage to rise from zero to V (wdiore 
V is the thyratron discliargo voltage) is propoitional to the [)rodu(^t 
OK Prom this it appears that any combination of 0 and It might 
be employed for a desired value of t and time-base frc<iuoiiey. It 
must be remembered, however, that the charge on 0 is OV coulombs, 
and that this must be discharged through the thyratron ojico ])er 
cycle. If ta is the discharge time, then the average current tlii*o\igh 
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the tliyratroii is C V/ta and, in view of tlio small value of this 
may be detrimental to the life of the eatliode. In view of this the 
largest condenser in the time-base group seldom exceeds 0*5 /liF. 

The bias for V 2 is derived from the potentiometer 
the synclironizing potontiomotor B^. B^ is the bias potentiometer 
and variation of this varies the length of scan that may be obtained. 
The initial value of the bias is a])proximatoly ocpial to the maximum 
value of the scan voltage, as there is onl y a ditterence of a few volts 
between the grid and cathode potentials of when a discharge 
occurs. The function of 6'i<) is to absorb any d.c. component in the 
waveform under examination, and its impodanco should be low 
compared with that of B^^^, £n order to effect synchronization, the 
terminal marlaul Hyno is connected to either Y or IN. 

Signal Ambukioation 

In many instances the amplitude of the waveform to be examined 
is too small for convenient observation. The size of the trace formed 
on the recording surface depends on the seiLsitivity of the cathode- 
ray tube, which may vary from Od mm./volt with higli-vacuum 
tubes to 2 mm./volt with those of the gas-lillcd typo. Thus small 
voltages may need ampliKcation, particularly when a high-vacuum 
tube is employed. Where the impedance of tlie work voltage supply 
is low the voltage may be increased by means of a transformer with 
a high primary impc^dance. In many instaiuu^s, hovvewer, the supply 
has a relatively high impedance, and to avoid signal distortion such 
cases, of course, jUHj(\ssit.at(^ a valve arnplilicu’. The amjdifier must 
be free from amplitude and rnupiency distortion over a wide range 
and, to ensures this, wluu’e more than a single stage is employed, 
resistance/c^apacity coupling iinist bes us(«l. 

Where a high (h^greu^ of amplilieation is necessary, it is customary 
to employ a s(^parat(^ amplilior. Jn th<>s(^ cases where a moderate 
amount of amplilieation is suHicient it is possible and conveniemt 
to incorporates the amplilier with the oscillograph. Such is the case 
in Kig. 17- Ih*h wliens a single-stage amplilusr with a maximum gain 
of 20 is employed. It will bo noted that the amplilier h.t. supply 
is (leriv(sd from that of the tube and ti»ncs base, which meatis that 
contrary to usual pra<stice, tins cathode of the amplifying valves is 
at a high potesntial to (sarth. A list of components For Fig. 17-2IJ 
is given by Tables 17 -1 on page 58(5. 

Fig. 17 -:i4- shows tins circuit of a Ingh-vaesuum ()scille)graph 
dessignesd by tins autlior. This ese)mpriH<ss a .‘1 in. dia.. tubes, a pentoelo- 
chargesd times bases, and a. singles-stage amplilior. The tubes is esf the 
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TABLE 17-1 


L = 26,000 

, = 26,000 
, = 160,000 
, = 30,000 
. = 0 - 
, = 30,000 
, = 60,000 
, = 130,000 
. = 2 
LO = 1 - 

= 100 
1, = 100 
i .= 0 - 

L4= S 

L5 = 6 

L.= 0 - 

L7= 2 

L8 — 

= 100,000 

so - 1,000 

SI =, 40,000 
- 2 


ohlDQS 

ohms 

ohms 

ohnifl 

5 megohm 
ohms 

nhnrifl 

ohms 
megohms 
2 ohnos . 
ohms 
ohms 

'25 megohm 

megohins 

megohim 

25 megohm 

megoh^ 

ohms 

ohms 

ohms 

ohms 

megohms 


i -watt 

1 watt 

2 watts 
i watt 
1 watt 
i watt 
1 watt 
1 watt 

1 watt 

2 watts 
J watt 
i watt 
i watt 
!• watt 
I* watt 
1 watt 
1 watt 
J watt 
1 watt 
i watt 
i watt 
1 watt 


2 fiF . 

2 uF 
8 fiF 

0-25 . 

0-02/iF . 

0*0001 fj,F 
0*0003 
0*001 /jF 
0*002 /iF 
» 0*006 ^F 
0*01 ^F . 

0*02/^F . 

0*05 ywF . 

0*1 fiF . . . 

0*26 ^F . 

= 0*26 fiF . 

= 4^F 
= 8 wF 
-.0-25fiV . 

Valves 

Fi = Cossor 43IU 


1000 VW 
1000 VW 
600 VW 
500 VW 
3/50 VW 
350 VW 
350 VW 
350 VW 
350 VW 
350 VW 
350 VW 
350 VW 
350 VW 
350 VW 
350 VW 
500 VW 
1000 VW 
276 VW 
1000 VW 


Fa = Cossor GDT4B 
Fa = Mullard 354V 

Tube 
Cossor 37J 


TABLE 17-2 


-= 330,000 
= 260,000 
= 25,000 
33,000 
50,000 
= 2 

= 0- 


10 = 160,000 
11 = 260,000 
12 = 3,000 

13 - 60 

14 = 100,000 

15 = 3,000 

16 — 2 
„ = 133,000 


ohms 

ohms 

ohms 

ohms 

ohms 

megohms 

26 megohm 

megohms 

megohms 

ohms 

ohms 

ohms 

ohms 

ohms 

ohms 

megolims 

ohms 


1 watt 
1 watt 
J watt 
4 watt 
1 watt 
1 watt 
4 watt ' 
4 watt 
4 watt 
1 watt 
1 watt 
4 watt 
4 watt 
1 watt 
4 watt 

1 watt 

2 watts 


2/^F 
2 f^F 

0*1 ^F . 
0*15/iF . 
0*03/iF . 

0*006 fjiF 

0*0015 /iF 
0*0003 /iF 
0*00006 /iF 
2/iF 
60 /iF 
0*26/iF . 
0*6 /iF 
1*0/iF . 
1*0 /iF . 


1000 VW 
1000 VW 
360 VW 
350 VW 
350 VW 
350 V W 
350 VW 
350 VW 
350 VW 
350 VW 
25 VW 
1000 VW 
350 VW 
500 VW 
500 VW 


VaIjVKS 

Fi =a Cossor 43 tU 
Fa = Cossor GTJ)4B 
Fa = Milliard SP4 
F4 = Milliard 354V 

Tube 

MuUard A40-a3/N3 













CAL 
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two-anode type with 250 volts on the first anode, 860 volts on the 
second anode, and 26 volts on the shield. 

Time Base and Aivn»T.TTiTTr.R 

The sensitivity of the tube is 0-15 mm. per volt for the Y-plates 
and 0-2 mm. per volt for the X-plates. Hence for a scan of 6 cm. 



Fra. n-SS 

a voltage variation of 300 volts is necessary. As this o.\coo<1k 20 
per cent of the h.t. supply, it was necessary to employ constant- 
current chai-ging through the pentode Fg. It will bo noted that, in 
contrast to Fig. 17-33, the oscillograph of Fig. 17-.34 possesses a 
separate h.t. STxpply for the amplifier, this supply beijig obtained 
by means of a metal rectifier. Fig. 17-35 shows the complotxs 
oscillograph, while Table 17—2 gives a list of the oom|)onents 
employed. 


















CHAPTER XVllI 

mOTO-EQLlOTUIO OFAjW 

Photo-jhlectric oelKs fall iiiidor three lieadingH: photo-eiuiRsive, 
photo-voltaic, and ])hoto-eouduetive. CgWh a])])e!‘taining to the 
first heading function by viitiu^ of (electrons (nnitted from a metallic 
surface under the intluenco of incident radiation, the principles of 
this phenomenon having already Ixwn dis(uiss(Hl in Chapter IV. 
Photo-voltaic cells operate by reason of an (Mn.f. generated by 
physical or chemical reactions produced by the incident radiation, 
while photo-conductive cells undergo changes in electrical conduc¬ 
tivity with variation in the intensity of tlie radiation. Th6 throe 
ty])es of cells will be treated in the above-mentioned order. 

Photo-eixLissive Cells 

As these cells o])erato in accordance with principles laid down 
in (>hapti(U‘ IV, it is ])erha])s advisable before ])roceoding to recapitu¬ 
late the salient points aiul to add to these whei'o necessary— 

1. The electrons are omitted from the cathode with a variety 
of velocities and may bo cbinpletely e.xtinguislied by ax)])lying a 
retarding j)o<.ontial Ix^tween the catliodo and (jolloc^titig anode. 
The potential must be such that the electiic fic^ld is directed from 
cathodes to anode. This means that the i)otoutial of the anode 
must 1)0 negativ(' with n^spoct to the cathode. The vcdocity and, 
of cours(^ eniM’gy of the (emitted electrons are independent of the 
int(msit.y of the inc^ickuit radiation, but ar<^ dependent on its fro- 
<{uency. Th(^ maximum energy with which an (electron escapes is 
directly proportional to the fro(juency, as is also the value of the 
r(d.a.rding pohmtial to prevcuit esca])e. 

12. When th<^ anode is made a few volts positive, the ])hoto- 
(^kuitric (Uirrent r<^a(*.hes a sat uration valium For radiation of a given 
fre(juency this valium is ])ro])ortional to th(^ intensity of tiie iiujidcjit 
radiation. This |)rop(U‘ty is tro be expe(d.e(l, for the number of elec¬ 
trons (^j<H*ted p(u* second will be })roportional to the numlx^r of 
Iight-(|uant.a, or photons, re(uuved per s(xx>ud. 

Tlx’! time lag Ix^twe(U) <^xp()sure of a photo-(^lectric surface 
to radiation and the (nnission of electrons is negligible. 

4. Kv<uy photo-(»kx?t»rie. !»iat(u*iai has a fre(|ueney and wave¬ 
length Ix^low and above whicih emission will not occur. These are 
known as th(^ (hmhold fm/Hrnrjf a.nd W(mdm(/f>h, and are 
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directly related to the work function of the matofiaJ in the Ibllowin^jf 
maimer. 

A/Aq = hf^ = Eyf 

where h is Planck’s constant, /q and ^ are respectively tlic threshold 
frequency and wavelength, and Ey, the work function. 

5. The quantum efficiency or quantum yield of a ])]ioto-olo(it»ri(i 
surface is the number of electrons emitted per photon. It is gcnuirally 
not more than a few per cent. The photo-electric efficiency is the 
amperes per watt of incident radiation and is sometimes rofeiTcul 
to as the spectral sensitivity. 

6. As the radiation frequency is increased above the threshold 
value the spectral sensitivity at first increases, then i)asscs through 



Fig'. 18-1 

a maximum and afterwards decreases. Typical curves for t a.lka.li 
metals are shown by Pig. 18-1. The character of tliese (airv(ss may 
be explained in the following manner. As / incroas(^s ab<)v(^ the. 
energy per photon increases and with it the probability oi’ (^Ie(‘.t.ron 
emission. Thus, initially, the spectral sensitivity uicroascjs. How¬ 
ever, if the total radiant power is W watts, the mnnboi- of pliotoiis 
arriving per second is W/hf, this number decreasing witli iiaa-easing 
frequency. Hence although the quantum yield may imuH^a-st^ with 
frequency, it is limited as stated in 5 above. On tht^ otiioi* hand. 
W/hf continually decreases with frequency and so leads to a ina.xi- 
mum in the spectral sensitivity curve as shown. 

7. Por the majority of applications photo-electric omissiou may 
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be rogai’clod as independent of temperature conditions. Actually, 
however, temperature has some slight effect, principally in modifying 
tlio thresliold frequency. As given in 4 above, we have 

/o = Klh 

and evidently/(, is only definite if is constant. Now Eyj = Eq— 
and hence a shatp cut-off in the emission can only occur at 0° K. 
At room temperatures a few electrons exist within a metal with 
energic^s greater than E^^, these electrons obeying Maxwell’s Law 
rather than that of Fermi-Dirao. Hence the energy j*equired to 
release such ele(*.trons is less than i?«, and thus some emission will 
occur for fi'equencios less than /q. This explains why 
the curves of Fig. 18-1 decrease gradually to zero 
insk^ad of exhibiting a sharp cut-off at /q. Naturally 
tliis effect is more pronounced the higher the temper¬ 
ature becomes. 

Vacuum Photo-cells 

Jh'actical forms of ])hoto-emissive cells consist of a 
cathode and (U)lleoting electrode (anode) within a highly- 
evacuated glass or cpiartz bulb. In order that relatively 
larg(^ curr‘eiits may be ol)tained, the cathode area is as 
large as |)OHsible, while the ano(lc is small in order not to 
impede the roce])tion of light or radiatioji by the 
cathode. A commonly employed electrode arrangement 
is a. s<uni-cyliiidrieal cathode with a coaxial wire anode. 

A iypii^al (u^ll of this type is illustrated by Fig. 18 -2. 

Th(‘ catho(l(‘. itself is not (tonstructed of photo-sensitive material, 
hut a. t hill layiu* of this is deposited U{)on the cathode surface. 

\’ol/r-AMPKHK ( hTAHAOTIOKISTKlS 

A s(d. of t.ypi(ial volt/ampere characteristic.s for a vaoiium type 
ph<)tO“(u^ll is shown by Fig. 18-2. In order that no current shall 
llow it is, of (course, necKwary to apply a retarding potential, i.o. 
th(^ a.no(le must Ix^ negative with respect to the cathode. The 
charact.(U’ist.i(? is, of (x)urs(\ aneckxl by tlie contact poUuitial diffor- 
of th(^ (i<x^t.r()<l(\s. For o.xample, if the work functions of the 
(aitlKxh^ a.iid anodic surfacevs are, respectively, 2-0 and 5-0 volts, 
t.hen, in ac(tor(la.ne.(^ with what has been stated on page 180, the 
anodes surfaces is 2-0 volts negative with respect t.o that of the 
(aitiiode wh<m tlu^ supply potential dilTenmce is zero. The potentials 
shown by Fig. 18 2 arci actual electrode surface potontiais and do 
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not refer to that of the supply. Now, theoretically, the emission 
current should saturate for zero potential difference but, as the 
characteristics indicate, saturation does not occur until the anode 
is some few volts positive. This is because of space-charge effects 
and the fact that the electrons are not necessarily emitted with 
purely radial velocities. Due to the latter, some electrons will 
strike the cathode surface and be re-absorbed. However, as the 
field strength and its directional infiuence are increased by raisiiTg 
the anode potential, practically the entire emission will be collected 
by the anode and saturation will result. It will be noted that even 



after saturation some alight increase in emission occurs, possibly 
duo to a more complete collection of electrons and tho infiuence (if 
the Schottky effect. 

Cathode IKlaterials 

It is evident from 4 above that the frequency, range over which 
a photo-sensitive cell will operate depends on tho work function 
of the cathode surface. As stated in Chapter IV, materials witJi a 
work function higher than 3 volts are useless for work within tho 
visible range. Thus, as indicated by Table 4-1, most metals arc 
unsuitable for photo-electric wox'k as they only start to emit in tho 
near ultea-violet part of the spectrum, if cells arc to he used with 
invisible radiation, it is necessary to construct tho bulbs, or windows 
through which the radiation passes, of quartz or special glass, as 
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ordinary glass begins to absorb strongly at about 3300 A. A sj)octral 
sensitivity curve for sodium is shovm by Fig. 18-4, while relative 


6- 


A' 


2 2 . 


2000 3000 400 0 500 0 6000 

X 

Krti. 18—4 

values for various metals arc given by Fig. 18-5. It may be noted 
that, geiKM’ally si)eaking, the higher the value of Aq, the higher is tlie 
maximum value ol‘ tlio sensitivity. 

As stated in Oliaptor IV, it is essential that the metal surfa(j(^ 
should be* un(?()ntaminatod if consistent results are to bo obtained. 
However, consishmcy is greater with x)lain cathodes than with sensi¬ 
tized ones, the greatest consistency 
being obtaiiuul with the lejxst 
<de(?tr<)-i)()sitive metals. 

SlONSITIZKI) (JaTUODIOS 

For o|)(u\*iti<)n in the visible 
rang(‘- it. is necessary to employ a 
(^at.hodc^ with a low-work function 
a.nd t.his means an <dectro-positive 
irnda.! such a.s pota-ssium, rubidium, 
ore.a(‘sium. IIow(wer, these metals 
an^ part.i(adarly susceptibk^ to a 
prcxu^ss known as scaisitization, 
wbii^li shifts further towards 
ih(^ nul end of tlu^ spcxttrum and the maximum of the sensitivity 
curve t-owai'ds the centre. Two i)rooess(\s of sensitization exist.. 






694 


ELEOXaOKIOS 


The earlier of the two consists of making the metal the cathode of 
a glow discharge in hydrogen. This has the effect of changing the 
appearance of the metal, giving potassium, for example, a matt 
surface and a blue-green colour. Kg. 18-6 shows spectral sensi¬ 
tivities curves for the alkali metals sensitized in the above manner. 
The second of the two methods of sensitization consists of exposing 
the metal for a short time to the action of vapours containing 
oxygen and/or sulphur. The effect of this is somewhat obscure 
but it is believed that compounds of the metals are formed and, 
subsequently, upon these is deposited a thin film of the uncombined 
metal. Fig. 18-7 shows sensitivity curves of metals sensitized by 
the latter process. 

Cathode Films 

Instead of employing a cathode formed wholly from an alkali 
metal, it is possible to employ a relatively insensitive metal with 
a thin alkali film deposited thereon. With this arrangement it' is 
found that as the thickness of the deposited metal increases from 
zero, the threshold wavelength shifts towards the red end of the 
spectrum until it is farther within the red than that of the deposited 
metal itself. Increasing the thickness of the deposit now commences 
to shift ^ towards the blue end until, when the deposit is very thick, 
the sensitivity curve is that of the deposited metal alone. 

By depositing thin films of alkali metaJs on the oxides of relatively 
insensitive metals, cathodes may be produced which are more 
sensitive to red and white illumination than when the deposition 
is made on unoxidized metals. The process is effected by oxidizing 
a surface, say, silver, and then heating it to about 200° C. in a 
vapour of caesium, rubidium, or potassium. The result is generally 
represented by x-o-y, where x is the alkali metal, o the oxide, 
and y the insensitive metal. Thus a commonly employed cathode 
is given by Oa-0 - Ag, which represents a very thin deposit of 
caesium oh silver oxide produced in the above manner. Figs. 18-11, 
18-12, and 18-13 refer to various cathodes of this type. 

Gas-filled Fhoto-cdUs 

The total emission cun-ent realizable in a vacuum cell is of a 
very small order, usually measured in microamperes. By admitting 
a small quantity of inert gas into the cell it is possible to amplify 
this cunent by means of ionization of the gas molecules. As shown 
in Chapter II the ouixent through a gas when ionization by electron 
collision only occui's is ‘ 
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In this case is the photo-electric emission current and d the distance 
between the electrodes. Hence the current in a gas-filled photo-cell 
is proportional to the photo-electric emission current and as 
this quantity is proportional to the radiation intensity, so also must 
bo As previously shown (page 67), 

and thus i also depends on the gas density and field strength, the 
latter being proportional to the potential difference between the 
electrodes. 

It is to be anticipated that below the ionization potential of 
the gas the characteristics of a gas-filled photo-cell are similar to 



those of a vacuum tube. This is so as is shown by Fig. 18-8, whicli 
gives characteristics of a gas-filled cell for various anodo potentials 
and radiation intensities. Up to the ionization potential the curves 
obviously boar a close resemblance to those of Fig. 18-3. Above 
this (18-1) commences to operate, the current rapidly inci'casing 
with voltage duo to the term a. It will be noted that i is a])proxi- 
inatoly proportional to the radiation intensity. Of course, if thc^ 
anodo f)otontial is sufficiently increased, a glow discJiargo will occui* 
in accordance with the principles laid down in Chapter II for such 
(lis(diarg(^s. This condition clearly must be avoided, for not only 
would such a discharge damage the photo-coll, but, as already shown. 
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once the dischai*ge is started it is independent of the photo-electric 
current and thus also of the illumination intensity. In these 
circumstances, of course, the photo-cell no longer functions as such. 
Furthermore, as previously stated on page 80, when the photo¬ 
electric emission is sufficiently intense, it has the effect of lowering 
the breakdown voltage of a gas. Thus, it appears that the higher 
the illumination intensity the lower the breakdown potential of the 
cell. This is so and to every illumination intensity is an anode 
potential at which breakdown wiU occur. This is illustrated by 
Fig. 18-9, from which it will be noted that, for the photo-cell con¬ 
cerned, breakdown always occurs beyond about 120 volts, no matter 


GLOW DISCHARGE 
COMMENCES 



what the value of the illumination intensity. Initiation of a glow 
(lis(^hal•go occurs for about 75 volts, and below this value a (lark 
(lischai'ge only occurs irrespective of the value of the illumination 
intensity. Because of the ])0ssibllity of a glow discliargo the factor 

in (18-1) is not allowed to exceed about 10 in practical colls. 

SWNSITIVITy 

A definition of sensitivity has already been given under* 5 above, 
this form being termed the Malic sensitivity of a cell. In a similar 
manner the dynamic sensitivity is the ratio of the alternating 
amper(^s ])er alternating watt of incident radiation. Tn the case of 
vacuum jhoto-cells thes(^ two sensitivities are e(|ual. In the gas- 
(ilhul coll, however, the dynamic sensitivity is a function of the 
fiXMjucruy, (huin^asing witli an inci’ease in tlie latter. This is due 
to the jinite amount of time TUHJCssary for tlu^ d<w(^lopnumt of the 
ionization current in th<^ (^ell. A typicial instance of tlu^ variation 
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of dsmamic sensitivity with frequency for a gas-filled cell is shown 
by Fig. 18-10. It vdll be noted that such cells are, generally 
speaking, only suitable for use within the audio-freqxioncy range. 
Actually they find considerable employment in connexion with 
talking films. 

The equation of (18-1) shows that i is proportional to This, 
however, is only true while a is constant. According to (JS-1), for 
a constant value of a is a function of X and thus of the electrode 



Fig. 18-30 

potential difference. In practical photo-coil circuits tlu^ c<^il is 
usually in series with an impedance, with the result that a. changi^ 
in illumination intensity changes the voltage across tlu^ oc^ll. Tlius, 
if the illumination intensity is increased, the ■|)hoto-electi*i(^ eurront 
is also increased but, at the same time, the eloeti'och^ poUmtial 
difference is decreased. This causes a decrease in a and thus a 
decrease in the amplifying factor Hence two oi)posing facitors 
are at work and the result is a non-linear curreiit/ilhunination 
characteristic. In the case of a vacuum cell this does not ocjeur, 
providing the electrode potential difference does not fall Ix^low' that 
nocessaiy to produce the saturation value of i^. It will Ix^ ai)pr(^- 
ciated from the foregoing that gas-filled colls may sillier both from 
frequency and amplitude distortion, and lionets wluu*t^ almost 
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complete freedom from these defects is desired it is'necessary to 
employ a vacuum cell. 

Spectral Response Curves 

In practical applications it is frequently desirable to employ 
a cell whose frequency response curve is similar in form to 
the energy-distribution curve of the source of radiation. As 
indicated by Pigs. 18-1, 18-6 and 18-7, various response curves 



EiO. 18-11 

hy courtesy Oinma-Teilwisimt JUd. 


may bo obtained by employing various materials for tho cathode 
Huifaoo and subjecting these to diiferent processes. 

Some typical response curves of cells manufactured by Cinema- 
Television, Ltd., arc shown by Pigs. 18-11, 18-12, and 18-13. It 
will be Jiotod the type S cell has a peals sensitivity in tho near 
iiifra-rod, while the maxima of tho typos A and B are near the blue 
end of the spootrum. Finthormore, it is apparent that the sensitivity 
of tho A coll at its maximum is some thirty times greater than that 
of tho 8 coll. To render tho difforence in sensitivity more evident, 
tlie curve of Fig. 18-11 is shown again in Fig. 18-12. Tho out- 
standurg superiority of tho A cell compared with the 8 coll is not 

2^*—(T.aSy) 
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SO marked if the light source consists of an incandescent lamp, 
because the latter has a maximum light emission in the infra-red 
and a very small emission in the blue part of the spectrum. How¬ 
ever, even with the light of an incandescent lamp the type A cell 
still shows an improvement over the type S cell. The type £ cell 
has a peak sensitivity in the same range of the spectrum as the 
typo A cell, but while the maximum value is lower, the sensitivity 
extends further into the red part of the spectrum. 

In selecting either of the three cells of Figs. 18-11, 18-12, and 
lS-13 for a paiiiicular application, the following points should be 
considered— 

1. If infra-red light is employed, obviously only type S is suit¬ 
able. 

2. With an incandescent light source type A, despite the un¬ 
favourable position of its peak sensitivity, is about twice as sensitive 
as type /S. 

If sensitivity to daylight is required, type A is from ten to 
twenty times superioi* to ty})e jS, because the peak emission of the 
sun is much nearer the blue end of the spectrum than that of an 
incandoscont lamp. 

4. If a photo-cell is required with a sensitivity sinailar to that 
of the liuman eye, typo £ is most suitable. 

5. In some instances maximum sensitivity to* the light of a 
cathode-ray tube fluorescent screen is required. In these circum¬ 
stances the choice of photo-cell naturally depends on the colour of 
particular fluoroscent screen employed. Where a screen with a 
blue-green fluorescence is used, the typo A coll is more sensitive 
than the other two typos. Where negligible afterglow is essential, 
screens with this property have an almost pure blue emission, in 
which case the response of an A type cell may be as much as 200 
times greater* than that of an H typo cell. 

6. For* ultra-violet radiation the typo 
.1 cell is suitable, being sensitive down 
to 2000 A. 

Photo-cell Applications 

In oi’cler to indicate tlio oflbets of 
radiation u])()n a photo-eell the basic cir- 
(urit of Kig. IS 14 is generally employed, 
w'h(n*(^ Ji is a non-inductive rosistanco. 

In the cas(^. of a vaeiium cell, providing the coll voltage is always 
above the value necossai*y to produce sattiration, the current in 



Kru. 18-U 
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R is proportional to the illumination intensity. The*voltage on 
jB is V = iJS. and hence v also varies directly with the illumination 
intensity. Thus it will be appreciated that the output voltage 
across B is free from amplitude distortion. 

In the event of the volt/ampere characteristics being non-linear, 
the voltage across R is no longer a linear function of the illumination 
intensity. In these circumstances the value of and v must be 



derived in the following manner. The voltage across the cell for given 
values of E, and R is 

Va = E—inB 


and 




the latter being the equation to a straight line the tangent of which 
is — 1/jB. This line makes intercepts on the and {q axes of E and 
E/B, respectively. The line, i.e. the load line, is now drawn 
across the characteristics as shown by Fig. 18-15 and from this 
construction and may be derived for any value of R. 
values of R are given and the derived values of Iq are shown by 
Fig. 18-16. It will be noted that while tlie current/illuniination 
intensity relationship is approximately linoai* for resistance values 
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of 25 and 60, a sorioiis departure from iinearity occurs for 100 
megohms. It is evident that if non-linoaiity is to he avoided the 



Fio. 18-lC 

value of the resistance must be such that the load line does not 
intersect the sensibly non-linear portions of the characteristics of 



Fig. 1,8-15. This, of course, tends to set an upper limit to the value 
of R. On tlio other hand, the output voltage is proportional to 
It and from this viewpoint it is desirable that R should be as large 
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as possible. However, apart from considerations of linear response, 
an upper limit is set for R by the leakage resistance of the photo-cell 
and the input impedance of the customarily employed amplifier. 

The characteristics of Figs. 18-15 and 18-16 concern a vacuum 
cell. In the case of a gas-filled cell it is, of course, always necessary 
to draw the load line to derive the output characteristic, because 
the current/illumination intensity characteristics are continuously 
curved. Reference to Fig. 18-8 shows that the vertical intervals, 
for any given constant anode voltage, are approximately ecpial. 
Hence for jR = 0 the current/illumination charactoi*istic is lim^ar. 
For jB ^ 0 the vertical intervals decrease in magnitude as R increases, 
resulting in a non-linear output characteristic. Hence in order that 
the output characteristic shall not depart too seriously from linearity, 
it is desirable that R shall be as low as possible consistent with 
other requirements, such as high amplification. Fig. 18-17 shows 
output characteristics derived for three different values of Jt, It 
wiU be noted that as R increases so also does the dopai'ture from 
linearity. 

The Multiplier Photo-cell 

As previously stated, the total emission current realizable in 
a vacuum cell is of a very small order, and in some cases currents 
as low as 10"® amp. are involved. One method of amplifying this 
current is, as we have already seen, by means of gas amplification. 
However, the amplification due to this method cannot, generally, 
be greater than ton because of the possibility of a glow disc^harge 
developing and the relatively poor frequency response of a gas-filled 
cell. With both the vacuum and gas-filled cells it is invaria.l)ly 
necessary to amplify the output still further, this involving the 
employment of a multi-stage valve amplifier comu^ei.cKl to f.lu^ 
resistance R of Fig. 18-14. 

In order to overcome the limitations of the simple vaciuurn and 
gas-filled colls, a multiplier photo-cell may bo omployc^d. In this 
cell amplification is achieved by employing the phenonumon of 
secondary emission, described in Chapter IV. The plu)to-eU^(ha'ons 
omitted from the cathode do not proceed directly towai’ds 
anode, as with a simple ceU, but are directed towards a scHJondaiy 
emitting electrode maintained at a positive potential low(U‘ l.liali 
that of the anode. At this electrode secondary electroiis are gener¬ 
ated which are greater in number than the ]mmary ])hoto-(^l(M;ii*ons 
responsible for their genesis. These secondaries may then dirc^ctcxl 
to a further secondary emitting surface, whore tiiey will again l)e 
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multiplied. It is apparent that this process may be repeated many 
times by employing a number of electrodes each of which is at a 
liigher potential than that from which it receives electrons. The 
total amphfioation obtained depends on the number of secondary 
emitting electrodes employed and on the secondary emission ratio 
of each. With regard to the latter quantity, as we have seen in 
Chapter IV, its value depends on the nature of the emitting surface 
and the energy of the primary electrons. For a suitable photo¬ 
sensitive surface and a primary electron energy of about 500 volts, 
the secondary emission ratio may be as high as 8; i.e. each primary 
electron releases eight secondary electrons. If the ratio is denoted by 
8 and there are n stages of multiplication, it is clear that the overall 


electron amplification is /S". 
In practice the value of 8” 
may easily be as high as 10®. 

In order to illustrate the 
process of electron multipli¬ 
cation the elementary diagram 
of Fig. 18-18 may be con¬ 
sidered. Here light incident 



upon the cathode releases 


Fio. 18-18 


electrons photo-electrioally. 

Those electrons arc directed by an electric field towards the electrode 
.I, where they release further electrons by secondary emission. 
The lattcn- electrons are now similarly directed to B, whore a similar 


process occurs. This process is then continued until the anodo is 
roachod. If is the initial photo-electi-ic oun-ont, then the final 


current is given by 


i -= io8” 


The simple aiTangoment of Fig. I8-IS moi-ely illustrates the 
priiieiplo of electron multiplication. In practice, difficulties exist 
in producing a multiplier with many stages of multii)lioation becauso, 
unless careful oousideration is given to the geometry of the electrodes 
<l('termiuing the electi-ou paths, the electrons tend to by-pass the 
iiii(‘rin(t(liat(f stages and travel more or loss direct to the anode 
wit.h rediKiC'd multiplication or even an absence of this. Those 
(lilliculties have been successfully met by (iinoma-Television, Ijtd., 
with tlutir “Baird” multiplier photo-cell, which is illustrated by 
Fig. IS li). For the following description of the coll the author is 
iiidel)1(sl to its mamifacturers mentioned above. 

/’ is l.he photo-elocl.i'ic cathode which is deposited on tho glass 
wall of Ihc cell. Tho multiplier system is enclosed in an electrostatic 
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shield 8h of cylindrical shape, which should be connected externally 
to P., i.e. to zero potential. Behind a circular apeituro in the shield 

MULTIPLIER PHOTO CELL IjGB- 




COLOUR CODE 


SHIELD 

(SH) 

BLACK 

GRID 

(Cl) 

BROWN 

. 

(G2) 

RED 

- 

(C3) 

ORANGE 

- 

(G4) 

YELLOW 


(G5) 

GREEN 


(C6) 

BLUE 

•• 

(G7) 

MAUVE 

M 

(08) 

GREY 

PLATE 

(PL> 

WHITE 


COLLECTOR (C) PINK 



RCaiSTANCC POTENTIOMETER FOR SUPPLYING 
eteCTRODE POTENTIALS TO MULTIPLtER 
PHOTOCELL FROM lOOOVOLT RECTIFIER SUPPLY 

Fio. 18-19 

By courtesy of Cinema^Teteoltion^ TM. 


is a series of eight fine mesh grids 0-y to 0^, -which each have a Huifaco 
of high secondary emission factor 8. 0-^ is at a positive potcMitial 
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with res])eot to P, 0^ is more positive than (?i, is more i)ositive 
tluin and so forth. 

The action of the multiplier is as follows— 

The photo-electrons released from P under the incidence of liglit 
enter the multiplier and will either impinge on the solid part of 
the grid 0-^ with subsequent release of secondary electrons, or ])ass 
through the interstices. The secondary electrons released from 
will be pulled through the interstices towards the grid where 
the process is repeated, i.o, some (about half) of the electrons will 
bo multiplied by secondary emission while the remainder will pass 
through the interstices unchanged. The result is that if the surface 
of the grid has a multiplication factor S of, say, five times, tho 
apparent factor is only about 2-5. The same process takes place at the 
subsequent gi-ids to Q^. The electrons leaving the last grid 0^ are 
made to pass through the wide mesh grid C to the secondary electron 
omitting plate PZ, whicli is more positive than (?g. PI is the only 
electrode from which the full factor S is obtained. Finally, the 
electrons leaving PI will be collected by the collecting electrode (7, 
which is positive with respect to PI and, of course, the most positive 
electrode of the whole system. 

The total multiplication of the multiplier varies between 1000 
and 5000 if an overall voltage of 1000 volts is applied with suitable 
subdivision for tho individual grids. The recommended i)otontials 
for each electrode are as follows— 


Cathode 

P 



0 

Shiolfl 

Sh 



0 

Crid 

Oi 



. 150 

99 

f/a 



. 250 

91 




. 350 

91 

0, 



, 450 

99 

0, 



. 550 

99 

Oo 



. 050 

99 

a. 



. 750 

riato 




. 850 

PI 



. 950 ± 30 

Collector 0 



. 1000 


As shown in the table, it is proforablo to have tho potential of 
/V variable ^lO volts so that it can bo adjusted to tho most suitable 
value; this is depcuident on tho maximum output current, i.o. tho 
larg(u* th(i current collecterl at (\ tho greater should bo tho potential 
(lilhunnce between PI and (K The voltages applied a7‘e not critical 
b(HiauH(^ tli(^ factor aV changes only slightly with -[mtential, for instance 
a (ihang<^ of J:: 5 volts at one grid with resi)oot to a neighbouring 
grid has no noticeable ollbct. The overall voltage can bo raised to 
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1500 volts (corresponding to 150 volts between successive stages) 
or reduced to 500 volts (corresponding to 50 volts per stage), but 
1000 volts (100 volts per stage) seems to be the most favourable 
potential because S decreases much more rapidly when the voltage 
per stage is dropped from 100 to 50 volts than it increases when it 
is raised from 100 to 150 volts. 

In practice the overall voltage is usually supplied by a mains 
rectifier unit capable of providing an output of 6 mA at 1000 volts. 
The potentiometer providing the potentials for the individual stages 
should take a continuous load of 2-5 mA so that the current taken 
by the multiplier does not disturb the potential distribution. It is 
also advisable in many cases to insert a decoupling condenser 
between successive stages. 

A satisfactory" method of connexion is shown in the diagram 
of Fig. 18-19, in which the values given for resistances and con¬ 
densers are those used for the detection of television signals. 
Obviously the most suitable values depend on the particular appli¬ 
cation and the diagram should only be regarded as one example. 

Whether a multiplier cell or a simple cell with valve amplification 
is to be employed for a particular application is evidently a matter 
for some consideration. By employing a multiplier cell, valve 
amplification may still be necessary, but, of course, it is possible to 
cut this down by several stages. This results in an economy in 
amplifier cost and space, which, however, tends to be counter¬ 
balanced by the increased cost of the multiplier cell and the high- 
voltage supply needed for its operation. If the equipment with 
which the cell is to work already possesses a suitable supply, thou 
the second of the two disadvantages mentioned is largely roinovod. 

As the electrons proceed from electrode to electrode the heating 
effects at the electrodes clearly increase. Because of this it is usual 
to limit the cun’ent at the anode to 1 mA. Assuming an overall 
amplification of 10,000, this means that the original photo-electric 
current must not exceed 0*1 If the cathode sensitivity is *M) //A 
per lumen, this means that the illumination must not exceed about 
0-003 lumen. It is the definite inability of the multiplier photo-cell 
to handle only small illumination, that sets a limit to its ai)plicati()ns, 
for if the iUumination is likely to exceed the maximum pormissiblci 
figure the amplification must be reduced. If this is done, tlu^n thc^ 
cell may not offer any advantages over the simple coll with a valve 
amplifier. In the case of sound-film ropi*oduction the maximum 
iUumination likely to be handled is of the order of 0*1 lumen, which 
corresponds to a primary photo-electric cun*ent of 3 /lA for a cell 
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having the sensitivity given above. Hence in this case an electron 
multiplication of about 350 must not be exceeded if the anode 
current is not to be in excess of 1 mA. This degree of amplification 
is such as hardly to justify the use of a multiplier cell. 

From the foregoing it appears that the field of application of the 
multiplier cell is the measurement of very small degrees of illumina¬ 
tion. In such instances the emplo 3 anent of a simple cell necessitates 
the measurement of very small currents of the order of 10”® amp. 
Those cuiTents may be directly measured or a valve amplifier 
employed. However, by means of a multipKor cell the difficulties 
of low current measurement may be avoided and highly sensitive 
galvanometers and valve amplifiers dispensed with. 

Fbequbnoy Response 

The frequency response of a multiplier cell is of the same charac¬ 
ter as that of a simple cell. However, if the latter is employed wdth 
a valve amplifier, the amplifier is liable to introduce some frequency 
distortion. Hence from the high-frequency viewpoint a multiplier 
cell is to be preferred to the simple cell accompanied with valve 
amplification. 

8iaNAL-TO-NOtSE RaTIO 

The com})arison of the multiplier cell with a simple cell with 
regard to unwanted components in the output is important. Tho 
mwantod or “noise” components arise from two causes: (1) tho 
random electron emission from the cathode, and (2) from tho amplifier. 
If the noise oiiginates in the amplifier, then the employment of a 
multiplier cell instead of a simple cell and amplifier may be advan¬ 
tageous. However, if the noise comes imdor heading (1), it will bo 
amplified by tlu^ multiplier coll, and tho employment of this type 
of cell will not sJiow any advantage. Where considerable inteiforonee 
is likc^ly to originate from an amplifier, tho employment of a multi- 
|)Uor cell is indicated, and in this case tho smaller tho noiso originatmg 
fi*om (iause (L) tho greater will be tho improvement over tho simple 
cell with amplifier. 

As th<^ photo-electric omission of a cathode doorcases, the signal- 
to-noisc^ ratio also docTOasos. This, of course, means that there is 
a relative iiujroaso in tho random to photo-olectric emission which 
will ultimately set a lower limit for the signal amplitude. This 
linntai.ion is the reason why multiplication factors of more than 
5000 ar(^ seldom employed. 

Jn sonuj ])hoto-ooJI apj)licatioiis there is a constant background 



610 


BLBOTBONIOS 


illumination upon which a varying component is supei*posed. This 
has the effect of decreasing the signal-to-noise ratio because the 
background increases the noise, but contributes nothing to the 
signal. It follows that it is desirable for the varying component to 
produce a high degree of modulation of the background illumination, 
for the lower the degree of modulation the lower is the signal-to- 
noise ratio. 

In addition to the photo-electric emission of a cathode tlioro 
exists a small amount of thermionic emission which makes its 
contribution to the noise problem. It follows that it is desirable 
to employ a cathode surface where thermionic emission is as low 



as possible, and this may be effected by the employment of an 
antimony-caesium cathode. 

Photo-voltaic Cells 

Under suitable conditions the copper-oxide and selenium rectifiers 
described in Chapter XIII may be employed as photo-electric colls. 
Such cells are termed photo-voltaic and depend for their action on 
the generation of an e.m.f. within the cell by the incident radiation. 
Thus no battery or other source of supply is necessary for the 
operation of the cell and this, in certain applications, is a considerable 
advantage. The copper-oxide cell is similar to the copper-oxide 
rectifier and consists of a copper base upon which is formed a layer 
of cuprous oxide (CuaO). Upon this layer a semi-transparent metalUc 
layer is formed (the counter-electrode) by cathode sputtering. 
Contact is made with the counter-electrode by means of a thin 
copper ring, the complete arrangement being shown by Fig. 18-20. 
For obvious reasons this type of photo-electric cell is sometimes 
termed a sandwich” or ''rectifier-type” cell. The selenium cell 
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consists of an iron base, upon which is deposited a thin layer of 
iron selcnide, this being covered with a semi-transparent counter- 
electrode of silver. The frequency response of both cells is similar, 
the maximum response occurring approximately in the middle of 
the visible spectrum. However, the response of the selenium type 
is wider than that of the copper-oxide, the latter not extending 
beyond the visible range. A typical frequency response curve for 
a copper-oxide cell is shown by Fig. 18—21, and its resemblance to 
the relative sensitivity cuiwe of the human eye is evident.* 

Following the foregoing brief description of the photo-voltaic 
cell, we must now consider its structure in greater detail. Actually 
two t 3 q)os of coll exist, termed hack- 
wall Qi\(i front-wall cells, according to 
the manner in which the bander or 
boundary layer is formed. In the 
first typo the electrons within the cell 
travel in the same direction as the 
light, whereas in tlio second type 
they travel in the opi)osito direction. 

In the case of the ooj)i)or-oxide cell, 
if a sim])lo boundary is formed by 
pressing a thin UK'.tal film on to the 
oxide surface, the barrier layer or 
active boxmdaiy occurs at the jxme- 
tion of the coppor-oxido and the 
parent copper. This coll is of the 
back-wall typo and the oxide must be 
thin in order that light may penetrate 
to the barrier layer. If, however, a metallic film is sputtered on the 
exposed suifaco of the oxide, reductioix of the latter will occur and 
a barrier layer will bo formed thereat. In this case a front-wall 
cell is foimod. As the barrier layer is always located between the 
scuni-(?onduotor and the sprayed countor-oloctrodo in tlio selenium 
»‘e(difi(^r, it follows that selenium cells are always front-wall ccdls. 

Upon ex])osing i-he above-described colls to radiation of suitable 
frecjiKuicy, an o.m.f. is goiioratcHl dxio to the raefiant energy causing 
(deet.rons to pass from the semi-conductor (i.o. either tlu^ copper- 
oxide or the iron sc^lcuiide) to the coxmter-elooti’ode. This e.m.f, 
rapidly reaches a liiniting value because tlie accumxilation of elec¬ 
trons in the coxintor-eh^ctrode sots up a field op])osing the electron 
motion towards this electrode. Furthonnorc^, the electrons tend 

* Seo Fig, 10-]. 
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to flow back internally from the counter-electrode to the semi¬ 
conductor. The relationship between the intensity of the incident 
radiation and the generated voltage may be expressed by the 
empirical formula 

V = 

where J is the radiation intensity and a and n are constants, the 
latter being equal to about 0-4. It might appear that v should 
vary directly with J. However, in dealing with metal rectifiers it 
was found that the internal resistance decreased with an increase 
in voltage across the rectifier. Hence, as is the product of the 
photo-electric current and the internal resistance, this voltage will 
be less than proportional to J, 

Referring to Fig. 18-20, the external resistance and current of 
the photo-voltaic cell will be respectively denoted by B and I and 
the internal resistance and current by r and i. The latter is usuall;y^ 
referred to as the primary current. Considering the cell as being 
of the front-wall type, the electrons flow from S to 0, and thus the 
primary current i has the same direction as a ‘‘reverse” rectifier 
current. As with a rectifier, r is a decreasing function of i and hence 
r decreases with the illumination intensity. If JB is not equal to 
zero, the volt drop across the cell is R1 and this tends to produce 
a “forward” rectifier current through the cell equal to (i—/). 
Hence 

and l = . . . ( 18 - 2 ) 

Now i varies directly as the illumination, while r is a decreasing 
function of this quantity. Hence / is a non-Unear function of thc^ 
illumination as shown by the curves of Fig. 18-22. It is evident 
from (18-2) that if R is low compared with r, I is then approximately 
proportional to i and hence to the illumination. This is, of course, 
also evident from Fig. 18-22. R is usually the resistance of some 
indicating instrument (a milliammeter), and when this is very low 
the cell may be regarded as short-circuited. Under these circum¬ 
stances the relation between the photo-electric current and the 
illumination intensity is linear as shown. 

The lack of linearity in the curves of Fig. 18-22 is due to tlui 
presence of r and hence the value of this quantity should bo a.s 
high as possible. As r varies inversely as the area of the coll, it is 
dedrable to have the cell area no larger than that exposed to tlu^ 
incident radiation. 
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HrROTRAL Response 

Some S])ectral response curves for various photo-voltaic cells 
are shown hy Fig. 18-23, these being obtained with a low value of 
It so that I *== i. The difference in the response of the front-wall 
and back-wall colls is immediately apparent and is due to the 
absorption of light by the cuprous oxide layer. For this reason 
back-wall colls are seldom employed. 

OoTuparing Figs. 18-3 and 18-22, it is evident that the quantum 
and ])hoto-el(^otrie officienoies of photo-voltaic cells are much higher 


VACANT LEVELS 


INSULATING 

CREST 


ZERO LEV EL 


RUNNING^^ 
LEVELS “ 


^RUNNmQ_ LEVELS 

.>^LEVELS 



NORMAL 
MAXIMUM LEVEL 


SEMI-CONDUCTOR 


CARRIER 

LAYER 


-<-PHOTOELECTRON FLOW-< 

Eici. 18-24 


than those of photo-einissivc colls. However, tlio former do not lend 
themselves to amf)lilieation by valve amplifiers as do the latter. 

Titeory ok (IkiJj Opkhatjon 

As explained in Chapter JV, a iihoto-electric effect occurs with 
insulators, but the threshold frequency is much higher than with 
metals, lii the c-ase of a semi-conductoi’ the photo-cleotrons ar(^ 
presumably <l(u*ived from the impurity levels (Chapter IV, page 10(>). 
lloforoiico to Fig. IS-24 shows a theoretical constriction of a })hoto- 
voltaic coll. It (consists of a good conductor and semi-conductor 
sc^paratod by an insulating baiTior layer, which is ])ei‘haps no thicker 
than lU'^Uun. liecaiise of tliis layer, the normal maximum lovols 
of tlu^ conductor and semi-eonductor are not aligned as they arc^ 
with two (‘.ontactiug concluc-tors. Hence the potential barri(U‘s unite 
to form a crest at the insulating layer as shown. At the threshold 
frecfuency it may be presumed that the energy of the iiuudent 
photons is such as to impart to the electrons in tlie impurity levies 
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just sufficient energy to enable them to surmount the potential 
crest. Hence photo-electrons will pass from right to loft, i.e. from 
the semi-conductor to the good conductor. Due to the lower normal 
maximum level in the good conductor electrons from this cannot 
pass to the semi-conductor. However, if the frequency of the 
incident radiation is continually increased towards and beyond the 
violet end of the spectrum, it is possible to cause electrons from 
the good conductor to pass over the potential crest to the semi¬ 
conductor. Ultimately a condition may bo reached at which the 
net electron transfer over the crest is zei'o. This, of course, corro- 
s])onds to zero ros])onse at the higlior end of the spectrum in Fig. 
18-21. 

Eekicct oe Temperature 

As with a rectifier, an increase in temperature decreases the 
value of T for the photo-voltaic cell, llcferring to (18-2), if R is 
not small com})ai-ed with r, then an increase in temperature will 
result in a decrease in i. If, however, E is negligible compared 
with r, tcmj)craturc variations may have little or no ejffect on the 
coll response, ^riiose considoratioiiH, of course, presume that i 
remains constant. At very low tomporaturos it is i^robable that i 
decreases because of the j'olativoly few oloetrons existing with 
energies in o.xcess of the normal maximum level of the impurity 
levels. 

Tests on various c^olls show that for the copper-oxide cell I 
decreases with an iii(‘.reas<^ in tejnperaturo at the rate of about 
1 per cent per degree (^ at normal room tempei’atures. With selenium 
cells 1 is almost indi^peudeiit of temperature or may increase at 
the rate of about 0-2 per et^ut per degree (i The smaller variation 
in the lattei* ease may he due to the mlatively liigli resistauee of the 
sel(‘juum c(dl <5om|)ar(^(l with that of the copper-oxide typo. For 
example, a selenium coll may have a resistance of 60,000 olims per 
em.‘*^ against 5000 ohms ])er cm.*-* for the cop|)er-oxide cell. 

The curves of Figs. 18 -22 and 18-26 only refer to the static 
charaeteristies of photo-volt/aic. cells. As stated iu dealing with 
metal reetiliers, such colls possess eleetrostatic (*,apaeity and this 
is indicated by the oomUmser in Fig. 18 20. As the reactance of 
this capacity deer<«iHos with increasing fr<i(|uen,(*.y, it is evident that 
it will have a shunting (dlbct on 7i, thus deereasing the output 
eurrejit as tlu^ fn^epumey of the ineldeut radiation increases. Because 
of this, i)hoio-voltai(^ cells a-re not employed with modulated light, 
but are chi(^lly us(m1 lor j)hotom(^try and relay operation. However, 
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apart from the effects of capacity the time lag of a photo-voltaic 
cell is no larger than that of the photo-emissive type. 

Fhoto-conductmg Cells 

In some respects the principle upon which the photo-conducting 
cell operates is similar to that of the rectifier cell. If radiation falls 
upon a semi-conductor, and the quantum energy is adequate, 
electrons will be raised from fully occupied or impurity levels to 
unoccupied, or running, levels. This condition of affairs, of course, 
tends to occur with all substances, but in good conductors the effect 
is imperceptible as normally large numbers of electrons aheady 
exist in running levels. In a poor conductor, however, an increase 
in the number of electrons in running levels is perceptible, and 
the immediate effect of the incident radiation is an increase in the 
conductivity of the substance. This condition is Imown as the 
inner photo-electric effect. The difference now betwoon the rectifier 
and photo-conducting cells is one of boundary conditions, [n the 
first case the energy of the eloctroiLs is such that they can surmount 
the potential bairier between the semi- and good conductors and 
thus produce an o.m.f. In the conducting coll it is necessary to 
apply an external o.m.f. to cause the electrons in tho rimuing levels 
to cross the potential barrier and so provide an external currciit. 
The magnitude of this current, of course, depends on the semi¬ 
conductor resistance and so on the intensity of tho incident I'adiatiou, 

CONSTBUOTION 

The construction of a conductivity coll follows that shown by 
Fig. 18-25. A glass j^late has two grid-like structures formed on 
its suriaco by depositing a film of gold f.lun-o- 
on and then cutting tho film to produce two 
separate ok^ctrodes. A thin film of somi- 
conduetoi’ is then do})Osited over th(^ glass 
and grids and the whole finally oueJosed in 
an evacuated glass vessel to avoid atmos¬ 
pheric contamination. Tho conductivity of 
the cell is, of course, that betwciai t-lu^ two 
grid-liko (ilectrodes. Tho soini-itonductor is 
usually selenium, but alloys of selenium and tellurium are omployiul 
as well as thallous oxysuly)liiclo. The latter material is scmsitiv(' l.o 
■ radiation of longer wavelength than selenium, as shown by Fig, 
18-28. As tlio electrical properties of a semi-conductor diqxmd on 
impurities in its construction, it is evident that tho porfonnance^ of 
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a coll will depend on its preparation. It is also to be anticipated 
that considerable variations may be found between different cells. 

Cell Resistance 

Conductivity cells are usually designed for use at 100 to 250 
volts and, in the case of selenium, may have a resistance between 
5 and 100 megohms. Thus the ‘"dark” current lies between I and 
50 //A. Ohm’s Law is not exactly followed, oven when the cells arc 



unilluniinat<Ml. All.er applying a. voltages to a (joII the eiirreiit tends 
t.() in(a*<^as(», althouglj at a diniinisliing Vi\.U\ IF a change of voltage 
(HHJurs, tli(' (jurnmt increases more rapidly than does the voltage. 
Hence it follows that it is <losirabl(^ that the voltage applied to a 
conductivity cc^ll should not bo subjend. to variations. As th(^ i*esiH- 
tan<*.e of a semi-(conductor varies invers(dy with ternpcu’ature, it is 
to b(^ (‘,xp(ud.(^d that conductivity cells are suscc^ptibU^ to temperature 
chang<^s. This is so, thc^ dark current incrcasijig by about 2 per cent 
]H)v l''(^ rise in temperature at normal room tempcu’atiires. When 
tlu^ (udi is illuminatt^d, tlie cuirrent still im*.r(‘,as(^s with temperaturo, 
hut k^ss ra|)idly than when t-lu^ coll is dark. A iurtluu* cHoct of 
t(unp(u*at.ur(^ is to decrease tlu^ sensitivity of t.he c(ill as the tom- 
p(U’at.iir(^ risers. 
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Time Lao 

It has boon previously stated that when a voltage is applied to 
a conductivity cell tlio cuiTont slowly increases witli time. A similar 
effect occurs when, illumination is applied to the coll, tho ciuTent 
increasing asymptotic?ally with time. Similarly tho cun’ent decreases 
iisym])toticaliy when the illumination is cut off. In early cells the 
i.ime for the current to reach a practically steady value was measured 
in minutes, but improvement has been such that the time has been 
reduced to aboTit one-tenth of a second. However, this latter time 
j)eriod indicates that tlie coll has a very poor frequency response 
and is almost useless for work in, say, tho audio-frequency range. 
This is indicated by Fig. 1S~2(), which gives tho relative frequency 
response of a selenium cell within tho audio range. Because of 
these characsteristics, i)hoto-conductivc colls are invariably employed 
with stoiuly illumination only. 

(Sensitivity and (Si^eothal Response 

Tho sensitivity of a selenium cell when illuminated by a tungsten 
filament lamp is'shown by Fig. 18-27. Unlike photo-emissive and 
photo-voltaic colls, the sensitivity or photo-electric offioionoy is not 
constant but decreases with increasing illumination. Spectral 
response curves ar(^ given by Fig. 18- 28, from which it will bo noted 
that the cells are partiijularly responsive towards tho rod end of 
the s])cctrum. 



CHAPTEE XIX 

BLBOTKtO DISCHABGB LAMPS 

Among the appKcations of the gaseous discharge, one that is fast 
becoming of outstanding importance is the emplosonent of glows 
and arcs as light sources. The principal reason for this is that a 
gaseous discharge functions as a ‘‘cold” light souine (ia contrast 
with the usual temperature radiator) and in consequence operates 
at a higher efficiency than an incandescent lamp. 

Temperature Radiation 

As is commonly known, illumination is generally effected by 
heating of solids to incandescence. As shown in Chapter I, the 
energy radiation from such solids is spread over a theoretically 
infinite number of wavelengths, the energy distribution being 
governed by Planck’s Law. However, from the viewpoint of illumin¬ 
ation, we are chiefly concerned with an exceedingly narrow band of 
waves, namely those lying between 4000 A to 7000 A, for to these 
we owe the sensation Imown as light. 

EPFioiBNoy OF Tempebatctrb Radiators 

The luminous efficiency of a temperature radiator can be ex¬ 
pressed as 

Energy in Visible Spectrum 
Total Energy Radiated ‘ • ( ) 

but this does not take accoimt of the varying sensibility of tho oyo 
in different parts of the spectrum. A given amount of energy is 
differently evaluated by the eye according to the wavelength of 
the energy, tho eye being most sensitive at a wavelength of 5550 A. 
The relative visibility curve for the average human eye is shown by 
Fig. 19-1, any ordinate being Imown as the relative visibility factor 
for the particular wavelength at which it is taken. 

The rate of emission of luminous energy is measured in lumens, 
a source of one standard candle giving 47r lumens. If one watt 
could be entirely converted into luminous power at 5550 A, thou 
the luminous efficiency would be 625 lumens per watt. It follows 
that the efficiency at any other wavelength is obtained by multi¬ 
plying 625 by the relative visibility factor. The efficiency of all light 
sources so far available falls far below the oi)timum figure quoted 
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above. For example, if it were possible to operate an incandescent 
lamp at 6000° K. so that the emission curve peaks in the visible 
spectrum, as shown by Fig. 19—2, the luminous efficiency would be 
approximately 86 lumens per watt. This is about six times as great 
as the present efficiency of such lamps. If all the energy were 
radiated within the visible spectrum, without losses in either the 
ultra-violet or infra-red, the efficiency yould be approximately 
225 lumens per watt. Except for lamps designed to ]^ve a high 
efficiency at the expense of a short life, it is not possible to run 
preseiit materials as temperature radiators beyond about 2600° C. 
Because of this, incandescent light sources have luminous efficiencies 
of no more than about 16 lumens per watt. 

If Ja denotes the energy of radiation per square centimetre per 
second of a given radiator for wavelength A, the rate of energy 
radiation per unit area between the wavelengths Aj and which 
define the limits of the visible region, E the total rate of energy 
radiation, and L the light emitted in lumens per unit area, then, 
from Fig. 19-2, 


E = 



(19-2) 



(19-3) 


Hence (19-1) may be expressed as 


E ~~ 


fA. 

00 

hdX 

Jit 


which may now be termed the radiant efficiency. 


If Fa is the relative visibility factor for light of wavolongtii A, then 


L = 625 


V,I,dX 
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If r) is tho luiniiious efficiency, then 
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(l!»-5) 
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Tho optimum luminous efficiency, is defined by 

m&\\\i,dx 

n -—h _ 
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rA, 

hdX 

Ai 


?/o having already been stated to bo approximately 225 lumens per 
watt. Actually ri^ represents the luminous efficiency of a fictitious 
source which has the same energy distribution as a given actual 
source, but which emits no energy outside the visible region. Some 
radiation characteristics for a black-body radiator are given by 
Table 19-1. 
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Luminescent Radiators 


JiiHUMiso of the low efficiency of iimipin'iiture radiators, otluns 
liavo been sought which do not depend oti the temperature of a 
body. A number of such radialors have already boon described in 
(Uiaptiu' VI.I, most of iilutso fuiletioning by tJie effect of radiation 
or an eleeti-on b(fam on some solid substance. However, when an 
eleiitrical discliargo oiicurs througli a gas this may, as described in 
(Ihajitor II, produce luminous nwiiation in tho form of a glow or an 
are. This Ibrm of radiation is termed oleotro-luminesconce and is 
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due to energy exchanges within the atom in accordance with Bohr’s 
theory. Compared with temperature radiators which produce a 
continuous spectrum (i.e. where all frequencies are present), an 
electro-luminescent radiator radiates over relatively few wave¬ 
lengths and produces a line spectrum. These two forms are con¬ 
trasted by Fig. 19-3. The spectrum of the electrical discharge is 
such that possibilities exist of producing a relatively lugh proportion 



of radiation witliin the visible spectinim witliout tlio wasi.ofuI 
infra-red. Some heat, however, is generally- essential to maintain 
the discharge, and frequently a considerable amount of oneigy is 
radiated in the ultra-violet. The latter may, however, be converted 
into visible radiation in the manner described in Chapter VII, thus 
fuiiiher increasing the efficiency of the discharge lamp. 

Low-pressure, Cold-cathode Dischai^e Lamps 

The degree of luminosity accompanying a discharge varies with 
the gas employed, certain gases being quite useless as illuminaiits. 
Among the common gases showing a useful degioe of illumination 
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are carbon dioxide and nitrogen, both of these having a relatively 
high efficiency of about two watts per candle-power. Apart from 
iUuminating properties and low efficiencies, various other factors 
prevent the majority of gases from being employed in practical 
discharge tubes. The most notable of these is the gradual lowering 
of the pressure of the gas-filling. The effect of this is to necessitate 
a continually increasing voltage to strike the tube until the value 
of the required voltage becomes quite impractical. The cause of 
this is twofold, namely, chemical action at the electrodes and a 
})henomenon known as sputtering or splashing. As an instance of 
the first kind, if the gas-filling is carbon monoxide and the electrodes 
are iron, the gas will combine with the electrodes to form oxide of 
iron. Gases which are almost inert under normal conditions may 
become chemically active when ionized, resulting in similar effects. 
The time for such effects to occur is relatively short and, in the case 
of magnesium or aluminium electrodes, with a filling of oxygen, is 
only a few seconds. 

By employing an inert gas in discharge tubes or electrodes inert 
to the gas-filling, chemical effects as described above cannot occur. 
However, even in these circumstances the gas may gradually 
disappear, due to sputtering. This is due to positive-ion bombard¬ 
ment of the cathode resulting in the ejection of particles from the 
latter. Such particles envelop the gas molecules and are deposited 
on the walls of the discharge tube. Examination of a gaseous dis- 
cihargo tube whicli has been in use for a prolonged period will show 
a darkening of the glass duo to the foregoing phenomonoii. Tlio 
gi’adual disappearance of the gas is somotimos i‘eforrod to as “cloan- 
u]),” and the condition of the tubo as “hardening.” 

Tiik Rarw Gases 

'The discovery in JS95 of what are known as tlio rai’o gases 
opeiUKl up considerable possibilities in discharge lighting, 'ihiosc 
gases (argon, neon, helium, krypton, and zenon) were found to 
exist in tlu^ atrnospliere, but had hitherto (^scaped detection because 
of th(^ r(^lat.ively small (piantities present. Hone<^ tlu^ term “rare 
gases,” An extremely important propeuty of this group of gases is 
their chemical inertness or their inability to form chemi(^al com))ina- 
tions with any other element. Thus, the emi)loyment of such gases 
in discharge tubers should, and does, prevent clean-up and hardening 
due t<o ({hemical act.ions at tlu^ electrodes. Howewer, only noon and 
lu^lium ar(^ (unploycul, bee.ause of the scarcity and [)oor lun\inosity 
of th(\ ot.lun* three. 
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The Cathode Fall 

The lowest'cathode fall is furnished by the allcalino metals, such 
as sodium, potassium, and rubidium, while next above these come 
the earth alhaline metals such as calcium, barium, and magnesium. 
Iron, silver, copper, and zinc give a higher cathode fall than the 
foregoing group, the highest faU for metals being obtained with 
mercury, gold, and platinum. Table 19-2 shows the cathode fall, 
in volts, for various electrodes in different gases. 


TABLE 19-2 


Cathode 

Pt 

Fe 

A1 

Mg 

Na 

K 

Neon 

165 

163 

120 

94 

75 

68 

Helium 

166 

161 

164 

125 

80 

69 

Hydrogen . 

300 

290 

190 

168 

185 

172 

Nitrogen . 

232 

222 

210 

207 

178 

170 


Although from the foregoing table it appears most advantageous 
to employ the alkaline metals for electrodes, this is not so for the 
following reasons. These metals rapidly oxidize when exposed to 
air, they would be attacked by foreign gases present in a tube 
during exhaustion, and, furthermore, they are expensive. Thus it 
is evident that for electrode materials, the choice must fall on either 
copper, aluminium, or iron, and in practice, this is the case, the 
last two metals being commonly employed. Aluminium, however, 
cannot be used in mercury tubes, because it is rapidly attacked by 
mercury. 

Further factors affecting sputtering are the electrode current 
density and gas pressure. As discussed in Chapter II, if the cathode 
glow is equal in cross-section to that of the cathode, any increase 
in current will result in an abnormal cathode fall. This usually 
occurs in luminous discharge tubes, although the diameter of such 
tubes is usually increased to accommodate electrodes of ginator 
diameter than that part of the tube in which is situated the ])ositive 
column. A result of the abnormal cathode fall is larger cathode 
voltages than shown by Table 19-2. Some typical figures for the 
principal gas-fillings are given by Table 19-3 at top of page 627. 

The pressure of the gas-filling affects the electrical conductivity 
and luminous efficiency of a discharge tube as well as wsputtoriug. 
Regarding the latter, the lower the gas pressure the greater the 
velocity with which ions strike the cathode. This leads to an increases 
in sputtering, and from this viewpoint the gas pressure should not 
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TAI^LE 19-3 



5 mA 

2 mA 

0-7 mA 


PMR Cm.2 

PER Cm.® 

PER Cm.® 

Neon 

425 

345 

295 

Mercury . 

300 

260 

245 

Helium 

575 

525 

325 


bo too low. From the viewpoint of olectrioal conductivity and 
luminous efficiency the oi)timum pressure for neon tubes is about 
1 mm. Hg. However, this pressure is too low to prevent s])uttoring, 
and in practice the pressure of the gas filling is between 5 and 10 mm. 
Hg. In these circumstances the luminous efficiency is about 15 
lumens per watt. 

The Positive Column 

The light source of “neon’’ lamps is, of course, the positive 
column. When the filling is helium the colour of the discharge is 




creamy white, mercury vapour gives a blue discharge, and u(H)n, of 
course, the familial’ red. Energy level diagrams for neon and mercury 
a.re shown by Figs. Ill -4 and 19 -5, and will explain the characteristic 
colours for lamjis with these fillings. It will he noted that near 
ultra-violet radiation occurs with menuiry and far ultra-violet witli 
iK^on. As explaiiKul in (-hapter VII, f-his radiation may ho tiunod 
to useful ac({ount by causing it to (^xcitc! lluor(^s(j(mce in certain 
inaficrials. 
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The voltage drop along the positive column is proportional to 
its length and decreases with an increase in tube diameter or current. 
The diameters commonly employed are 10, 15, and 20 mm. and 
the volt drop per foot for the main gas-fillings is shown by Table 
1&-4. 

TABLE 19-4 


Gas 

25 mA in 

10 MM. Tube 

35 mA in 

16 MM. Tube 

75 mA n 
20 MM. Tu 

Neon .... 

176 

120 

90 

Mercury 

130 

95 

70 

Helium .... 

370 

260 

190 


These figures must be taken to represent only average values, as 
the actual volt drop depends on the gas pressure and purity and the 
manufacturing process. However, Tables 19-3 and 19-4 may act 
as a guide when first computing the necessary operating voltage 
of an installation. It must be remembered that the figures given by 
the tables refer to the running voltage. The initial value of the 
striking potential is generally larger than that under running condi¬ 
tions and hence allowance must be made for this. Thus with tubes 
of small diameter, the startmg voltage may be as much as 100 per 
cent greater than the running voltage, while large diameter tubes 
may necessitate a startmg voltage 60 per cent greater than the 
running voltage.* 

Transformer Operation of Neon Lamps 

Tables 19-3 and 19-4 indicate that voltages considerably above 
those normally available are necessary for operating neon tube 
installations. This requirement is simply met by means of a stop-uj) 
transformer. The installation must, of course, be ‘‘controlled,” and 
this may be effected by placing the necessary impedance in series 
with either the primary or secondary circuit. For design and calcu¬ 
lation purposes, a primary impedance may be replaced by an 
equivalent secondary one, the value of the latter being given by 
the primary impedance multiplied by the square of the transfoi*ma- 
tion ratio. However, general practice with neon installations is to 
employ a leaky, or stray field, transformer. The advantage of this 
is that the necessary impedance can be incorporated in the trans¬ 
former design, this leading to a simpler and cheaper installation 
than where separate impedances are employed. 

* Ar an example, it may be stated that for tho lamj) of Kig. I9-S, tho init-iul 
HtrUiing voltage is 1250 volts, while the running voltage is 000 voltw. 
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Operating Cihaiacteristics of Neon Dischaige Tubes 


Because of the negative resistance characteristic of a glow dis- 
cliarge it is not possible to operate discharge tubes directly from 
the supply voltage. As already stated, this means that an impedance 
must be included in series with the tube. The impedance may take 
the form of a condenser or resistance, although a choke is most 
commonly employed. Assuming a series resistance is used, the 
voltage across the lamp increases until the striking voltage Vs is 
reached. At this stage current commences to flow, the value of 
which is given by 


7 ^ sini5i^— Vl 
B 


(19-6) 


wlxere sin pt is the instantaneous value of the supply voltage, 
Vi, the lamp voltage, and B is the value of the series resistance. 



SECONDS 

Kui. 


Now Tyjs c()m])oso(l of the cathode fall and the drop in tlio positive 
column. As pr(^viously statc^d, an abnormal cathode fall occurs with 
noon lamps, which means that an increase in lamp current will 
(iause an increase in cathoih^ fall. The effect of an increase in cutTcnt, 
however, is to decrease tlu^ droj) in the ])ositivo column, and, in 
J)ractic(^ it is found that tlieso two effects tend to counterbalance 
each other. This n^sults in the lam]) volt drop being inde])ondcnt 
of (uirnuit and hence 1'/^ may be regarded as a|)pi'oximately constant 
during current How. 
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!From the foregoing and (19-6) the current waveform may be 
deduced, a typical case being shown by Fig. 19-6, where Vm = 700, 
= 300, and B — 5000 ohms. It is evident that conduction does 
not commence until Vm Biapf = Fj or pi = arc sin VJVm- In. many 
oases the lamp strikes and runs at approximately the same voltage, 
in which case pi = arc sin VjJVm- ' The lamp extinguishes at a 
voltage roughly equal to F^, and hence extinction occurs for F^ sin 
pi = F^ or pi = arc sin (tt— VjJVm)- 

It is evident that with resistive control the current does not 
persist for a fuU half-cycle. Actually the fraction of a cycle dming 
which conduction occurs is 

(ff— ^VjJVm)h 

Several disadvantages are attached to this. Firstly the stroboscopic 
effect experienced with discharge lamps is enhanced by a short 
conduction period. Secondly, the value of the striking voltage in 
each half-cycle is affected by the length of the period the lamp is 
extinguished. When the lamp current reaches the zero value, a 
certain munber of ions are still present in the discharge tube, and 
these commence to recombine. Providing a sufficient voltage is 
available to cause the tube to restrike, relatively little recombination 
occurs and the restriking voltage is less than that necessary to 
strike the tube initially, i.e. when the supply stritch is first closed. 
Reference to Fig. 19-6 shows that when extinction occurs a con¬ 
siderable interval follows before restriking takes place. During this 
interval de-ionization of the tube is occurring necessitating a rela¬ 
tively high restriking voltage. It is evident that the liighor tlie 
restriking voltage the shorter the conduction period, for actually 
the fraction that the latter is of a cycle is given by 




rather than by (tt— 2Vx^IV^)Iit 

Naturally the reduced conduction period results in increased strobo- 
seopic effects. 

Because of the foregoing effects and the losses which a resistances 
incurs, this form of control is only employed with the smallest ty])es 
of lamps. Condenser control obviates the losses, but suffers from 
the same disadvantage as resistive control with regard to a shoit 
conduction period. 
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iNDTTCTrVB CONTROL 

The usual method of controlling discharge lamps is by means of 
a series-connected choke. The latter has relatively small losses 
and possesses the advan¬ 
tage of causing a longer 
conduction period than 
can be obtained with 
cither a resistance or con¬ 
denser. In fact, with in¬ 
ductive control, the 
current wave is usually 
spread over the complete 
half-cycle as shown by 
the oscillogram of Fig. 

19-7. Greater details of this will be given later, but it may bo 
stated that the improvement in the current waveform is due to the 

self-induced voltage of the 
choke giving a further 
source of potential to the 
» lamp when the supply 

potential falls below 

Voltage and Current 
Waveforms 
The oscillogram of Fig. 
19-7 shows the current 
waveform of a noon tube, 
43 cm. in Jengtli and 15 
mm. in diametei’, wheti operated in series with a 21-Jumry choke. 
From this it will bo noted that the current persists for almost the 
full half-cycle. Fig. 19-S 
shows the almost re(jtan- 
gular wavefoi’in of the 
lamp voltage, wliile Fig. 

19-9 is an oscillogram of 
the voltage across the 
choke. An explanation of* 
the somewhat [ )ecu 1 iar 
character of the lattei* 
will be given later. It is 
(wideiit from Fig. 19-S 
that the striking voltage 

ai~(T.aRc)) jOpp. 
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is somewhat in excess of the running voltage; i.e. 
Vs>Vj^, 

High-pressure Mercury-vapour Lamps 

The principal application of the lamps so far 
described is to decorative and advertising puiposes 
rather than to the illumination of surface areas. 
By employing mercury vapoui* at high pressures 
(an atmosphere and above) lamps having much 
higher eificiencies can be produced suitable for 
floodlighting large areas. A typical 400-watt 
h.p.m.v. lamp is shown by Fig. 19-10. It consist's 
of a discharge tube enclosed within an envelope of 
ordinary glass. The tube is formed of special hard 
glass or quartz, according to the temperature which 
must be withstood. At the ends of the inner tube 
are electrodes which consist of activated rare-earth 
oxides held within a tungsten spiral. During the 
passage of the current these electrodes become 
heated and emit electrons by the process of ther¬ 
mionic emission. At the upper end of the discharge 
tube is an auxiliary electrode placed close to the 
main electrode. This seiwos the purpose of initiating 
the discharge. The discharge tube contains a rare 
gas, such as argon, at a pressure of about one hun¬ 
dredth of an atmosphere, with a carefully measured 
quantity of mercury. The space between the tube 
and envelope is filled with oxygen at a low pressui’o. 

In order to understand the functioning of tlio 
lamp, reference may be made to Fig. 19-11. On con¬ 


necting the lamp (via a ohoke)to the supply voltage, the gas prossiii’o is 


too low, and the main electrode spacing too large, to permit a discharge 


to occur between the main electrodes. It wiU be noted, liowover, that 


the full potential difference is developed between the top main and 
auxiliary electrodes. Due to their proximity a glow discharge occufs, 
the glow current being limited to a few milliamperes by the resistance 
K, The glow discharge initially occurs in the argon due to the very 
low vapour pressure of mercury at normal temperature. The oflbct 
of the glow discharge is to provide sufficient ions for the main dis¬ 
charge to start. Once the main discharge is struck, the Ixcat duo to 
this commences to vaporize the mercury, thus raising the menuiry- 
vapour pressure. The bombardment of the efectrodos by mercury- 
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vapour ions aJso raises the temperature of the former, which then 
become electron emitters. At the commencement of the discharge 

the tube is filled with light, but the 
luminosity is low. As the temper¬ 
ature rises the luminous column 
becomes narrower and brighter, full 
brilliancy being attained after about 
five minutes. The function of the 
outer envelope is to conserve the 
heat of the discharge tube in order 
to assist in the vaporization of the 
mercury and maintain as uniform a 
temperature as possible. It also 
absorbs any harmful ultra-violet 
radiation. The ends of the discharge 
tube are silvered to reduce heat 
radiation from the electrodes. 

Photometbio and Optioal 
Chabaotbeistios 

The light source of the lamp is 
tho narrow cord-like discharge be¬ 
tween the electrodes, the average 
brightness of this being approxi- 
lakm/m matoly 120 candles per om.^ It is 
at once evident that, compared with 
a tungsten filament lamp (600 
candles por cm.®), this is low, and 
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thus h.p.m.y. lamps are relatively free from glare. The boundary 
of the luminous column is not clearly defined and, of course, the 
brightness is not uniform across its section. Fig. 19-12 shows a 
brightness distribution curve for a 400-watt lamp, and taking the 
edge of the column to be where the brightness is one-tenth of the 
maximum, the width of the column is 1-2 cm. 

A light distribution curve for a 400-watt lamp is shown by the 
polar diagram of Fig. 19-13, this curve being taken in a vortical 



Fiq, 19^X3 


plane which contains the lamp axis. The total light oxitput is 
18,000 lumens, the efficiency being, therefore, 43 lumens por watt*. 

Optical CHAnAOTERiSTios 

The majority of the light from mercury-vapour lamps, wliothor 
of the high-pressure or low-pressure typos, consists of lino s]) 0 (*,t.nun 
radiation. This is due to the atoms within the j)ositivo (column 
being excited to certain energy levels with, of course, tlu^ objiujl; 
of producing light of a particular colour. As shown in Chapiter li, 
within the positive column the field gradient is relatively low ancl 
high-excitation levels are produced by cumulative electron iiiipacits. 
The field gradient depends on the gas or vapour density, inc.iuasing 
with an increase in th^se. Thus the current and vai)Our densities 
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will depend on whether liigh- or low-energy level excitation is 
desired. Referrmg to Fig. 19-14, it will be noted that the 4*86 
and 6-67-volt states are in the ultra-violet region, and hence higher 
levels of excitation are required as indicated by the diagram. Atoms 
excited to these higher states, such as the 7*69 volt, return to the 
ground state via the 4-86- and 4-66-volt states. Hence visible and 
invisible radiation are produced, and the higher the ratio of the 
former to the latter the greater is the efficiency of the lamp. Thus, the 
efficiency of the lamp increases 9 
with an increase in vapour and 
current density, the maximum 
value occurring for a pressure of § ^ 
about r)0 atmos])hercs and a > 
loading of 100 watts per centi- g 
metre length of arc. As the f 
pressure and arc loading are iJ ^ 
increased, in addition to the w 
normal line spectrum, a weak 
continuous spectrum is fonned. 3 
This is duo to the increasing 
temperature causing the mercury vapour to act as a temperature 
radiator. 

Physical and Elkotrical CHARACTKRrsTios 

To obtain stable operation of h.p.m.v. lamps tlKw arc designed 
to o])orato witli all the mercury va|)orizod. In these circiirnstanoes 
variations in sup])ly voltage and ambient tomporaturo have but 
slight efleot on the larnj) voltage over wide limits. This voltage, 
V is roughly constant during conduction, as indicated by Fig. 
19-20, from which it will bo noted that the lamp voltage waveform 
is roughly rectangular. 

Tkml»braturr 

In contrast with l.p.m.v. lamps those of the high-prossure typo 
operate at relatively high tem])eratur(^s. In iho case of the 400-watt 
lamp, about 20 per c(uit of the energy supplied is radiated as light. A 
fiirtlior 10 ])(u* (}(Mit is emittc^d as ultra-violet and near infra-rod. Tho 
romaining 70 por (unit is (unittcnl as infra-rod radiation, and has tho 
effoot of heating tho dis(^hal•go tiibo to Ixdwocm 500° C. and 600° 0. 
Tho outer glass onveloi)o attains a tenqKU’ature of about 350“ 0. 

All offixjt of th(‘. lamp t.omp(u*atur('. is its infliionco on tho re- 
striking of tho lamp should it be switched off. When this occurs 
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the electrodes rapidly cool and thus become ineffective as electron 
emitters. The vapour pressure is too high to allow rostriking of 
the lamp, and hence a period must elapse in which mercury vapour 
may condense and the pressure fall before restriking will occur. 
With a 400-watt lamp this is about three minutes in stiU air and 
for a 125-watt lamp two minutes. 

ELBCTEIOAIi OaABAOTBBISTIOS 

As h.p.m.v. lamps operate directly firam normal supply voltages, 
no transformer is needed, but a series impedance is essential, as 



with cold-cathode low-pressure tubes. This generally takos the 
form of an iron-cored choke, although a resistance or condonsor 
may be used. Of course, on direct current a resistance is essential. 
As previously stated, the voltage across the lamp, V is roiighly 
constant over a cycle. The value of this voltage is determined by 
the quantity of mercury within the lamp being higher tho greater 
the quantity. During the time the lamp is running up, i.e. before 
the mercury is entirely vaporized, increases with an increase 
in lamp watts. When the mercury is fully vaporized, the lamp 
voltage tends to remain constant with an increase in lam]) watts, 
as indicated in Pig. 19-15. In determining the quantity of mercury 
to be used, and hence the voltage at which a lamp will oj)erato, 
several factors must be considered. Those are tho cWngo in lamj) 
watts for a given change in supply voltage, the change in lanip 
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wattH for mumifacturing variatioiiH in V tko [wwor factor of the 
lamp-ohokc \inLt, and tlic poriniKHible droj) in the Bn])])ly voltage 
for the lamp not to ho oxtinguiKhod. Table Ifl—5 sets out the olfoct 
of the ratio of V JV on those various factors. In practice the value 
adopted of VjJV is about O-O. 

The Chokb 

Chokes employed for h.p.m.v. lamp control are iron-corod and 
possess a small air gap. The oflloot of the latter is to maintain the 
choke inductance approximately constant with changes in cuirent 



Ki<i. 1!) Hi 

and 1.0 permit adjustment (by moans of varying the gap length) 
of the induetanee Ixdween line limits. It is, of course, desirable that 
the choke dimensions, losses, and cost shall be as small jus possible. 
In i)raetioe the choke losses amount to about 5 pin* cent of the lamp 
wattage. 

( )PMRATI N 0 (In A UA( I'P 10 RISTI (!S 

At th(( monnmt of closing the Hupi)ly switch the full mains 
voltage is developeil betwc'en the main and auxiliary electrodes, 
thus initiating tlu^ discharge. ^I’ho dischargi' started, the lam]) 
voltage falls to approximately 20 volts, with the result that, initially. 
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practically the full supply voltage is across the choke. Hence the 
lamp current is a maximum almost immediately after closing the 

switch. Full lamp brilliancy is 
reached when the mercury-jailing 
is completely vaporized. Fig. 
19-16 ^ows a run-up curve for 
a 400-watt lamp. 

Some technical data for 400- 
watt and 250-watt lamps are 
given by Table 19-6. 

The lamp sizes normally avail¬ 
able are the 400-watt abeady 
described, 250-, 126-, and 80-watt. 
The 260-watt lamp is similar in 
structure to that of the 400-watt, 
and is shown by Fig. 19-17. The 
125-watt and 80-watt types, how¬ 
ever, differ somewhat from the 
two larger lamps. As stated pre¬ 
viously, the luminous efficiency of 
h.p.m.v. lamps depends on the 
current and mercury-vapour 
densities, increasing with an 
increase in these quantities. The 
maximum efficiency is about 60 
lumens per watt. Hence, if the 
dimensions of a discharge tube 
are constant, a reduction in wat¬ 
tage will result in a reduction in 
luminous efficiency. For rcuisons 
indicated by Table 19-5 the lamp 
voltage for most lami)s is main¬ 
tained between 100 and 140 volts. 
Thus, a reduction in current, and 
hence current density, reduces the 
arc loading, and, as already stated, 
the luminous efficiency. 

In order to maintain a reason¬ 
ably high efficiency witli 125- and 
80-watt lamps it was necossaiy 
to increase the arc loading and vapour pressure. As sliown by 
Table 19-6, the arc loading of 260- and 400-waft lamps is 20-8 and 
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TABLE 19-6 


Vl/K 

PjaBCENTAOK 
CHANaiC IN 
Lamp Watts 

POB 1 PEB CENT 
Change op Ft, 

Pebcrntagb 
Chan<je in 
Lamp Watts 
FOB 1 PEB CENT 
ClLANQB OF V 

Pebmissible 
Instantaneous 
Dbop in F 
Without 
Extinction 
OOOUBBING 

POWEB 

Faotob 

o*1n 





0*2 

0*3 > 

1 per cent or 

2 per cent or 

Over 20 per cent 

0*4 or less 

0-41 

less 

less 

of F 


0-5/ 





0*6) 

1 por cent to 2 

2 per cent ap¬ 

10 per cent to 

0*6 to 0*6 

0*7| 

per cent 

prox. 

20 por cent of 
F 


0*8j 

3 per cent to 10 

3 per cent to 15 

Loss than 10 per 

0*7 or over 

0*91 

por cent 

per cent 

cent of F 



TABLE 19-6 


Lamp Watts 


Supply volts , . . . . 

Ijiimons por watt .... 

Maximum briglitiioss of arc, oandles/om.® 
Length, mm. ..... 
Arc length, mm. .... 

Diameter, mm. .... 


250 

400 

200—250 a.c. 

200-260 a.c. 

36 

45 

150 

150 

290 

330 

120 

ICO 

48 

48 


25 watts |)or cm. respectively. The figiiroB for the 125- and 80-watt 
lam])s arc 42 and 40 watts por cm. rospoctivoly. Those higher 
loadings natui’ally load to an increase in briglitnoss and to avoid glare 
the arc tubes of the smalk'jv lamps are enclosed in pearl-glass bulbs. 

The o])orating pressure of 80- and 125-watt lamps is botwoon 
5 and 10 at.mosj)lieres, while 250- and 400-watt lamps operate at 
approximately I atmos})horo. 

An effect of the higher arc loading is an increase in operating 
temperatui’e which cannot be withstood by a glass-disci large tube. 
Because of this the discharge tube of the SO- and 125-watt lamps is 
ma(l(^ of (juartz, whieh will withstand easily tomi)oraturoH u]) to 
J000"(^. An increase in ellicienoy would be obtainable by the 
einployniont of (juartz (and higher arc loadings) in 250- and 40()-watt 
lamps, hut l.hc^ high cost of the material militates against its use 
in the larger lamps. 
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Tho constructional details of the 80-watt laini) arc shown by 
'ig. 19-18, from wliich the relatively small dimensions of the arc 

tube will be noted. Technical data for 
this lamp as well as the 126-watt lamp 
are given by Table 19-7. 

Voltage and Ctterbnt Waveforms 

Immediately after closing the supply 
swatch of an inductively controlled 
h.p.m.v. lamp, practically the full supply 
voltage is developed across the choke. 
Hence the lamp current and choke 
voltage are, initially, approximately 
sinusoidal. As the mercury becomes 
vaporized the voltage across the lamp 
increases, the current, lamp, and choke 
voltages, under normal operating con¬ 
ditions, being shown by Tig. 19-19, 
19-20, and 19-21 respectively. It will 
be noted that the lamp voltage is roughly 
rectangular and that the current persists 
for the full half-cycle. Occasionally 
h.p.m.v. lamps are controlled by a series 
resistance which may take the form of 
a glowing filament lamp. In those cir¬ 
cumstances the current docs not persist 
for 180° in each half-period, as it generally does with inductive 
control. Fig. 19-22 shows the current wave of a 12r)-watt lamp 
with resistive control when in the fully run-up condition. 
voltage across the resistance is, of course, of tho same form as 
the current wave, while the lamp voltage wave is shown by I?ig. 

TABLE 19-7 


Lamp Watts 

80 

125 

Supply volts ...... 

200-260 a.o. 

200—250 a.c 

Lumens per watt ..... 

38 

40 

Maximum brightness of arc, oandles/om.® 

800 

800 

Maximum brightness of hulb, candles/cm.* . 

60 

60 

Length, mm. ...... 

160 

178 

Arc length, mm. ..... 

20 

30 

Diameter, mm. ..... 

80 

90 








Fig. 19-21 
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19-23. Duo to tho dis¬ 
torted current wave, tho 



I 


Fig. 19-23 


power factor is less than 
unity and it is not possible 
to raise this in any way. 

The Sodium-vapour Lamp 

The sodium-vapour is 
similar in principle to the 
' h.p.m.v. lamp, but differs 
largely in its characteris¬ 
tics. A typical lam]) is 


shown by Fig. 19-24, from which it will be noted that 


the discharge tube is U-shaped and contained in an , 


outer tube. The purpose of shaping the discharge tube 
in this manner is to obtain the greater efficiency that 
accompanies long tubes; for increasing the length 
renders the energy dissipated at the electrodes a 
smaller fraction of the energy expended along tho 
length of the tube, the latter energy, of course, being 
responsible for luminosity. Oxide cathodes at tho 
ends of the tube act as arc-heated electron emitters 
in exactly the same sense as in tho h.p.m.v. lamp. 

The discharge tube must be specially constructed 
to withstand the effect of hot sodium-vapour over long 
periods. This construction takes the form of a flashecl 
or two-ply glass. The outer layer is ordinary soda 
glass, the inner layer consisting of a flashing of special 
glass designed to resist the effects of sodium. 1?ho 
discharge tube must be surrounded by a glass envc^lopo 
in order to conserve the heat for the pui’poso of 
vaporizing the sodium. Tho envelope is in the form 
of a double-walled vacuum flask, from which tho dis¬ 
charge tube may be detached when desired. 

OPBRA.TI03Sr 

Distributed along tho discharge tube are drops of 
sodium which are solid at normal temperatures. In 



consequence tho sodium-vapour pressure is extromoly 


low and the tube is filled with noon at a prossur(^ ^ ^ 

of several millimetres of mercury for starting ])ui’posos. 

On comiecting the lamp, via a suitable impedance, to 
the supply voltage the discharge first occurs in tlui 
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neon, with the result that initially the appearance of the lamp is 
similar, to that of a neon tube. As the time of operation and the 
temporatxu-o increase, the sodium melts, its vapour pressure increases, 
and the discharge tends to occurrather in the sodium vapour than 
in the neon. When the lamp is fully run-up the sodium is partially 
vaporized and the operating tem¬ 
perature is approximately 260° C. 

In these circumstances the lower 
excitation and ionization potentials 
of sodium (2*1 volts and 5*1 volts, 
respectively) cause the • discharge 
to occur in this rather than in the 
neon. j 

The lamp is made in four > 
sizes, 45-, 60-, 86-, and 140-watts § 
respectively. The light from sodium JS 
lamps is practically mono-chrom- u 
atic, being radiated by two yellow ^ 
lines in the si)ootrum at 5890 A and 
5896 A. Due to the absence of 
ultra-violet radiatioti, and the light 
occuning in that part of the 
spectrum to wliich the eye is most 
sensitive, the himinous efficiency 
of the sodium lamp is considerably lo ,25 

higher than that of the h.p.m.v. 

lami). Figures for the 45-, 85-, and 140-watt lamps are, rospeett- 
ivoly, 55-5, 71-1, and 71-6 lumens per watt. 

Optical OjEAiiAOTKErsTios 

As stated above, the radiation of the sodium lamp, similarly 
to the h.p.m.v. lam]), consists of line spectrum radiatioTi. Reference 
to the energy level diagram of Fig. 19-25 for sodium indicates that 
light results from the return from the 2-1 volt state to the ground 
state. Thus, in contrtist to the h.]).m.v. lamp, the sodium lamp 
must be o.\(‘.ited to give low energy level transitions. In practice 
this means that the arc loading must be relatively small, this being 
eflecjted by low vapour press\ires and current densities. For the 
45-. 60-, S5-, and 140-watt lamps the arc loadings are 1*8, 1*95, 
2 *0, and 2*6 watts per cm., respectively. 

^riie operai.ing temperature of the sodium lamp Is somowliat 
(critical, tlie maximum effieiency occurring at between 220" C. and 
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250° C. However, due to the low operating pressure, temperature 
has no eiSFect on the restriking characteristics; i.e. the lamp will 
immediately restrike if extinguished and then switched on again. 




r 


N 


JEi'ja. 19-27 



Voltage a:nd Cueebitt Wavbeoems 

The current waveform of an inductively controlled «0-watt 
sodium-vapour lamp is shown by Fi^ 19-26. The lami)-voItaf;(i 
waveform is shown by Fig. 19-27. Following a somewhat high 
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striking potential of about 200 volts, the lamp voltage rapidly falls 
to approximately 100 volts, at which value it tends to remain 
during each half-cycle. The choke-voltage waveform is shown by 
Fig. 19-28. 


Eleotrioal Characteristics 


As previously stated, the sodium lamp has a gas-filling of neon 
to facilitate starting. No starting electrode is employed, and hence 
the momentary starting potential is somewhat high, about 440 volts. 
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In order to |)rovi<l(^ this voliage a transfornKu* is used, usually of 
the auto typi^. This tra-nsforimu’ is provided with a l<^akage path 
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and fimctioiis in a similar manner to those employed for neon 
lighting. The arrangement of the transformer is shown by Fig. 
19-29 and the circuit details by Fig. 19-30. 

After the lamp has struck, the restriking voltage at the com¬ 
mencement of .each half-cycle is less than the initial striking voltage 
of 440 volts. Reference to Fig. 19-27 shows that in the case of the 
60-watt lamp the restriking voltage is approximately 200 volts. 

The starting characteristics of the sodium lamp are quite different 
from those of the h.p.m.v. lamp. Unlike the latter there is relatively 
Httle change in the electrical quantities during the run-up period. 
The light output, however, is initially very low, but rapidly increases 
as the sodium becomes vaporized. Some typical characteristics for 
a 140-watt lamp are shown by Fig. 19-31, from which it will be 
noted that approximately jSffceen minutes are necessary for the 
lamp to reach its normal operating condition. 

Some technical data for sodium lamps are given by Table 19-8. 


TABLE 19-8 


Lamp Watts 

45 

60 

85 


Supply volts . 

100-260 a.o. 

100—250 a.c. 

100-260 a.c. 

100- 

Lamp current, amps. 

0-6 

0*6 

0-6 


Lumens per watt . 
Maximum brightness of 

56-6 

65 

7M 

1 

arc, candles/cm.^ 

Overall length, mm. 

9 

9 

9 


250 

310 

426 


Arc length, mm. 

Diameter of outer bulb, 

140 

170 

230 


mm. .... 

50 

60 

60 



Fluorescent Lamps 

From Fig. 19-3 it is evident that a considerable portion of the 
radiated energy from mercury-vapour lamps is in the ultra-violot 
region of the spectrum. By taking advantage of the phenomenon 
of fluorescence a large proportion of this energy may be em])Ioyed 
either for colour correction or improving the ejSiciency of such lamps. 
The conversion of electric power to fluorescent light depends on the 
characteristics of the lamp employed. If the visible spectrum, i.e. 
4000 A to 7000 A, is divided into ten bands of wavelengths each of 
300 A, the energy radiation of a lamp may be shown in the manner 
of Fig. 19-32, this being termed a pillargraph. Fig. 19-32 was 
taken from an 80-watt h.p.m.v, lamp, and it is evident that about 
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as much energy is radiated in the ultra-violet region as within the 
visible spectrum. Fig. 19-33 shows the radiation characteristics 
of a l.p.m.v. lamp, and from this the low efficiency of such lamps is 
apparent and also the very high proportion of ultra-violet radiation 
in the vicinity of 2537 A. From Figs. 19-32 and 19-33 it is clear 
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that the possibility of an increase in efficiency by fluorescent means 
is much greater for low-pressure than for high-prossure lamps. 
Thus, fluoi’oscont j)owders arc ])rincii)ally employed for colour 
coiTOction of high-prcissuro lamps. 

Figs. 19-32 and 19-33 indicate that the ultra-violet power peaks 
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at 3659 A and 2537 A for h.p. and 1.)). lami)s, res])octivcly. Hence 
fluorescent })owders ari^ (h^sirable whoso absorption bands also peak 
at th( 5 S(^ wavelengths. From IVible 7-2 it will be noted that the 
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earlier materials of the list are suitable for h.p. lamps, while those 
lower on the list are more suitable for l.p. lamps. For coating the 
glass walls of the lamp with the fluorescent powder two methods 
may be employed. In the first method the wall is pre-coated with 
a binder and the powder is blown on by a hot-air blast. In the 
second method the powder is mixed with a binder and coated on the 
surface. When an organic binder such as glycerine or a nitrocellulose 
solution is employed, this is subsequently removed by heat. In¬ 
organic binders are dried into a glass-like cement on which the 
powder is firmly fixed. 

An effect of coating a lamp with powder is to absorb about 
30 per cent of the light generated within the powder. Thus 70 per 

cent of the light generated is 
transmitted and this figure multi¬ 
plied by the product of the 
luminous efficiency of the powder 
and that of generation of ultra¬ 
violet radiation of the discharge 
gives the luminous efficiency of 
the lamp. As an example, the 
powder mixture characteristic of 
Fig. 19-34 may bo considered, 
this characteristic resulting from 
excitation by radiation of 2537 A. 
By summing the percentages of 
ini)ut power in the various wave¬ 
bands the efficiency is found to bo 
24 per cent. Multiplying this by 
the efficiency of generation of 
ultra-violet power (see Fig. 19-33) 
and taking 70 per cent of the result to allow for absorj,)tion, the 
overall efficiency is 8-9 per cent. 

Types of Fluorescent Lamps 

The first h.p.m.v. lamp to appear in fluorescent form was a 
400-watt type. As the ultra-violet radiation of this lamp ])oaks at 
3650 A the fluorescent powders employed are ZnS and ZuCdK. 
These powders are somewhat yellow in colour and thorofor<’> tend 
to absorb some of the blue light from the discharge. This is countor- 
acted by the employment of a small amount of cadmium with the 
mercury. Because of the high temperature of the discharge tube 
it is not possible to apply the powder to this. Instead, the powder 
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is applied to the inside of the heat-conserving envelope which, to 
reduce the temperature still fui*ther, is larger than the envelope of 
tlio ordinary 400-watt h.p.m.v. lamp. By placing the powder on 
the inside of the envelope, it is secured from atmospheric contamina¬ 
tion. As indicated ])reviously, there is little possibility of improving 
the efficiency of the h.p.m.v. lam]) by means of fluorescence because 
of the com])aratively small amount of ultra-violet radiation present 
in its spocti‘um. Dtio to the absorj)tion of some of the visible radiation 
by the ])owder coating, the oHiciency of the 400-watt fluorescent 
lamp is somewhat less than that of the imcoated typo, the luminous 
efficiency of the former being JIS lumens ])er watt. Some technical 
data for the 400-watt fluorescent lanij) are given by Table 19-9. 

TABT.E liM) 


Supply ..... 

Liunons pc^r wat.t .... 
Maximum briglitiK'SH of arc, chiuUoh 
pi*r cm.- ..... 
Maximum hri^'lituoss of* 1)1111), c.andlo.s 
p(‘r (un.*** ..... 

Li'u^ilu mm. ..... 
.Arc .... 

Per <M*u< of iuputi cnorify nuliattMl 

PtT<-(‘ntajj:<M)r r<»(l luiuons . 


200- 250 a.c. 

38 

150 

50 

335 

150 

1 at. 2500-4000 A, 
<) at. 4000-7500 A 
5 


80 -watt .\nj) 125 -\vatt Kmiohmsownt JjAMPs 

Th(^st^ lamps art^ siinila,r to the h.p.m.v. lamps of tlu^ same wattage 
previously d(\sei’ib(ul on page 0118 but the ])oarl-glass bulbs are 

TAHLK 10-10 


\VArr.s 


KO 


125 


Supply v()lt.s ..... 

Luuk'us p('r wMlt .... 

Maximum brijibtiKSMs uf arc, caudlcK par 
cm.® ...... 

Maximum l>ri^ht.nc.sH uf hull), caudlcH 
p<T c.m.'“ ..... 

L<)n)L;t.li, mm. ..... 

Arc. lou^th, mm. .... 

Por cunt, of input unerj^y radiat ed . | 

1 

Porcuntagi'nC hmI luiiK'nrt . . . I 


200 250a..<'.. 

38 

soo 

10 

178 

20 

at 2000 .4000 A 


200- 250 a.c. 

40 

800 

15 

233 

30 

11 ! Hi 7400 A 
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replaced by somewhat larger plain bulbs coated with fluorescent 
powder in a similar manner to the 400-watt lamp described above. 
Because of the higher arc loading of these lamps, there is more 
red present, and the degree of colour correction required is not so 
great as for the 400-watt lamp. Some technical data for both the 
80-watt and 125-watt lamps are given by Table 19-10 on page 649. 

Low-pressure Fluorescent Lamps 

By contrasting the efiSLcienoies of the non-fluorescent and 
fluorescent lamps of the high-pressure type it is evident that the 
advantages of the latter lie almost entirely in its superior colour 
spectrum. This superiority is, of course, due to the employment 
of the ultra-violet radiation of the lamp, this radiation largely 
occurring at 3660 A. Considering the low-pressure lamp, it lias 
already been shown that a very large proportion of the input energy 
is converted into ultra-violet radiation at 2637 A. As the eflS.ciency 
of such lamps is normally low (about 12 lumens per watt) the em¬ 
ployment of fluorescence may not only produce colour correction 
but may also considerably increase the efficiency. 

The first low-pressure lamps were of the ‘‘neon” type, with a 
mercury filling. Because of the low operating temperature of such 
lamps it is possible to apply the fluorescent powder to the inside 
of the discharge tube, thus obviating the need for an outer envelope. 
As the ultra-violet radiation of low-pressure lamps lies below 3000 A 
the luminescent materials employed with these lamps are those 
mentioned on page 272, and also given by the latter part of Table 
7-2. In the case of neon lamps, the best results are obtained by 
the employment of Zn 2 Si 04 (]Mtii) and CaW 04 , the resulting light 
being a combination of the red of neon and the colour characteristic 
of the luminescent materials. Thus, the green fluorescence of 
Zn 2 Si 04 combined with neon red gives a bright yellow colour, while 
if CaW 04 replaces Zn 2 Si 04 a pink light results. An impoHaut 
feature of neon-excited fluorescent tubes is the very high lumen 
maintenance that occurs, the brightness remaining practically 
constant after three or four thousand hours of use. This is not the 
case with mercury tubes, where an absorbing fllm gradually forms 
over the powder. 

On page 263 it was pointed out that for the energy efficiency 
of luminescence to be high the wavelength of the exciting radiation 
should not be too small. Thus, if the exciting radiation has a wave¬ 
length of 2637 A and it excites fluorescent light at the optimum 
visibility of 6660 A, then assuming = 1, the energy efficiency is 
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2637/6660 = 45*7 per cent. This corresponds to 286 lumens per 
watt. Tn the case of neon the exciting radiation has wavelengths 
of 735 A and 744 A and the energy efficiency in this case is 740/5660 
= 13-3 per cent, this corres])oiiding to 83 lumens per watt. In the 
case of h.p.m.v. lamps where excitation occurs at 3660 A, the 
theoretical efficiency is 65-8 per cent. The foregoing figures are,of 
course, theoretical, but servo to show the relative efficiencies that 
may bo expected with different types of fluorescent lamps. In 
practice the efficiencies are far lower because light is not emitted 
at the optinunn wavelength of 5550 A and various losses occiu, 
principally heat losses. Table 19-11 shows the order of the efficiencies 
obtained in practice with various fluorescent materials. 


Gas oh 
Vapouh 


Monniry 


Noon 


TABLH5 19-11 


POWUKH 

Colo an 

EffJPIOIMNOY IN 

Lumkns pmh Watt 

Nouo 

Palo bliio 

5 

ZitK*. OrthoHilioaio 

Brij'ht gi‘0011 

50-60 

Zinci MosodiHilicaio 

Yollow 

26 

(-alc.iuin 

3')oop blue 

15 

Maj'iK'Hium Tun|,?Miiaio 

Light bluo 

30 

Noiio 

Oraiigo-rocl 

15 

Zia<5 ()rih<)HiU<*.ai*o 

Yollow 

22 

(.lalcitim Tunfj;Htato 

Pink 

15 


'Plio low-]>i‘ossur(> lluoi’OHcout lamps just closcribod employ cold 
olciotii-odes and thus nxiuiro n^lativoly high voltages for their opei-a- 
tion. By i-eplaoing those oleotrodes by tlionnionically emitting 
(^loot.rodos i.he high voltag(» necessary to operate the lamp may l)o 
rc«lu(i(«l t.o the extemt tlvat direct operation from commercial supply 
voltages is i)ossibU». An example of this is, of course, the well-kimwn 
i) ft. HP-watt. Iluoroseent lamp, ^’lie constructional details of the 
lamp aiHi shown by Fig. It consists ot a in. diameter 

t.ube, 5 ft., in hmgth, the ends of which are fitkid with ordinary 
bayonet lamp caps. In each <!ap are fitted electron-emitting coiled- 
eoil lilanufnts which are are-heato<l when the lamp is in normal 
opera.i.ion. 'Pin* gas lilling consists of mercury vapour, and ultra- 
vioh't radiation oe-eurs at prinei])ally 2{5H7 A. The Huoreseent 
powdei’s are blended to giv(» a daylight etl('Ct, the various constituents 
having alntady been described’ on page ‘272. A i>illargrapli of a 
typical powder mi-xtun^ employed with an 80-watt iluoroseent lamp 



662 


BLBOTBOOTOS 


is shown, by Kg. 19-36. By summing the percentages of power 
radiated over each 300 A band the efficiency is found to be 13*6 
per cent. Multiplying each pillar by the appropriate factor from 

a the luminous visibility curve of Kg. 19-1, a luminous 
efficiency of 35 lumens per watt is obtained. 

Opbbattng Oeeouits aitd Axtxuxaby Equipmbnt 

As with most types of discharge lamps the 80-watt 
fluorescent lamp is operated in series with a choke. Similar 
to most low-pressure tubes, and because of its length, a 

momentary high voltage 
is necessary to enable 
the tube to strike. For 
evident reasons the elec¬ 
trodes must be heated 
to the point of electronic 
emission before the ap¬ 
plication of the striking 
potential. To pre-heat 
the electrodes and pro¬ 
vide the momentary 
^oo si^arting potential, an 
automatic starting switch 
is employed, two different 
types being in general use. 
These types are known as the '‘glow” and "thermal” starter switches 
and are shown in conjunction with the general circuit diagrams of 
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Figs. 19-37 and 19-38. Details of the switches may bo appreciated 
with the assistance of Figs. 19-39 and 19-40. Tlie glow starter 
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switch, shown by Eig. 19-39, consists of two contacts attached to 
two bimet?.! strips, the latter forming the electrodes of a small 



glow-dischargo lamp. On closing the supply switch of Fig. 19-37 

the full supply voltage is (lovelo|HHl across the staiter switch, 

resulting in a glow discharge. I’he 

heat of the glow discharge allbets the [ 

bimetals, witli the result that the con- / s. 

tacts (ilose, thus ponnitting a current f \ f*jT 

to flow to heat the lamp (flectrochss. | X 

Olosurc of the starter switch contacte, 

of course, results in e.xtinction of the ^ roJ? 

glow discharge, with the rcisnit that ^ 

the contacts are no longer healed. 

'rims they nw)j)en and this <iausos a ^ | 

switching surge, an ellect of this fHl j | || 

being a momentary voltage of about h K ' i '' 

1009 volts across the lamp. This j | <; 1 1 !l 

causes the lamp to strike, whcuxiupon 

the lamp voltage falls to about 11.5 I''' 1^ ' -4^ L 

volts, which value is too low for a 'J--!— 
glow discharge to occur in the storter ^ 

swit(ih. '^riui entir(« starting pro(!ess --^ ^ 

(Hfcupies about two seconds. 

(lonsidering the th(u‘mal starter switch of Fig. 19- 40, this (ionsists 
of a pair of contacts, normally closed, sup|)orted on bimetal strips. 
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Close to one of these strips is a small heater. Closure of the supply 
causes a current to flow through this heater and the lamp electrodes, 
causing the necessary pre-heating of the latter. The heater of the 
starter switch rapidly causes the contacts of this to part, whereupon 
a switching surge causes the lamp to stril^e. During operation of the 
lamp the starter switch contacts remain open due to the effect of 
the heater, the consumption of the latter being about 1 watt. 

La20» Running Charaoteristios 

In contrast with its short starting period of two seconds, the per¬ 
formance of the 80-watt fluorescent lamp is not actually stable for 
about 15 minutes. At normal air temperatures, however, this is 
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scarcely perceptible as the light output is about 80 per cent of 
normal at the end of the two-second striking period. Typical lamp 
characteristics from the end of the striking period onwards aro 
shown by Fig. 19-41. The cause of the somewhat long stabilizing 
period lies in the low current density of the lamp. Because of this 
a relatively long period is necessary for the mercury-vapour i)ros8uro 
to rise to the value coixesponding to optimum operating conditions. 
These conditions are obtained when the temperature of the tubo 
walls is from 40° 0. to 45° C. It follows that when the ambient 
temperature falls outside these limits there will be some loss in 
light output. For example, at 0° 0., the initial output is only about 
25 per cent of the normal value. 

Voltage and Current Waveforms 

Figs. 19-42, 19-43, and 19-44, show that the voltage and current 
waveforms of the 80-watt fluorescent lamp aro similar to those ol‘ 
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otlioi* disoliai'go Jaini)s. The lamp voltage, Iiowove 
as is shown by Fig. 19-42. Also a high-frequenc 
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1\) suppress this l.h(» <u)ii<lenser sliown in IHg. lO-IhS is 
coniu^cjted dintetly fMiross la.mp toriniiials. 
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Lamp Sizes 

Although, fluorescent lamps can be and are produced having 
lengths less than 5 ft., the reason for the popularity of this length 
lies in the relatively high ejSfioienoy associated with it. As tho 
cathode loss is independent of length then, evidently, all other factors 



being equal, tho efficiency will increase as tho length is increased. 
Fig. 19-46 shows efficiency plotted as a function of length. 

Bhightness and Coolness 

The large surface area of the 6 ft. lamp results in low brightness 
and freedom from glare, the average brightness being about 4-0 
candles per sq. in. A fuitiher advantage resulting from tlie large 
area is coolness in operation. Thus, in contrast with an incandescoiit 
lamp, there is practically no heat radiated to the illuminated surface, 
the majority of heat generated being dissipated by conduction 
and convection. 

Mathematics of Discharge-lamp Circuits 

Because discharge lamps possess a negative resistance cliarac- 
teristic they must be operated in series with some form of impedance. 
Tliis impedance is either a resistance, a capacitance, or an inductance. 
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and forms of control embodying each of these will now be examined 
quantitatively. 


Resistive Control 


In this ease control is oflfoctod by moans of a non-inductive 
resistance in series with the lamp. At any instant after the lamp 
has struck the current is given by 


i 


F„_sinp^ Vj^ 

'it 


(19-7) 


whore V is the lamp voltage (tissumod constant), 22 the value of 
the resistance, and p == iirf, f being the supply frequency. The 
appro.ximatti moments of striking and extinction are, respectively, 
found from 

2 iti are sin VjJVm (striking) 

(tt— 'pt^ arc sin VfJV,,, (extinction) 

From (19-7) 

sin^ pt —2V sin pt V 


V 


and the r.ni.s. va.luo of the current is 

'(ir • 

{VjH\v?pl - 2y^K,„ siny;/- Vi^)dt 

Ji, 

■ I iVX”--2p<i) I K,„2Bm3 2p4-«i'//„.coHp<i] 

ToWHH (loNSltMI’TlON 

'FIk' instantaneous power of tlie lamj) is 

and i\u\ moan powcu* over a oyolo is 

/'(rr • vti)lp 

pv,. 


If 


ttH 


(r,„ Hiti'pl - Vj)dt 


12 r,„ cos pl.^ .r,^(7T - 2p/.,)j 


(19-8) 
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PowBB Factor 

Because of the non-sinusoidal character of the current wave, 
the power factor of a resistive-controlled discharge lamp is less 
than unity. From (19-7) and (19-8) the power factor is 

’_ VLi^Vm QOS Ph— V l{^— ^Pk)] + _ 

^//i ^Ph) + sin 2^)^1 - 8Fj,F^ oospij] 

which is independent of B and is a function of F^, and F,„ only. 

The principal objection to resistive control of discharge lamj^s 
is the power loss in the resistance. Hence this form of control is 
only used with small lamps and on direct-current circuits. 


Capacitive Control 


Control of discharge lamps may be ejffected by means of a scries 
capacitance. Assuming the circuit to be closed at the moment the 
supply voltage is passing through a zero value, conduction will not 
occur until the supply voltage is equal to F^,. While the value of 
the voltage is less than this we may write 

V,n sinp« = Fc + • . - (19-9) 

and as the capacity of C7, the series capacitance, is large compared 
with that of the lamp electrodes, (19-9) may be written 

Vju=V,r, sin 'pt 


At the moment the lamp strikes, and during conduction, the oiirront 
is obtained from differentiation of (19-9). Thus 

d{Vc + Vl) _ dV, 

(it (It 


cos pt = 


as F 2 ^ is assumed constant. Now % - OdV^ldt and, heiuns 

i C^F,rt cos. . . (IlMO) 

From (19-10) it is evident tliat extinction of the lamp occuirs for 
pt = 7r/2 and also that the lamp current is a maximum lor pt - 0. 
The maximum value of the curi'ont is Cp F.,^. 


Period of Conduotion 

At the moment extinction occurs the value of 1'^ is (I',,, - Vj) 
and conduction does not rooommonco until 

V’J— Vm pt :-= 
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Hence conduction persists for a period corresponding to 


,,3ir 

Ph~Pk — ~n— arc sin 




Current, E.M.S. Value 

Prom (19—10) the r.m.s. value of the current is 

^•3w/2^> 

I = OpVm - ooa^ptdt 

" I / / 

‘(■-1^)/' 


‘'arc sin 




where = arc sin (1 — 2ViJVm)- 


(19-11) 


Power Consumption 

The instantaneous power of the lamj) is 
CpY^Vm cos pt watts 
and the moan power over a cycle is 


(*9'nl2p 


dt 


OpWj.J,„ 

cos pt . 

7T , 

Juro »U. (l - y^) Ip 

■ ---i-“(F„.- Vi) watts 


Tlu^ 1 )()W(M’ factor is 



As with n^sistivo (joiii.rol tho power fiiciior is a function of F„,, and 
Fi only. 

Unlike resistive control there are no impedance losses when 
ca])a(iit.iv(^ control is (unploycwl, but a similar disadvantago occurs 
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in that oondiiction only takes place during a fraction of a cycle. 
From (19-11) this fraction is 

7r/2 O-i 
77 

Inductive Control* 


Both the foregoing methods of lamp control suffer from the 
disadvantage that conduction does not occur over an entire cycle. 
By employing a series inductance in place of the condenser or 
resistance an increase in the period of conduction may be effected. 
This reduces stroboscopic effects and the improvement in the 
current waveform is usually such that the power factor of the lamp 
may be raised to little short of unity. During conduction wo have 

L^i ili+ Vl= V,,, sin pt . . (10-12) 


where B and L are, respectively, the resistance and inducjtanco of 
the choke. The solution of (19-12) is 

: [sin {pt — 0) — ^ sin (p^ — 0)] 


V-R2 + ' 


_i) 


(19-13) 


where 0 = arc tan pLJB and ti is the timd interval between the 
zero points of the voltage and current waves, i^houid the exirrent 
not persist for a full half-cycle, i.o. if the lamp should bo si,ruck 
and extinguished during a time interval of loss than half a period, 

= 2 ^ arc sin F jJVm. If no extinction ocoure, i.o. if t.lie current 
wave is spread over tho full half-cycle, then must be siudi l.liat. 

K 


. 7 /I-J. e WA y, _JL 


or 


1 

— 


. \ 

arc sin ——-1 —i.-. 


0 


\e 1-1/ 

As R is invariably negligible, putting R — 0 gives 

» = "^[r,„(cos2i4-cosyj/) I - T/M -p/)l • (19 14) 


* “Clioke-Controllod DiHchargo Lump OliaraotoriHticH,” K. <i. Sproadliurv, Thv 
British Engineer, March, 1940. 
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and for the case of no extinction 




1 TrFi 

- arc cos •_ t;- 


(19-15) 


Reference to (19-14) shows the amplitude of the current to be 
inversely proportional to L while (19-16) shows its time of duration 
to be independent of L. Assuming the discharge to last for less 
than half a period, the quantities controlling its time of existence 
are 7^ and V Whether a discharge will persist for less than a 
half-period may be found by putting ft = (p^ + tt) in cither 



(li)-13) or ( 19 - 14 ), p/, l)oing ociiial to arc sin V If value 
of % obtained is negative, tlio discharge becomes extinguisliod before 
the (uid of the half-cycle; if positive extinction does not occur. It 
may be noted that the maximum value of the current under the 
conditions expressed by (19-14) always occurs at the same position 
relative to the voltage wave, i.e. whore j)t = arc sin V Homo 

eurv(w based on th(» foix^going etpiations are slxown by Fig. 19 - 40 , 
the data being = 1140 volts, V 140 volts, L r-..: 10 henrys, and 
f = 50 cycles per second. ''Plu^ peeidiar natures of the choke voltage 
will be noied, tlu^ sharp drop in voltage being due to, and coinciding 
with, the rev(uml of lamp voltage. Kig. 19-40 should be compared 
with the previously givcm oscillograms of ch()k(^ voltages. ’iPhe almost 
inst.antan('ous cliang(^ in choke voltage should, of course, be e<jiual 
to twice the lamj) voltage. 
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Current Wavettorm 

In most cases the conditions are such that the current in in¬ 
ductively controlled lamps persists for the full half-cycle. This 
being so, reference to (19-14) shows that the current may be regarded 
as consisting of two components, one of sinusoidal and the other of 
triangular waveform. The sinusoidal component is 

ig = cos pt . . . . (19-16) 

and the triangular 

it = ^ [V„ oos pti + - pt)] 

The amplitude of the triangular component is oos ptJpL and this 
maximum occurs when the resultant current through the lamp is 
zero. Analysis of the triangular component gives 


8F« 008 ptii 


sin — p sin 3pt + ^ sin 5pt ■ 


3.) (19-17) 


The amplitude of the fundamental is 80 per cent of that of the 
triangular wave and passes through its maximum and zero points 
at the same moments as the latter. The fundamental, thoiufore, 
leads on the supply voltage by ( 7 r /2 — pt^) radians. The in-phase 
component of tMs fundamental is 

8 Fto sin pt^ cos ptjV2ir^pL amp. 

and, as the sinusoidal component given by (lO-lO) is in quadratuiu 
with the supply voltage, it follows that the ])owor takoji by the lamp is 


2F,„®sm2p4 
IF = — . r --- watts 


(19-18) 


The 90° loading component of tlic fimdaniontal is s K^^cos*^ 
ptijV^TT^pL, and this combined with the inductively reactive com¬ 
ponent— V^lV2pL, gives 

for the resultant reactive component. 

Current. R.M.S. Value 


(19-19) 


The r.m.s. value of the lamp current may bo expnvsscMl by 

/ Vii‘^ + V I” 1“ • • (19-20) 

whore 7^, Iq, 4, etc., arc the r.m.s. valiums of the fundaiiUMital and 
its various harmonics. The values of the harinouics may Ix^ found 
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from (19-17), but the value of the fundamental in this case must 
be obtained by taking the vector sum of the fundamental of the 
triangular component and the inductively reactive component. 
The phase angle between these two components is ( 77/2 — 7r/2 

= (tt — radians. The power factor of the lamp circuit may be 
obtained by dividing (19-18) by 

From the values given for the inphase component of the funda¬ 
mental and the total reactive component, the fundamental is given by 


J[vipL ( 


8 cos^ pt 




sin ptj^ cos 


V^L 


8® 

^co&^pti- 


16 82.. 

-g cos + 1 -|—I sm* ptj^ cos* pti 


Vm 

= —• sin approximately 
V2pL 


(19-21) 


From (19-8) it may be noted that the power taken by a dis¬ 
charge lam]) is equal to the lam]) voltage niultii)lied by the moan 
value of the ouii*ent. Hence in the ])roHont (iase the power may be 
obtained by multiplying Fj, by tlie mean value of (19-14). The 
latter is 
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V 

rpL 
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+ tt 

[K,„(cos pl,i 
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1 r 


f 

vL [_ 

ym\ 

t cos pl^ — ; 

2 K„. 



•rri>L 

sm 'pf'i 


. (19-22) 


Multiplying numerator and denominator by cos p/,, i.o. by ttV 
the mean value of the (uiri’ent niay bo oxi)ress(Ml as 


V,ypL 
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MTiltiplying by gives the lamp watts, the restdting expression 
being identical with that given by (19-18). 


PowBB Paotob Impbovbment 


The power factor of an inductively controlled discharge-lamp 
circuit may be improved by removing the reactive component from 
the line current by means of a condenser. The value of the condenser 


current is V^fOVm and i:he sum of this and (19-19) must equal 
zero for the power factor to be a maximum. Thus, for maximum 
power factor, 

(8 cos® 


V^fCV, 


V2pL V 


TT" 


,) = 0 


or 


O 




In these circumstances the power factor of the lamp circuit is given 
by 

2V2V^Bm2pti 

tt^LI 


where the fundamental term in the expression for I is simply the 
in-phase component of the fundamental of the triangular component. 

The various equations previously ^ven for discharge-lamp 
circuits show that the power factor of such circuits may be con¬ 
siderably less than unity. Thus, with neon and h.p.m.v. lamps, 
the power factor may be no higher than 0*6, while with sodium 
lamps figures no higher than 0*3 may be obtained. The low-power 
factors experienced arise from two causes, the distortion of the 
current waveform and the lagging or leading efiFect produced by 
the condenser or inductance employed for control purposes. In the 
case of resistive control the low-power factor is, of course, due to 
the first-mentioned cause. Current distortion occurs for two reasons, 
firstly, because the current does not persist for a full half-cyclo, 
and, secondly, because a conducting gas behaves as a negative 
resistance, i.e. an increase in current leads to an increase in gas 
conductance. 
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CHAPTER XX 

mSOBLLANBOXJS BLEOTRONIO DEVICES 


The Cyclotron 

An important method of investigating the structure of the nucleus 
of the atom consists of bombarding it witli positive ions. This was 
first accomplished by the employment of high-velocity alpha- 
particles shot out from radio-active substances. By this means it 
was found that the lighter elements can be disintegrated. For 
attacking the nuclei of heavier elements, particles of greater energy 
than those which are D 2 ^ 

naturally produced are y^EFLECTOR 

required, and this led to / --s^^^XaJ^^electrode 

the development of the j / 

cyclotron. etmoi v / / ( /c/—^m \\ 

As indicated above, (b( ) ) ] 

the cyclotron is a device _1 \ J) J j 

for producing particles of \ / 

high velocity and energy, \ / 

the latter in some cases 
being as high as 4 x 10’ Pi 

electron-volts. Such 20-1 

phenomenal energies are 

attained with apparatus, the principles of which may bo appreciated 
with the assistance of Fig. 20-1. JiefoiTing to this, a liigli-frequency 
voltage is applied to two identical electrodes which consist of semi¬ 
circular shallow metal boxes, Tliese boxes are closed evorywliore 
except at tluur op])osing faces, and because of tlieii* structural 
appearance ai*o often referred to as ‘"does.” Between the dees is 
a cathode wliich by viitiie of (unitted electrons produces ions to bo 
sul)so(niontly accelerated. 'The docs are ojiclosod within a vacuum 
chamber, outside of which arc the i)oles of a powejful magnet which 
produces a field ])orj)endicular to tlie semicircular faces of the dees. 
An inlet to tlve vacuium chamber permits the introduction of small 
(luantities of gas necessary for the production of positive ions. 

(Consider now an ion which is prodiuuvl in the gaj) between the 
dees. Tliis will b(^ aoeelerated in the appropriate direction by the 
ele(*tric field in th(^ ga]) and will, subs(Mjnently, enter the interior 
of, say, (le(^ I at A, As l.he electrie field is eoneentrated mainly 
bediweon t he gap, th(» ion (^xpcn-iences little or no electric forct^ within 


Kid. 20 -1 
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the dee. Hence, due to the magnetic field, the path of the ion ■will 
be circular and of constant speed until it re-emerges at B. If at 
emergence the sign of the electric field has reversed, the ion receives 
a further acceleration and subsequently enters dee 2 at C with a 
greater velocity than that at which it entered dee 1 at .4. Within 
dee 2 a circular path of constant speed but increased radius will 
again be pursued, the ion subsequently re-emerging at D. It will 
be readily appreciated that, providing the altematiug voltage is of 
suitable fequency, the energy of an ion increases at every revolution 
by an amount up to twice "the maximum voltage of the supply. 
The path of the ion is approximately a planar spiral and, by ■virtue 
of many revolutions ■within the dees, the ion finally approaches their 
periphery and emerges from this at a s'uitably arranged ou'tlet 
■with an energy corresponding to millions of vol^ts. Thus, if an ion 
makes n revolutions and the maximum value of the alternating 
voltage is Vm volts, the maximum energy ■with which the ion may 
emerge is ^!/neVm electron-volts. 

BVom (3-33) it ■will be seen that the time of revolution of an 
ion is independent of its radius and is given by 


T = 


irrm 

~He 


(20-1) 


Hence the frequency of the alternating voltage supply to the dees is 


/ = 


1 He 
T ~ 277m 


( 20 - 2 ) 


If jH = 10,000 and m is that for the deuteron, then / = 7-75 x 10" 
cycles per second. In order to obtain such frequencies it is, of course, 
necessary to employ a valve oscillator. If B is the radius at which 
the ions finally emerge, then, from (3-31), 




mv 

We 


(20-3) 


where v is the velocity of emergence. The energy with which an 
ion emerges is -Jm®® and from (20-3) 


1 

2 m 


(20-4) 


From this result the importance of using ions of low mass is at 
once apparent. Also it is e^vident that the energy may bo increased 
by using larger and larger magne'ts. The result of this is thai. 
cyclotrons employ magnets of enormous mass, tliat of ono of ilu' 
most recent weigltog 2000 tons. 
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If the ions make too many revolutions they are likely to stray 
from the desired path, with the result that a proportion of the ionic 
current may he lost. Hence the voltage on the dees must be high 
in order, for a given final energy, to keep the number of revolutions 
low. In practice this voltage may be as much as 10® volts. If the 
maximum voltage is, say, 60,000 volts, and the final energy 10’ 
electron-volts, then the ions ■vrill make 100 revolutions before they 
emerge. During their journey, should the ions stray from the 
median plane, they may strike the dee surfaces before emerging 
and thus bo lost. Hence conditions are so arranged that should an 



Eia. 20-2 


ion stray from the median plane it is automatically brought back. 
This is effected by causing the magnetic linos of force to curve 
outwards, as shown by Fig. 20-2. From Fig. 20-2 it will bo noted 
that the field has oppositely directed radial components on opposite 
sides of the median plane and these will return an ion to the plane 
should it tend to stray. 

In order to obtain outward curvature of the linos of force as 
depicted in Fig. 20-2, the field must bo dooroasod in strength in 
proceeding radially outward. However, from (20-2) it will bo noted 
that the frequency of revolution of the ions varies as the field 
strength and hence with a radially wealcening field the revolution 
fro(juoncy will tend to decrease as the radius becomes larger. Thus, 
the ions will tend to got out of ])hase with the electric field as the 
raditis inoreasew and in this manner energy will bo lost. It follows 
that the amount by which the field can be weakened is limited. 

22—('r.2»9) 
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Considering the gap between the dees, Kg. 20-3, it is evident 
that here the electric field forms an electron lens of the two- 
diaphragm type. Hence, if an electron is approaching the gap in 
FIELD LINES a direction away from the 

median plane, the focusing 
action will tend to bring 
M EDIAN P LANE, it into this plane. 



EQUIPOTENTIAL 

SURFACES 


The Betatron 

From (20-4) it miglit 
appear that higher energy 
particles would be ob¬ 
tained if electrons were accelerated in the cyclotron rather than 
ions. However, the final velocity of the ions is given by 


Fia. 20-3 


or 


}^rnv^ = 2weF,„ 



(20-5) 


-where E is the final energy. If E is equal to \0MeV amd m, = 2, 
then ^; = 3*1 X 10® cm. per sec., which is approximately ono-tentli 
of the velocity of light. If the mass of the electron were substituted 
in (20-4), consideration would have to be taken of its increase in 
mass with velocity and this, in practice, limits the energy that may 
be obtained by employing electrons in tho cyclotron. CJoiiorally, 
electrons cannot be produced with energies higher than about 
iymeV, 

In order to lu'oduce electron energies of the same order as those 
of ions in tho cyclotron, rather different principles are om])loyo(l 
and are embodied in an instrument termed the betatron, in tho 
betatron a changing magnetic field is employed. If a circular orbit 
embracing tliis field is considered, then tho o.m.f. round the orbit 
is propoitional to the rate of change of flux within tho or])it. H(uico 
an electron on an orbit of radius r experiences an electi-ie Force 
equal to 

eX = e-^y/27rr . . . (2()-r)) 

where X is the field strength and (f> the flux. Due to its small mass, 
tho oloctron tends to travel at enormous speed and during t.lu^ tinu^. 
tho magnetic field is changing may make thousands of r(wolut.ions. 
Because of this it is evident that tho electrons must not sj)iral 
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either inwardly or outwardly during their acceleration. To prevent 
spiralling a stable orbit, termed the equilibrium orbit, is created at 
a definite radius, this being achieved by suitable shaping of the 
magnet pole faces. 

The force acting on an electron due to the electric field is 


d{mv) _ y _ e d4> 

dt ^ 2i-nT dt 


(20-7) 


Now from (20-3) the momentum of an electron travelling in a 
circular path of radius r is 

mv = Her 


Differentiating 
and, from (20-7), 


d{mv) dH 

~ir dt 

27Tr dt ““ dt 


Integrating, we obtain ^ = 27Tr^H 

or (l)/7rT^ = 2H 

From this result it will be noted that to maintain the electron on a 
fixed orbit of radius r, the average value of H over the orbit must 
be equal to twice tho value of H at the orbit. As stated previously, 
this is achieved by suitable shaping of tho magnet polo faces. 

Should electrons tend to stray from the median plane, they are 
restored in the same manner as in tho cyclotron, i.o. by shaping 
the magnetic field in tho fashion shown by Fig. 20-2. A further 
stabilizing condition is necessary with tho betatron. Should elec¬ 
trons attempt to move into orbits of radii different from that of 
tho equilibrium orbit, a restoring force must come into play to 
return them to tho correct orbit. This is achieved by making the 
magnetic field, H, vary as 1/r^, where n is loss than unity. Tho 
centrifugal force is and the centripetal force Hev, or, 

- — JFJev = for ocpiilibrium 



Kev 


I’utting 
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and differentiating 


dy mv^ 

dr 

dy-^ nKev 

dr* 7 ^ + 1 


Hence 


dr/ d/r 


IJn 


and, if ??. < 1, the centrifugal force decreases more rapidly than the 
centripetal force for an increase r and vice versa for a decrease in 

r. Thus, any change in r brings 
about a force restoring the electrons 
to the equilibrium orbit. 

Diagrammatically the operating 
conditions of the betatron are 
shown by Kg. 20-4. The magnetic 
field is alternating in character and 
is of relatively low frequency, a 
few hundred cycles per second. The 
electromagnet acts as an inductance 
in a parallel resonating circuit, i.e. 
a bank of condensers is connected 
in parallel with the betatron magnet 
winding. The electrons are acceler¬ 
ated in a vacuum chamber placed 
between the magnet poles, the elec¬ 
trons being injected from an electron 
gun somewhere near the commence¬ 
ment of the fiux cycle. As the flux increases, the electrons arc 
accelerated and must be spiralled out of the equilibrium orbit when 
the fiux is near its maximum value. A period of three-quarters of 
a cycle then elapses before further electrons are again injected into 
the vacuum chamber. To spiral the electrons out of their normal 
orbit towards some desired target, an excess of flux is forced through 
the orbit near the time of maximum flux. 

With the aid of a few assumptions it is possible to obtain som(^ 
idea of the energy with which electrons emerge from the betatron 
and also the factors on which this energy depends. Because of tlu^ 
low mass of the electron and the large number of times it revolves 
in the vacuum chamber, it eventually attains a speed within a few 
per cent of that of light. If the straight portion of the flux sine 
curve is employed, d(l>ldt is constant and so also is the force on the 



FLUX 



ORBIT 

Fig. 20-4 
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electron. Ignoring the change in mass with velocity of the electron, 
the acceleration is linear and, if is the final velocity, then the 
average velocity is ^?/2. The number of revolutions made by an 
electron is given by 


or 


vT 


The voltage gained per revolution is 
V 

ai 

vT 




The final energy is 




X 


T 


' T 


i 

X 10~8 


= I X electron-volts 


From this result it will be seen that the final energy of tho betatron 
is proportional to RH, instead of to {RH)^ as with tho cyclotron, 
t?, of course, is of tho order of the velocity of light. 

The Electron Microscope 

The limitations of tlie light-microscope are such that the maxi¬ 
mum magnification is about lOOOx and tho resolving power about 
O-2/i (micron). However, oven those results are obtained only by 
tho use of ultra-violet light, quartz lenses, and a Huorescent screen 
for viewing tho image. 1110 development of tho electron microscope 
lias permitted groat advances to bo made on tho above figures, 
magnifications up to 20(),(K)()x being possible. 

Tho oxisteneo of various olectron lojisos, described in Chapter 
VI, indicates the possibility of tho construction of an electron 
micj’oseope. I n tliis instrument a beam of olootrons is passed through 
tho specimen undergoing examination in a similar manner as a 
beam of light is [)assed through a transluciont specimen in a light 
microscope. After the j)assago of tlie ohujtron beam, it is focrusod 
by (electron hmsos and a greatly enlarged images of tho specimen is 
produced on a (luorc^scu^nt s(*.reen. Electron microscopes usually 
j)()ss(\ss thre(^ 1 (mis(^s (uiuivakmt to tho glass lenses of the optical 
system. TIkw may he eitluu’ magnetic or electi’ostatic, usually the 
former, a.nd (?<)nsist of a ooudensen* lens to focus th(^ electrons on the 
object, an objective Icms to ])roduco a magnified imago of tho object. 
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and a projeoter lens which, produces a second magnified image on 
either a fluorescent screen or a photographic plate. 

Eeference to Kg. 20-6 gives a comparison between optical and 
electron miscroscopes, the latter having magnetic lenses. Referring 

to the former, the condenser 


(a) 

LigKf 

Microscope 


(b) 

Electron 

Microscope 


lens, j&i, first concentrates the 
rays firom the light source on to 
the specimen 8. The rays, after 
absorption and refiraction by 
the specimen, then pass through 
the objective lens, L^, and a 
magnified image I is formed. 
This image is then further mag¬ 
nified by the projector lens 
and finally a second further 
magnified image, Jj, is formed. 
Turning to the electron micro¬ 
scope, the source of “illumina¬ 
tion” is a thermionic emitter. 
The electrons fi:om this are 
accelerated by an anode possess¬ 
ing a fine central aperture. 
Having passed through tho 
latter the electrons come under 
the influence of the magnetic 
condenser lens which concen¬ 
trates them on the object 8. 
The electrons then pass through 
the specimen, some being 
absorbed by this according to 
the density and thickness of its 
various parts. Those which 
pass through are then focused 
by the objective lens and 
form a magnified image I. This image forms in turn the object for 
the projector lens Zfg, which finally produces a second further magni¬ 
fied image on either a fluorescent screen or photographic plate. 

From the formula given for N on page 262, the focal length of a 
magnetic lens (having the coil form described) is 

48-44Fod 
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For mlorosoopio work it is desirable that / should be as small as 
possible so that large ma^gnifications may be obtained. In order 
that a brilliant image shall result, Fq must be large and is usually 
between 40 and 80 kilovolts. Hence for / to be small, N must be 
large and d small. To achieve this the coils are of small internal 
diameter and are shrouded with iron in a manner similar to that 
shown by Kg. 6-16. For suoh coils the right-hand member of 
(20-8) must be multiplied by a factor, less than unity, whose value 



Fig. 20-7 

By courtesy oj the Radio Oorporatiosi of Amtrhfa 


depends on the coil geometry. It is evident that the focal length of 
the lenses, and hence the focusing, of the electron microscope can 
be varied by adjustment of Vq and N and, in practice, it is N which 
is varied. It is, of course, essential that neither Vq nor N shall be 
subject to uncontrolled fluctuations and this necessitates closely 
regulated and smoothed voltage and current supplies. In practice 
these requirements are met by a high-frequency oscillator operating 
through filter ckouits with negative feed-back regulation. 

The condenser lens of Fig. 20-5 does not need to bo of particu¬ 
larly short focal length and hence, although shrouded, does not 
possess specially-shaped pole pieces as do tbe objective and projector 
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lenses. Also it is of larger diameter than the latter. For high magni¬ 
fication it has been shown, on page 263 that the object must be 
close to the objective. Hence, in the electron microscope, the object 
is placed immediately above the magnetic objective. This lens 
gives a first-image magnification of about 100 x and this image is 
further magnified by the projector lens to give a second-image 
magnification of about 20,000 x. The detail of the final image is 
such that photographic enlargement may be made up to 200,000 x. 
The focusing of the microscope is effected by adjustment of the 
objective current, while the magnification is varied by variation of 
the projector current. 

An example of an electron microscope manufactured by the 
Radio Corporation of America is shown by Fig. 20-6. The electron 
accelerating chamber and the anode supply ai‘e clearly shown at 
the top, while immediately below is a stainless steel column which 
forms the body of the microscope and houses the various lenses. 
Below the control panel is an oil-diffusion pump necessary for 
evacuating the microscope column to the same order of vacuum 
as that employed with a thermionic valve, i.e. about 10“® mm. Hg. 
The motors on the loft of the control panel are “coarse” and “fine” 
ionization gauges. The anode voltage is 60 kV, the various supplies 
being housed in the cabinet at the rear. 

SVHCIMKN MouNTTfra 

In the optical microscope translucent specimens are mounted 
on glass slides. As substances thicker than about 10' ® cm. are 
opaque to an electron stream, it is evident that a different tooliniquc 
must be employed with the electron microscope. With this instni- 
ment a very thin xiniform film of collodion or nitro-oollulose is 
produced showing no stnicturo, this film coiTosponding to the glass 
slide in the optical microscope. The film is formed by dropping a 
small quantity of a 1-6 per cent solution of collodion in amyl acetate 
on wati(»r saturated with amyl acetate. The film spromling over the 
surface of the water is taken up and dried on a small (iii'cular disc 
of 200-meHh win* gauze, lews than -J in. in diameter. Slight pressure 
on the gau7.e causes the film to adlicro to it. The coaliod disc is 
separated from the r(*st of the fibn by moans of suitable hsmdliug 
tools, inverted to bring the film side uppermost, and then ])lacod 
on a miniatui’o iredesluil. Tn this position the water' clinging to the 
Burfaeii is r-emoved and l.ho specinren then placed ott the film in a 
drop of fluid, tlie II it id subsoiprontly evaporating. The whole is 
then jrlaced at the lower end of a “cartridge” which consists of a 
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tube about 1 in. in length with a bore of about 0'02 in. diameter. 
A number of pedestals in process of receiving specimen solution are 



Fig. 20-8 

liu vowrtesy of Uio Ha<iU) Corporation (f Afnerica 


shown by Fig. 20-7. The cartridge is placed within the body of . 
the microRcopo by means of an air-lock (as shown by Fig. 20-8) 
and the latter then evacuated. 
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Some typical results obtained with the electron microscope arc 
shown by Jigs. 20-9, 20-10, and 20-11. Jig. 20-9 shows soap fibres 
with a magnification of 46,000 x. From this photograph the con¬ 
siderable depth of focus possessed by an electron microscope is 
apparent. This is an inherent property and, of course, confers on 
the image a three-dimensional appearance. Fig. 20-10 is the trachea 
of a honey bee with a magnification of 25,000 x. Again tlio ^oat 
detail and depth of focus are apparent. Fig. 20-11 is a specimen 



Kifi. 20 ft 

Hu of t/w Jimlio Cortwratioo of Auwrmi 


of polyvinyl cliloriclo with a inagnifioatioii of 100,000 x and doinoii- 
stratos tlio romarkablo magnifying proportioH of tho okictron mioro- 
Hco})o. It will bo notod that tilio snrfaco Ih mottk^l with an ovouly 
spaood HuccoKHion of Hpotw. Tho nizc of thoHo ooiTCHpondK with that 
of tho unusually largo molooulos of this material, and it appears 
tliat hero wo have eonfirination of the truth of tlu^ molooular theory 
of matter. 

For tlio study of tho smfaoos of opacpie substanees a cast is 
made of tlio surfaces, this procc^ss being torined the '' i*e})lica’'’ niethod. 
With this method thcj surface of tho metal is first ot(5hod and then 
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dipped in a solution of collodion. The collodion forms a film, less 
than a millionth of an inch in thickness, and on the tinder side of 
this film is a reverse replica of the surface contours of the metal. 
The film is stripped off, mounted in the specimen holder, and 
examined in the usual manner. As the thickness of the film varies 
in accordance with the contours of the surface, and the electrons 



Fia. 20-JO 

By cowrteixy of tfie Radio Uorporatimi of America 

passing through are affected by the degrees of thickness of tlic film, 
the resulting image gives a true representation of the metal surface. 

The film formed in the above manner is termed a nejriat.ivp. replica 
because protrusions above the metal surface appear as thin regions 
(depressions) in the replica. Where a 'positive replica is desired, a 
two-stage procedure must be employed. This is carried out in. the 
following manner, using polystyrene as negative material and an 
extremely thin silica film as the final-replica. 

The polystyrene is moulded against the metal at a pressure of 
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2000-5000 lb. per sq. in. and at a temperature of 160° C. The 
mould is then allowed to cool when the metal may be removed 
either by sharply tapping it or, in some cases, by dissolving it. 
The polystyrene negative is then washed with distilled water and 
afterwards dried. Following this a thin film of silica is formed on 
the negative by evaporation. The silica is then removed from all 



Kki. 2C-11 

By courtesy of the limlio (Jorporatmn of AmerU'O 


surfaces of the polystyrene, except that wliich was moulded against 
the suifaco of the motaJ. The silica is now scratched into small 
squares and the polystyrene their placed in ethyl bromide. Tliis 
a(3ts as a solvent to tho polystyrene and the small scpiares of silica 
lloat olF, ai'e ca|)tui'cd on specimen scroons, sind tiioii mounted in 
the microscope. 

Tho success of tho foregoing method of forming positive replicas 
is based on the enormous mobility of silica ovcir a |)olystyrone surface. 
The silica film itself is (luite struetuteless when observed in the 
microscope aird is very transiiaront to tho electron beam. 
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An example of a polystyi‘ene-silica replica is shown by the 
photomicrograph of Fig. 20-12. Tliis concerns ordinary stool after 
being rubbed with fine sandpaper, the magnification being 14,880 x. 
A further example is given by Fig. 20-13, which shows an etched 
quartz surface. The magnification is 9000 X. 

An extremely valuable metallurgical application of the electron 



Kki. 20-12 

Hu rontif-HU of the lUulU) (fonmraUon tf Awmca 


mioroscopo is the study of electron omittera. Matorinls under investi¬ 
gation may bo used as the microscope cathode and have tlieir iinagos 
formed on the screen or photograpliic ])latt*. In this way, einissivct 
properties of various paints of the emitter surface may i)e studied. 

LtMITATIONS OB' THja EmOTRON MlCiBOaOOPJS 

Associated with the tremendous advantages of l.lu» <il(H!tron 
microscope are certain limitations. Thus, finding a given |>ar(< of 
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increased difficulty. However, this difficulty has 
been met either by incorporating an optical microscope to carry 

gonorally, only “dead” specimens 
can be viewed. This is because the specimen must be located in a 



LM) -III 

Hu ctwrU'Hu of Uitdin (Utr/mmlim of Amnim 


• ?!“ l>oinl)ar(led with high-onorgy oloctrons. The 

H r .1 \ '1 l'rofc«r>la>s«i and molecular 

nunanw. Also, entomologmts have recorded shrinUago, evolution 
of gjis. discoloraf ion, and friability of their spocimons. A limitation 
wliic,ji of (,„urse luus already been mentioned is that the specimen 
must \h) oxtnjnioly thin. 
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The Gathode-i^y Tuning Indicator 

The cathode-ray tuning indicator, or “electric eye,” as it is 
sometimes termed, oflfers an indication by virtue of the magnitude 
of a “shadow” thrown on a small fluorescent screen. The construc¬ 
tion of the indicator is shown by Fig. 20-14 and its diagrammatic 
representation by Fig. 20-16. Referring to Fig. 20-14, the cathode 
serves as a source of electrons for both the anode of the triode and 
the target T, The latter is conical in shape surmounted by a narrow 
rim and is coated on its upper side with fluorescent powder. K is 
known as the ray-control electrode and is connected internally to 
the anode. It is evident that the potential difference between T 
and K is equal to the drop on 22. With no current in 22, i.e. with the 
grid biased to cut-off, there is no potential difference between T 



Fig. 20-14 ' Fio. 20-16 

and K and no obstacle is offered to a radial flow of electrons from 
the upper end of the cathode to the target. Hence, under these 
conditions, no shadow appears on the screen. Now, if tho grid is 
made less negative current will flow in R and a potential diilereuco 
will appear between T and K. As K is negative with rosi)ect to 7', 
the electrons will be deviated from their radial path in the vicinity 
of K and a shadow will appear on the screen. This shadow is angular 
in form and is bisected by a projection of K on to tho target. The 
smaller the amount of bias on the grid, the greater the i)ot.ential 
difference between T and K and the greater the angle subtended by 
the shadow becomes. Conditions are usually so arranged tluit with 
no grid bias the shadow angle is 90°. 

It is evident that the magnitude of the shadow angle is alleeted 
by the value of J? as well as that of the grid-bias voltage. I’ko 
value of R will also affect the value of the grid bias for an absence 
of shadow. For the case of the Tungsram 6U6 valve, with a target 
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voltage of 250 volts and R equal to 1-0 megohm, the grid bias for 
no shadow is — 22 volts. 

In some tuning indicators, the shadow takes the form of a cross. 
This is effected by emi)loying four ray-control electrodes spaced at 
90° to each other. 

The cathode-ray tuning indicator is often used in wireless 
receivers as an indicator of exact tuning. It has, however, many 
other applications, a particular case being that of an indicator 
in instmmonts such as that described on page 535. If an alternating 
potential is applied to the grid the shadow angle opens and closes 
with the frequency of the potential. This results in a sector of 
reduced shadow density with an angle corresponding to the 
maximum value of the alternating voltage. 

Voltage Stabilization with Dischajge Tubes 

The fact that the voltage across a glow discharge is practically 
independent of current enables a glow-discharge tube to be employed 
as a voltage stabilizer and filter. A simple circuit for improving 
the regulation of, or smootliing, a d.c. supply is shown by Fig. 20-16. 
Actually there is a slight increase in voltage with an increase in 
current through a glow-discharge tube, as shown by Fig. 20-17. 
If p is the slope resistance of the tube and E changes by an amount 
dE, then the cliango in tube current is 

<IEI{B + p) = dl 

and eZF = pdl = 

^ ic -I- p 

whi(*.h, if R is large compared with p, becomes 

"PliiH roHuh. a1. ()nc(» hIiows tho ability of tho circuit of Fig. 20-1(5 
to roducti IhuituiitionH in aui>|)ly voltagoH. • Such fluctuatioiis may, 
ofcouiw, («.\iHt duo to tho olfoct of a load acting on a high impodanoo 
Hupply. Thus, tlio oinniit of Fig. 20-1(5 may bo employed to improve 
(ihe regulation of a supply imd in this connoxioii it is frequently used. 

EkICKOT ok IjOAI) 

Lot a nisistanoe load JR, be connected to tho disciharge-tnbo 
Uu'minals and assume that the d.c. supply voltage E contains a 
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sinusoidal component of r.m.s. value c. Then the ripple current 
due to e is 


i 


e 


R + 


+ P 


also 



+ P 



Fio. 20-16 



Fio. 20-17 


where is the ripple voltage on R^. 


(20-9) 


Regulation 

Under no-load conditions the current through the lamp is 
approximately given by ‘ 

. E— V 

- jg .... (20-10) 

where V is the lamp voltage. As the load resistance across tho lamp 
is reduced, tho supply current remains roughly constant, while tho 
load current inci’eases. Hence the lamp current falls and roferoiuso 
to Fig. 20—17 indicates that the load voltage also slightly doorcases. 


pR 

Hence ^ ^ = 1 . 

® p-®i . -r. R 


providing p is small compared with JR and Rj. 
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Thus the regulation curve is similar to the characteristic ‘Of Fig. 
20”17. It is evident that the maximum value of the load current 
depends on the Tio-load current of the tube and the tube extinction 
current, being e(]ual to the difference between these two values. A 
typical regulation characteristic is shown by Fig. 20-18. From 
(20-9) and (20-10) it is evident that the ripple voltage and maximum 
load current are inversely proportional to R and hence the degree 



Etd. 20-IS 

of HinootJiing (^nbeted by a discharge tube will bo smaller the larger 
the maximum nujuirod load current. 

Electronic Voltage Regulators 

Hev(U’a.l (de<itroni<j methods exist of regulating the voltage of d.c. 
g<ui(u*at.ors and al<.ei*nators possessing consi(leral)le advantages over 
regulators (unploying relays, vil)rating contacts, etc. One obvious 
a(ivantag(^ is, of cours(^ the I'apid action of the electronic regulator 
du<^ to th<» negligible hiorfcia of its active parts. 

''riu^ [>rin(npl(^ of one method of regulation is indicat(Kl by Fig. 
20--*19. Tt will ho noted that the field of the alternator is HU|)pIiod 
from a d.(*.. source through the triode Vi, Hence variation of a 
negatives bias on this valve will cause variations in the alternator 
excitation current and, of course, outpui. voltage. Thus the method 
of n^gulation (ionsist-s of suitably varying the bias by means of the 
altcunator voltage. This is efloed-ed by means of two otluu’ valves, 
a pentode and a diode, arranged in the manner shown. The triode 
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is biased by the drop on the resistance in the anode oircuit of the 
pentode, the degree of bias, of course, depending on the value 
of the anode current, which is, in turn, controlled by the potential 
of the pentode grid relative to its cathode. The potential of the 
cathode is maintained at an approximately constant positive value 
with respect to the negative side of the h.t. supply by means of a 
neon stabilizer tube 7„. J£ the alternator is single-phase, then its 
output voltage is rectified by either a half- or full-wave rectifier, 
the rectified voltage across iJj being smoothed by the condenser C. 



The upper end of jBj is arranged to be positive with respect to the 
negative side of the h.t. supply, and a portion of the voltage on 
is applied, as shown, to the control grid of the pentode. The relative 
magnitudes of the voltages on the cathode and grid of the pentode 
is such that the potential of the grid is negative with respect to 
the cathode. 

If a three-phase alternator is to be regulated, then three-phase 
rectification must be employed to produce the necessary grid 
potential. This, incidentally, tends to maintain the average voltage 
of the three-phases constant should they be unbalanced. If a d.c. 
generator is to be controlled, then, obviously, rectification is un¬ 
necessary. 

Considering now the effect of the regulator on the alternator 
output voltage, let circumstances be such that the alternator voltage 
tends to rise. Then the voltage on the pentode grid will increase, 
thus reducing its negative potential with respect to the cathode! 
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This increases the pentode anode current and with it the bias on the 
triode. Honce the triode current is reduced and also the alternator 
field cuiTont which thus reduces the alternator voltage regulation. 
It will be appreciated tliat the voltage cannot be held at a strictly 
constant figure, as some increase is essential in order to increase 
the bias on Nevertheless, a considerable improvement in regu¬ 
lation may bo effected with the airangement shown. 

It is ai)i)aroiit that if the valve heater supplies, etc., are derived 
from the regulated a.c. source, then the alternator must first be 
independoutly excited in order that the regulator may come into 
operation. This is effected by the switch and variable resistance 
shunting I'V Initially closes the resistance circuit, jB being 
adjusted so 1-hat tlie alternator voltage builds up to its normal value. 
At this point the switch is changed over and Vt substituted for R. 



S should Ix^ so constructed that the valve is brought in before the 
rcwist-aiuxi (^inuiit is broken. 

A lurtluM- nu^Miod of alternator regulation, employing thyratrons, 
is shown by Kig. 20 -20. It will be noted that a bridge circuit is 
(un])loyixl, this being similar in eharact(M* to that of Fig. 20-21, 
i.(^ it. (consists of two arms having linear rosistaiieos and two having 
non liiK^ar rcssistaiuuw. Such l>ri(lg(is bahuico for only one value of 
thci appliiMl volt-age and (‘.onditions in the })rosont ease are arranged 
1,0 lx* su(h that this voli-ago is that at which regulation is desired. 
Assuming thc^ bridge to ho balariecxl there will Ik^ no e.ni.f. across 
the primary of th(» transformer T mid, consequently, the cathode- 
grid potcuitia-l (liflereiiec^ of the thyratrons will be /.ero. Under those 
(U)n(litions the vaivcw are cx>ndu(5ting for about half the permeable 
half ’C^ych^ a-nd a c(U’ta.in cunxait is dchveered by tlie thyratrem rectifier 
to thc^ alt<a*na.tor field <rir<*.uit via Jt, Assuming now that a rise in 
alternator voltages temds to takc^ plae-c^, the l)ridge will unbalanee and 
a cathodc^-grid pol-caitial diffenuice will oecnr. The connexions of T 
arc^ such tluil. thc^ grid [)ot.entials now l)e(X)in(^ negative during the 
c.onductiiig half*(\vc.l(\ t-Iiis dexux^asing thc^ recjtifior output and thus 
roducjiiig the altca-nat-or lichl cuirreut. Should the alternator voltage 
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tend to fall, the grids become positive, mcreasing the conduction 
period and hence the excitation current. It will be appreciated 
that the alternator regulation may be considerably improved by 
this device. 

A farther method of regulation, employing both vacuum tubes 
and thyratrons is shown by Fig. 20-21. A bridge is again employed 
similar in character of that of the previous regulator. In this 
instance, however, it is operated from d.c. derived from a single¬ 



phase full-wave vacuum-typo rectifier connected botwcou twt) liiuw. 
The output from this rectifier is smoothed by L and (!, and then 
applied to the bridge, wliich is arranged to bo balanced when the 
alternator voltage is at its normal regulated value. Jt is, of course, 
for the initial setting of the regulator. 

The out-of-balance voltage of tho bridge is a[)plio(l between grid 
and cathode of V and is amplified by this valve, tho amplified 
output voltage being combined with a constant voltage from the 
transformer T. We thus have bias-shift control of the thyratroii 
output as described on page 495. Assuming the alternator voltage 
to rise, the coimexions of tho regulator arc such that the negative 
bias is increased, thus reducing tho thyratron outptit and tho in])ut 
to the exciter field. Should the alternator voltage fall, tho revei’se 
effect occurs. 
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It is found that with the last method of regulation less than 
I per cent change in alternator voltage may produce 100 per cent 
change in exciter field oiirrcnt. Hence it is clear that a very close 
degree of regulation may be achieved. 

Electroiiic Control of Temperature 

An electronic method of temperature regulation, employing hard 
valves, is indicated by Pig. 20-22. On the extreme left is a resistance 
typo tlxermometor, two arms of which are formed by centre-tapping 
tiio secondary winding of a mains-operated transformer. One of the 
remaining two arms consists of a variable resistance, having a 
negligible resistance temperature coefficient, and is used for balancing 
the bridge at any required temperature. The other arm, of course, 
constitutes the thermometer. The out-of-balance voltage of the 
bridge is applied be¬ 
tween grid and cathode 
of the valve where 
it undergoes atnplifica- 
tion, the am])lified vol¬ 
tage then being a])pliod 
to tlio valve This 
valve acts as a half¬ 
wave rcKitificr, beitig 
su])plied from the trans¬ 
former 7 g. Tlied.e. out- Ki<i. 20 -22 

put voltage is (Icweloped 

across /i-j, which is smoothed by and and api)liod 

between grid and c.athode of Fj. In the anodo circuit of is a 
d.(?, n^lay which (lontrols the power supply to whatever is undergoing 
teinperat\ire control. 

L(^t it. I)(^ assunu^d that the bridge is initially balanced and that 
tlu^ t(uni)(^rat.ur(^ tlu^n falls. This will imbalance the bridge and an 
alt-ernal-ing (^.in.f. will ap])ear between grid and cathode of V^. 
Now if th(» secondary of 7^ is suitably coimeetod, the voltages on 
tlu^ anode and grid of Tg will be in phase opposition and a falling 
t(^mp<a*at.ure will diu’.n^ase tlu^ anode current, of tliis valve, for when 
the anodic Ixu'.oim^s positives the grid will become more negative. 
Th(^ (consequent, nxiuetion in vo]tag<c on li,^ nedueos the bias of Ky, 
with a eonscxjiumt iiuireascc in the anodo and reslay current of this 
valv(c. Horuce tluc relay nia.y function and iiKcreascc th(c Imating 
pow(u\ t.luis rcNstoring t.h<c tenipccratunc to the balanced value. 

Should the tcmipccratunc rise above the balancxx! value, a })haso 
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reversal of the ont-of-balance voltage from the bridge will occur. 
Thus the phase relationship of the anode and grid potential of Fg 
will be reversed and the anode current and voltage across Ug will 
increase. This will increase the bias on Fg, reducing the anode and 
relay current of this valve. Hence the relay may function and 
decrease the heating power, thus restoring the temperature to the 
balanced value. 

Consideration of the circuit details of Fig. 20-22 will roveal 
the necessity of iJg, for in its absence the rectifier would w^ork into 
an open circuit and once and O 2 become fully charged, the grid 
potential of F 2 would be without effect. 
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Persistence of vision, 563 
Phixse — 
integral, 34 
path, 33 
plane, 33 

shift transformer, 407 
sliiftor, 492, 494 
space, 163 
splitting, 580 
Phosphorescence, 250 

-, persistence of, 260 

Phosphorogens, 267 
PIloto-electric efficiency, 500 
Photo-electrons, 77 
Photo-excitation, 43, 66 
Photometric ohai'acteristics, 633 
Photon, 205 
Pillargraph, 646 
Phmek’s constant, 33, 180 
-formula, 20 

Plasma, 83, 87, 04, 201, 208, 300, 304 

- chaTactoriHti(*.H, 00 

PM 6 valve, 528 
Poisson’s equation, 274, 275 

-Law, 80 

Polar c.o-ordiuatcw, 32 
Position co-ordinaioH, 32 
Positive— 

column, 87, 00, (i27 
grid drive, 374 
ion current., 303 

-boinbardmorit, 283 

-density, 282 

I’ost-a(jcolorating ole<!fcro(lo, 554 

Potassium, 503 

Potential barrier, 150, 184 

-energy, 32 

-minimum, 273 

Pt)wor sonsitivity, 3<>6 

-supply, 582, 584 

Procession, 141 
Primary (Mirmit., 612 
■ ' - electrons, 101 

-- X-rays, 108 

Probability (uirve, 8 

-of collision, IS 

I’robe, 414 
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Pump, 432 

Q-foint, 352 
Quanta, 25 

Quantum olliciGiiey, 5i)() 
Quantum muubor— 
azimuthal, 47 
definition, 36 
ma^ietic, 40 
radial, 47 
spin, 51 

Quantum viold, 500 
Quartz, 501, 630 

- loiisoH, 671 

Quencliing, 26S 
Quieseont <'urrtMd., 351 

Radial (uirront, 00 
Radumt oni<*ion<*yi 662 
Ktuidom c.urrviits, 00, 05 

-velocity, 150 

Htistor, 54 S ‘ 

Koac^tion, 385 

liooomhinatioii, 60, 310, 630 
Rectangular (‘o-or(liiuit(«s, 32 
Rectification, 323 

-, grid, 325 

-ratio, 401 

Rectifier— 
capmdtioH, 300, 423 
coil, 610 

compounding of, 506 
cooling, 430 
excitation, 432 
Ibnuation, 400 
ghiHH bull), 424 
ignition, 432 
reHiHlauc(\ 400 
I’ovt^r.so loHscs, 43S 
Hl.et‘l bulb, 422 

- tank, 421, 420 

tomperatun*, 407 
trio<loK aa, 322 
volt drop, 451 
vt)ltago rc'gulat ion, 480 
- • rippl«‘, 457, ISO 

RolVactive iiulcx, 136 
lvcg(*ncration, 510 
R(4jitive v(4ocit.y, 17 
- • visibility liu-lor, 620 
Relativity, 11*7 
Relaxation oscillator, 3il5 
Replica. 677 
R(‘solving po\v(‘r, 671 
Retarding potiaitial, 5{ll 
lh'V(a‘s<‘ nssislaia'o, 400 
Ripple, 6S5 
Rubidium, 543 


Running lovols, 195, 016 

- state, 105 

Rydberg oonstaiit, 39, 41, 219 

Sandwtch cell, 610 
Saturation current, 163, 184, 187, 273 
Saw-tooth oscillator, 560 
Scattered radiation, 204 

-X-rays, 198 

Scattering angle, 206 
Schottky effect, 592 
Second harmonic, 324 

-distortion, 354, 369 

Secondary eloctrojiH, 191 

- emission, 65, 264, 330 

-X-rays, 198 

Soloniiun, 408 
Self-bias, 392 
Solf-ea])a(‘.itaneo, 345 
Sensitivity, 553, 556 

-, dynamic, 558 

Sensitization, 593 
Shadow anglo, 535, 682 
Sheath, <18, 291, 305 

-thickness, 306 

Signal amplification, 585 
Signal-to-noise ratio, 609 
Sinusoidal oscillator, 395 
Slope rosistanco, 316 
Sodium, 593, 642 
Sound-film reproduction, 008 
Space (ihargo, 76, 85, 273, 294 

--density, 84 

-ocpuitioii, 275 

Specific boat, 160 

Spectra! sensitivity, 590 

Si)Ooch coil, 363 

Sphom of influonco, 3, 16 

Spherical ahorration, 231, 252 

Sputtering, 90, 610, 625 

Shigo gain, 338 

Staiuling figure, 563 

StarU»r switch, lamp, 652 

Stationary, 36 

Statistical ocpiilihrium, 4 

Stefan-Roltznmnn Law, 31, 288 

Stoko’s Law, 109 

Stroainor, 79, 81 

Strike, 291 

Striking potential, 294 
Strontium, 285 
Superliot.(^ro(lyue, 334 
Survival <Mpiatiou, 19 
Switcluug surge, 653 
Symmotrical d<41<'xion, 549 
Synehroniziil.ion, 563, 573 
-, tight, 579 
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Tabget, 220, 682 
Tellurium, 616 
Temperature- 

lamp, 635, 643, 654 
radiation, 259 
radiator, efficiency of, 620 
rise, valve, 297 
Tertiary winding, 457 
Tetrode, 322, 329 
Thallous pxysulphide, 616 
Thermionic emission, 91, 168 
Thermodynamics, 25 
Third-harmonic distortion, 366 
Third-point spark gap, 78 
Thoria, 264, 284 
Thorixun oxide, 284 
Three-halves power law, 274, 313, 316 
Thre^old frequency, 589 

- voltage, 264 

- wavelength, 264 

Thyratron, voltage rating, 311 

- voltmeter, 626 

Tilted electroscope, 58 
Time base— 
condensers, 584 
efficiency, 564 
frequency limit, 667 
Buckle’s 669 
Townsend coefficient, 80 

- theory, 80 

Transformer— 
auto, 646 

-coupled amplifier, 343 
reaetanco, 450 
Transition current, 479 


Trapezium distortion, 648 
Triggering circuit, 568 
Triode-pentodc, 336 
Triplet, 60 
Tungar rectifier, 295 
Tungsten, 283 
-, thoriated, 283 


Vaouum, 281 

-, rectifier, 432 

Valve— 

argon-filled, 412 
B.D.12, 300 
efficiency of, 365 
heating time, 30 L 
rating, 299 
6U6, 536, 682 
Vapour pressure, 106 
Velocity-point, 4 
Velocity-spnce, 4 
Vibrator-donvorter, 514 
Virtual cathode, 553 
Voltage, extinction, 630 
Voltmeter, moving coil, 510 

- zero error, 532 

Volume control, 334 
Volume-element, 21 


Wave number, 39 
Wehnelt cylinder, 543, 547 
Woin’s Displacomont J^aw, 30 
- Law, 27 

Work fiiiK^tion, 170, 2S3, 590 
- voltage, 673 
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